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ON THE WEIGHTED OSTROWSKI TYPE INEQUALITIES FOR
DOUBLE INTEGRALS

MEHMET ZEKI SARIKAYA!, HATICE YALDIZ?, AND SAMET ERDEN?

ABSTRACT. In this paper, we obtain weighted Ostrowski type inequalities for func-
tion whose second order partial derivatives are bounded.

1. INTRODUCTION
In 1938, the classical integral inequality established by Ostrowski [8] as follows.

Theorem 1.1. Let f : [a,b]— R be a differentiable mapping on (a,b) whose deriv-
ative f : (a,b)— R is bounded on (a,b), i.e., ||f'|l, = sup |f'(t)] < co. Then, the
te(a,b)

inequality holds

1 (x—“TH’Q ,
ZJle (b—=a)llf'l>

(11) o) = 5 [ S0 <

for all z € [a,b]. The constant  is the best possible.

Inequality (1.1) has wide applications in numerical analysis and in the theory of
some special means; estimating error bounds for some special means, some mid-point,
trapezoid and Simpson rules and quadrature rules, etc. Hence inequality (1.1) has
attracted considerable attention and interest from mathematicans and researchers.
Due to this, over the years, the interested reader is also refered to ([1]-[7],[9]-[20])
for integral inequalities in several independent variables. In addition, the current
approach of obtaining the bounds, for a particular quadrature rule, have depended
on the use of Peano kernel. The general approach in the past has involved the
assumption of bounded derivatives of degree greater than one.
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304 M. Z. SARIKAYA, H. YALDIZ, AND S. ERDEN

If f:[a,b] = R is differentiable on [a,b] with the first derivative f’ integrable on
[a, b], then Montgomery identity holds:

b b
1
(1.2 fo) = [ e+ [ P
where P(z,t) is the Peano kernel defined by
t —
, alt<ux
b—a
P(x,t) =
t—>b
, t<t<b
b—a
In [3] and [5], the authors obtain two identities which generalize (1.2) for functions
of two variables. In fact for f : [a,b] X [c,d]— R such that the partial derivative
fts) Bf 8(1;8)’ and ZL2) 4] exist and are continuous on [a,b] x [c,d], for all (z,y) €

ot Otos
la, b] x [c,d], they obtain:

(d—)(b—a)f(zy) :—//f(t,s)dsdt+(d—c)/f(t,y)dt

a

(1.3) (b—a)/ xsds+/b/dpxt p(y, s af(;s)ddt
nd b d b d
(d—c)(b—a)f(:r,y)://f(t,s)dsdt+/ éz; dsdt

» ] fot 2 | ot ot 24
where

(2, 1) = t—a, a<t<c
PRLY =N b, z<t<b

and
) s—¢ c<s<y
Q(ya‘g)_{ S—d, ySSSd
b
Definition 1.1. Let w : (a,b) — [0, 00) be an integrable function, i. e. [w(t)dt < oo,

a

b
then define m;(a,b) = [tw(t)dt, i =0,1,... as the " moment of w.
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Definition 1.2. Define the mean of the interval [a, b] with respect to the density w

as
o my (av b)
(15) K (CL, b) - mo(a, b)
and the variance by
b)
1. 2 _ ma(a, 2 .
(1.6) o” (a,b) mo(ad) " (a,b)

The main aim of this paper is to establish weighted Ostrowski type inequalities for
function whose second order partial derivatives are bounded.

2. MAIN RESULTS
In order to prove main results we need the following lemma:

Lemma 2.1. Let f : [a,b] X [¢,d]— R be an absolutely continuous function such that

the partial derivative a’;};gj) exists for all (t,s) € [a,b] X [c,d]. Then, we have

mo (a,b) mq (¢, d) (x — p(a,b)) (y — p(c,d)) f (v, y)

t

/w(u)du f(t,y)dtJr/b /w(u)du f(ty)di

—mