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Matrisler ve Lineer Denklem Sistemleri

Tanm: B haks, afjek . 1€4$m 1 <58 0 olmak Gzore ,

All) 812,818 p~~~ |Iny821, QLo A~ -~ -

e BN, AN g —eeny 8Om0 o Elemanlaninn 4

= | &l &2 ~- --= BN .y
25 | &) B2 - -=---824 = A =E3u'] (ff‘f veys Eé"ujmm>
) ! | SJ S
lll ‘
I i
m=Lam Mmy- — - -8MN 3mxn

seklinde ifede edilmesine & da  bir matris denir.
Al DIz — -~ Sn = Matrisin birine)’ Satindic dgerlan',
2.,3. y--m. satl. Yokandsea adsflye olealer de sOtuwlardir
NoT ¢ {72 metrisin satinint, J 2 stkvnuny  gbsterie, Motrisles
biyle herfle ofsterilic. mXn ye meteisin bogutu (tipi) denlc
(1,)) girisi B! satic, o sikin Sl
Tanim * ¥({5) 1gn  a{j=0 ise bdye metrislere sifir matris dem‘r'-(o_m)
Taam ¢ A= Lol Tnxa &z [biJman i matels olsun ¥ (4,5) Sl i
aU=bU R A‘ matrisi B matrisinz egsittic.
RUESN mxn tipindeld matrislerin kimesini ; K:}n wseklinde Yeeiz.
+: Ka XKy —>Kpn
([567, (o) — [ayltLbi] ’[aU@bU]mm
Ozellitleri (k) deli Aoplomadir.
f - m;,anm N g
2~ At(g+c) = (A1B)+C  Bileswa ozelli§i
(ag] + (T eCey)) = (oud + Logteq]
= [(ag re)teb] =(Arg)te
é—VAEEILﬁ'\, Y Om [5ia Bl o dd
AtOm= Om+A = A e thisiz matris .

4~ A=Log], —A=C-agd = At (-4) SLATA=0m
TOPW""‘“U@ 3509 eSS,




0 helde [u:,n,-i-) bir 3ru‘otuf‘ b%g{pml. Jthu,
AtR = VJ*H drr-

o = Kn X "'—P Sanar . KP

(Co57, Logd) — Laglleg] = Ceg

n
o= At=c ey 2 siby
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, Groek 4 y A=l -2 .‘i JJ’M 6"‘[%‘ Ave B mateisles toumh midic ?

Toaumh fse bu meteisler)

= [2+0-4+al=(-2]

a'[]fl-zqu 2 =4 8 6
Xg HOB - A o b ) [
ix1 =hi 21 \=4i 3
AG F KA ' ¢ 0. .0 Oluxs d
Ornet 2, "HERE 10 0 -
A=|=2 00 8519 0 { A8 ve BA Yt wa/co\gmre,
0 c0 210 |

-2 4 ‘ N
AB= | -2 0 0 8A=|® 0 o
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Matris Garpimin Geellitleri
1- veus, Beug ,CELr
A(ec) = (AR)C  birlesme 02



PUs Y PPN, SRR = T T R
A(G'fC)""' At AC dbé_gdrv\@.az- e 4Gy 4

N
A8 6zm c:-el(,;‘ [

@ra)c = AC+RC ' Finsl it foisog aived]
3- AG—K’?) § 108zt 7 10
L = ('9 4!..¢--.CI) Alpn=1nA=A
§lo. L etllsiz el be.
Y- YAE K,«? isin (Bir metris kae wmatris J.sé.

capmiva gole tessi yolhtur:
ARQ=8A=T0n o0lacslk sekilde prsg; e ')

bir 8€ Ky Vorse B ye A Ma Garpvsyas défe ders) demr ve
AT =B sellinde yazihr. '
Sonug |, Bic matrisin tersi versa teldir.
Tspat,, kabvl edelim ki, 81 ve By ; A‘mn i tergi olsun .
8i=8 oldyjunu gostermeliyiz.
AGI=GIA =In  AB2=82A=Tn
B =8/ Tn = 8i(AG) = (§A) 81 = Tnb, =
Sonug 2, A ve B terslenebilir metrisler ise AB de -!:&’&lmbthrd.r/
(ag)~'= B'a7" dir.
ispaf:// (AR) # (B-'ﬁ"> = A(ga) Al =Tq
@-'A- ¥AR) = Tn |
Sonws 3, A1 Ae, .. ,Ag  tesloebilic  meteisle fse AL A - .- An de
terslesebilicdic ve bunun tersi 8
(Aol . L An51= (Ai - And - - A2-AL)
Sonwg § (A")"“’ A dir. B ¥ T
AA~! =A71A =Tn

(a-H~" = A



OrkxKy——kn ., keK
(k,A) — L OA=[La]
Tanim * AE kz‘ / A:Ea{jj 5 [aj,’] =A% (¢rarspoz A d:r‘.)
 Trenspozun Ozellikleri
- (Arg )€ = at+gt
2- kek, I(M)"?M“—'
3- (A%)* = A
- (AB)t = 5¥A*
Ozel Matcisler
I- kdggen elevislert Sisinds €M elusalart sifir olér matrise
kasegen matris deair Seyet , 81178227 - .. =aan ise  bv matrie

sksaler matris deair.

{10 @ ' 4 © o
02 ¢ © 20
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2~ A bic daler matris jve ve A nin tersi ver ise bu matnise rﬁé’fe‘r

mateis denil-
3- A=At [se by metr'se siveteik matris dear,
A=z-A ise ¥ 2 des simeten N AP
4 A‘-‘-(ﬁ)t ise A yo hermit metris Qenir.
A==(A)E ise 7 ters homit v v,
s5- 4! =Atl ise A Yo  ortgensl matris pryne | !
6= AP= Om olacsk sekilde en'k{‘i;b'k f:'r -&d'm.s.s:dm VEIRE A'Ja
nilpotest matcis deir.
F- A*=Tn ise A motrisine ~ involitif metris denir. (A,“f‘ﬁy :
(Tersl  endisine egit oler matrise do involitif matrls denirs

8- A*= A ise Aye idempotest matris denir.



Alistirmalsr | Syinl el Fagezl

RN AR |
A= | | -3. -5 Mate iy fd@qfa-bmfmfdfr 7
(R .

R gl s 1l 2 & 143~5 =3-94+/S =-5-1512s
AA=zl | -3 ~S | -3 -8 ®| —{-345 V+9+I5 | OtI|S=28

Eebe. 328 =38 | +3-8 =3-9¢|5  —5-15 425
= T“__{ 3 1.5
=4 -3 =s| = A%=A 'dempatenttir. 7
FRC) B R
& (4 337 mateisinm involutif (A2=T31) elmss fsin
A=]-{ O —| - p
=4 -4 X X ne olmahdir.

RS Al b g3 b~3=12.| 42.-42 12 -3 t3x
;\"=[-; 0 —I][—l [7) -l} =[—4+o*4 -1 @+ 4 -a+a-x]
=t w6 NIl =g~y “lorl-4x —12t0-4x 2.+ 4 ("]
{ (D 9*’3&( \ \ ] ,I
={0 fj ¢ e 1= B=X ] X Ee=d ahnmah./
=12-4x ~l2-4x -Btx? : i

3~ | 1l 4R 208 e
A< -1 3 {:l matefs)  hermit midic 7
ekl
- 4 $-4 2 B 1 141 2
A= It 3 -4 = (AlF=N-t 3 41 [=A henmt olur
i Sy 2 <4 0 :

4~ 8ir hemt Matrisin tosegen elemanlannin  reel saglar Oldygm
gbsterlnie, (Loseper Uterinde ense b elenany tomplex olon
motrs hesmit depildic.) |
A hermi  matris - olsun. A‘-‘(E)t |

A Bp--- A | | BN S .- S Qi = &y L
A QA - - S2m = t'-rn_ Atz - --4pa [ 4wT Aaca

! \ ) i ;
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5- Nilpotert matrisierin tersinin ofmacl@m 3&5‘tefh]z.'

A= Om (Io+ tomsay @ esle )



fSPa'f/; Usbul edelisa ki ters! olsun - A~ ver olsunicicind g
r2 2 4‘—"%':\»}:2(1'.5%!%!; clmas) isin)
AN = Om .ﬁ" (her o' tarafr A~ ile qarparat)
AP = Om - (P-12>0) |
By bir geliylidir, © haldé mlpotent matrisler/n ders| ok tur:

6- A rgﬁ')ef (A~ var) bir metess ise (Hf)"'=é‘-l"){' oldygum) Jsééer}niz.

AR =Tn 2(EDAY =10
n ( 3 =s (At)-"-'-‘(ﬁ—l)e

AR =Ta = AYA-)E =
F= A Slvetrik bir matris lse Y aiEIR icip

M= S0A"+a A" & --.1tend, ise. M metrisi de simetrltir,

Gbstes infz .
(H) tlla hins fﬂfi)t = A& *ﬁ{h—"’.-:.. ..“" Ant
(ﬂ*l [, P At =4 /inicu et o MR

me= (5 AN+ AT+ -.,.+an.i.n) éoﬁh){' *(am"").b'*_-._*' (an In)-e
= ag(AV oy ()t oot 2a(2n)
(a")*- (ﬂ A ,-a)" =AtAt___ 4t = (at)"

HOeY taae :
= a0l )nf&qfﬁt)n "o taa(Tn)t
= Ba AN b @il ol A |
O ldygunden M simetric  bir Matristir. -

T ._,g.a[l l] matcisinin tessinl  bulnve .

iy
{ l][x J] :[i o} =) xfz Yt ] ['! ]
4-11lz t] Lo ! ‘Mx-z 45 -t !
Viz = 4h-2 =© |
gtHt=0  by-t=1 b2 [‘/s '/s]
(hEz =i a0zl x-—;;'— ' | Ys -J
e i

- TRy ca g - P | ' r




T
| 9 tor Lae matrisin bic simetril ve pir ters simetril

metrisin toplam selklinde \gazalabflda‘j:‘nigb'swiniz. Ve bJJJ&:Jh,S
el AU lsdor |
ispaty #, S,simetrle ;T ters simetcie ili matcls olmee Uaee
'S ve T “yl bulmgyse Gahsédhm,

it L& R B

A=StT => At = 8%+ T
At=sS-T i

A+At= 25 = S=L(A+At) )
=) T= A-S = A-_L (Arat)
Tia-g ARl
st=(F(ara))* = & (Atn) =5
0 holde S Simetriktie
Tt d (he-n) = = 4 (-At) T

0 halde T ters Simgtriktir.

gu yazihs, A ya ba_:_"fh oldygw isin  telk tOrlpdor. WS u0Z
Tenm t A, axn tipinde bir matgls elsua. Silesealerine  A=La4j]
d.';ujeh'm. {{': aii toplamina LA matrisiaig 1zl denir.
Ozellikleri
i~ tz2(At8) = {2A*+iz8 S LA ANE g

spat, A=Cag] , 6 =Lbg]
' n b
A1Q =[3U+b“J’J =) (2Ai14) = _éi(au‘rbii)
n n
= = aii t,= b
i= (=1

= 2A t 28 , )

-

2- k€R , {2(kA)= LizA
spat | | £ L& F e Eail
a- {2(Ae) = 1=2(8A)




As =C=EC{'J‘3 /
6A == [d¢)] -olsvn.

a = :
= & b e 2 bay
fZ(ﬁG)-"—' {22 = ¢y tCpe 4. -t cpn

- A—- N N
“ké Aebet * Z ay,by, t-..F+ Z 3nLbyy,

t2(kA)= {20 = d,,+dn+.'--+dm |
o & g (T L mia
:”bu e 3-‘*’-“ 1z (AR) = {z((iﬂ)//
NNty d2t -t by dia
Tanm: A& Axa tipinde ki Matr's olsun.
8= p-lap Olecat selilde resbler P mateisi verda A matrisi
6 matrisine benzerdir denir Vo A & R 3623‘"‘.
Sorv 1, Her matris keadisime beazerdir, 7
AA'=ATA A=ATTA (tersi varse defrudur. )
Sorv 2, A¥R ise G;-A | .
8= P~'AP 3 P rglle mateis var
A=pBet=(p-)'ap!
Pregiles fkea P-' de regolerdir.’ =2 8 S A diniiillosd
Sorv 3, AZR ve §Fc = AFc 2 .

G=p™Ap

Soru 4, 8enzer matrislenn ieert aymdin. 7
AR =G S PrIAP - dp rery
{28 = 42(P"'1AP) =iz A oldyjurn gdstermelyyiz.
= (2((e'a)P) = L2[P(*'A)) = iz A
() €) = ézfoein)

Yiz. Seellit 3 ‘den)

/Y
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Elemanter iplemler rakysed
{- Bir ma'tﬁ'.sfn her hang! el satimar (Sutvnuap) yerdefigticmel .
2 Herhang! bir seticl (sdkww) bir b skalers lle qarpmak..
3- Hes hani bir satirn (Sutunun) k. katia Hefhany bir Sat;ra
(stuna) eklemet . ‘
bracfin) -*ro ?“3] g “72.1-5a.13sa4 3. 58
2 8 €7 3.2.52 '
Bu elemarter islevler sonucunda elde edilen matrisler ,
verilen metrise denktider deair. Vo VN setlinde deau'.hr, y b
{13 ol 114 8a { S0 | |
A= ot -2V |o4-2 | [0a-¢ |
{ 23 “1-4 3 1-4 3 olur.
: €y ARE L SR * REAN A
Tanm : Elevarter islemlerin birim matrise %U,MMSSUJE_
elde edilen matrislee e.lcmaa-&er matrisler dealr. |
Ornek, 4101 Qe & {oali4
L W E)* r2,1sat 258 22.58
001 :

Tanim * ((’)I'F matrisin esalon formw )

A, mxn tipinde bit matels olsun. Ap3fidakl sartlar da-;eki{yg/;

bir matrise, Alan sétir eselon formu denlf. |
1= 1<k €m seklindelel tomsayis! sin il k2 tare satur

sififden ferkhdic. M=k +taresi sifirdir:
2- Merbic & isin , (1$1€k) 1. satien il Sifirdsn farkh bllesenl

s

biralic. (1°4ir) '
3- 17in bubneclufu sutwavn, 1’in. altndall tim bilgselerl srf';rdm
Toam * (Gnr matrisin 1nd|raenm;§ esalon f‘ormu)
 Onceki tswmdaki 1-2-3 sertlerina jlaveter ;
b= 171 bol\md\au sutunun  dstondeki tim bilesenles  sifir ise bu
taktirde bu forma mdn.vmmw e yalon farm deni
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Ornekler

N
]

Her mateis, sealy Soyide elemanter islemler Qygulsmet suretiyle

esdlan forma ytfr.‘lebi I\'r.

Tenim: Rir matris, eselon forma get{r;')d{_gfnde sifirden forkh satir -

larin Sayising bu matrisia renks dm’r.(ve, ranA diye yaalir.)

bmelkler *
{or 4 8 281 4 Matcisin
| 0. 00z 3k :
AFL 2 282 ¢ 3) Sotir egselon forma ,
2076 9%

. 'u.lﬂn_..l,”.

| 58000200 L 4 ‘ ;
g 1.0 8 & 8 r/fda‘rjaﬂum:'p
0:.0. 01 4o T2 !
(O D 0.0 0. 0.
0.0 1-8.5.% ¢
060 0 {z-2.3 :
0 00060 1 2 esalon .
o000 00 0 {
00 .00 00
0.1.2.0 .6
o001 0o asal on
0 00 00 ;
OO0 000 &
LO 0000
(100 0
ol 0o © l(ﬂclfrj,c)/\m‘; esaloa
00| © _
LO 0 0 ©O
(4 0 0 O
@‘ 00 s 4 ’t
00 { o {
-0 0 O
’12{001 |
¢ 0100 Ndirseamniy egelen.
o004 3 e
Lo o0 0 00
{ 0000 =2 4
oloog 8 | f}\cl,‘r‘smmip.
0600 12 41 0
00000 00
L OO0 QO o O OJ

JFE—

R e Y T e
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b) }qafrym s satir eselen forma dgt:’r;’m’z .

002.%.

~ e~
Yo n
T

A
90 d0

c) Ralim bulmuz.

a-—

NQgV

— OQgoC
s
—O0OQC
._w r.-}L
5
L T
e T
H..HVZO_..—.,. =1
o ey
mrfzmdﬂl.. =0
Do~
.,.Ju%_ o o 0
b | 0«00
| S e T
=90 0o
e S
|
$ 9

2 R 1S
Mot |—....
x bl R o o R
Q ; 5. : _
M QT 00 Ow9O0 OE Y
3 =PSRRI - TR —dsg
o BB 0 o 00 “m
s i Ea < ©~009
S X 5 u% o0 O
T &
LR IR N e
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= ; DoT O
r.n..u m -011-00 ¥ _——
<) == —_
W = G E2S Seaan W oo o~
=5
e = 0o oo 0900 >
— o =t = ~ 09 ©
5 4 £ il -
Sy . = . $ b
ol PR E - ER R o N T R B W
™~ > — : ok ~O0o. L5 i lh = B e R e
Y Lk (V- = oo~
T R e T e
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i1 Tanim ¢

A ymxn B, mxn ; [AiR] metlindedi matrise etlevell

(laveli) matris deir.

Sonwg * A, nXN tn’pindgl faa'r-v kare matris olsvn. A~ in verolmasi igin
gerelli ve yeterli ﬁérf yAMn indicgenmis E’-S:Q'on formunun
In ’33 clenk olmasidir. (A W T ) _
Not, Rir matrisin tersinin , indicgenmis esalon form ile bulnmas) s
[Aizn] v [Taig] , a'=g

olur.,

Or'ne.b.//
4 [3 o) i} matrisingn 4ersi var ise fndfgmmfp‘ esadlon
& £8 <4
4 3 1 form e boluwz,

(3 031100] [0 =su5'1 -3 0
=48 =401 0|ln]ld4 & =(i10 §.0

L 43 °1.l0 01 Lo -3 {210 <4 4

e l - , '.:‘
13§25l L1 A 454 o0 L4 LG raaskA #3  0ldvgundan
wlo { - :“/|s'/50]”‘ 01 =1 1=Ys s OJ 9
LG 1~ vo "Ag"ﬁ]} 0 D0 :!/150‘7;; -l:elisf\yoktur:

5(02-&// , Gt I 0 :
. B= ot 9 matrisinin tersi varsa boluavz.
=00 4

(1 -1 01100 [4- 01 1.0 6.

QXORNe L 6 £ Lo Sl dey o

LA T ida o4l L@ =] g S0 % i

4o 0d s 0 o ] | S d e A4
Wilg "= 1 0= @I 10 =210 =l9

0 R S R T Lo o=f44 = 44 ~
EEETARTIT [1 0 0] 1-1-2] .
L IS, S IREIE TR 0 N e L~ 0 Lo o O B

TS0 S 1Y I [ LR i 4 o

Aligkirmalar

1= n.mertebeder bitin ortogorsl ma trisler (matrislein Georpmi

islemine 35re)



Q  ortggonal metris LUmesini _gésterirsel 13

® :gﬂekg IA"= A‘t} / (Q,.) gruptur, Gbsteselm.
(= | AR 10 AL EQLT
Ave & iki or togonal matris ikea A.Q de orf:o\gonel mich ?
LwAt=A"!

i (r-6)" =gA™! 265" -(A 8)*

(A.Q) or-l:oaonal bir matdstnr‘

t = Matrislerin garpmi iglomi.

il- YA€, ATIn=InA=A
IneR l
iv- YAEQ , H"'=A"‘ , Aleg
() =@)E = )= (a0 5 A=A
0 halde ortc@onal matris kdmesi ,matris garpimmna gére Gryptur.
2- i AR
Va2 V2 .
2 PR TSR (3 Matrisi ortogenal midi 7.
(1L 0 4 ( 5
absdelsi AL oLt A=A ise weys AAY =T ise A orfagonal.
W AT A N Al gonel-)
0 0 O 0 75 4 R e 2 el A
e v % || F w6|TIe e W
b |l EEE T o iy AReE b ot Ll il Lot ol a8
& N @ BN 16 Ve S 303 w‘ew‘sﬁsi
oA L@, LAl b | | Lol | 0 1
el ¥ @6l |l me |
i1 0 0
= |o 1 of O hslde, A metrisi or-l:ojmaldfr.
Qoo |
3_ d"/dz/--—— }dﬂ #—o
L 810 [ bl ]
Qe ! 6 Matrisin'n tersini bulunyz.
| / /
: i
Rdn i 0 s <8 L0 4000




to Veilen matris nxn tipinde kare matristir

i —O O_-Od;:lO---OO dn (l).....OO,l 0 .00 1] sSstcle
EA}I{\]’ 00..600,01--. 00 (={¢ ! LS i L 12| degistiresel
RO 0--dz0( 04...00
LAdto. 001 60 ...04 0.0.. 0883 Q.00

[1 0...0010 0.0 /dn (4ol o Han

[ | S 50 v o =V ! ! |
- i oy ! s ——§H Fet) i o O}ul‘
00...401 0.0 0 0.0 O il

L0 0.:01)1d0...0 0 % 0.-..0 O

Soru,, A simetrik, B ortogonal Matrisler ise ,
&'AB matrisinin simetrik oldgguay gbsteriaiz.

A=At = A simetrik matristir.

A=At ? b

e olursa &7'AB = (8~'Ag) - i

=g :
= ptpt (s-l)‘t x
= gtat (o)
=4 P (| X 3
= gAY = s*ats , -

O halde B7'AQ Simetrittir,

Soru,, 0xn tipinde ki kopegen matrisin garpin o kosegen metristic.

T A o VT I OO a4 040 : ‘
A=| 0 2 © B=l 0] 0 se |
0 0 I3y 0 0 4 13x3 |
14, 240~ 10 : wan
A.} = [o 6 o] glur. O _halde +teorem dcigmlamr.
Q50 41210 3%3 : .

Soruy, Indirgeamis esalen formdaki. tim 3X3 tipinde ki’ matrisler)

Yazna. 100 j. 0.0 0. iie 1000 140 ond
Of0,000/OO0,0lO; 000
0 01 000 © 00 000 000

Brao_'c/, [ :) 1{ ] Matrisiyle c!%;i:';.imlf Olsn 2X2 éip{nck"cf +im matrislert -byjunva .

[ s =il oo gmiai *

Kt2=X =280 ., yrt=Xty=2t mX 222 , {t=2+t=)t=1

PR R ——




- Lineer Denklem Sistemleri ' 281 Hem0 1S
Tanim 8:4){;*&‘[2?&"‘— ~tamXm =by -- 0)
ApXit @22Xat- . tdam Xm = g (2)
: ' ’
aniXitang Xat-- .tdamxm = b (n)

m bilinmeyeali , n tare denkles . vardir. €ger,

bj=by=...=bn =0 ise by denlleme howu’an linear denlelenr

1

sistevi denir.
A; nxm tipinde bic matris ve A=[s(] ,

Xl 1;, _
x=| Xz B= ?2 ~= AX=R formwnde M:‘Ieb:‘h‘r.

}
le q bn ’[0}
Onl olarak, 8=0m olmak v2ee { J
AX=0m homejen deslder Sistemiclie.
Lineer Homgjen Denklem Sistemlerinin Géaimleri
Teorem® A, Nxn tipinde bir mateis olmale Uzere AX=0  homgjen
ob\kM sisteminl ele alehm. raak’A = olsvn .
AX =0m homojer derkdem Sisteminia herzauaa Gozimi verdir.
8u da Sifir goeimddr. (Xi=0, X3 =0, ,.-..;x.,,:o ahess )
t= r<m ise (m, dmm:{gm ..L..cajlm) s!st&mﬁ. £ et ’ge. bgh
SoNSU2 qozumu verehe | ' o'
i-r=m lse ek qozum 'S:fir qﬁzf&mdﬁf- [}
' 0ze| Durumlar
© Detdom says) bilinmgyen sayisiden az s (n<m ise)
r€ndm olue. = ~<m dir ve m-c peemetre bafh sonsuz
‘e GOWm vardirs
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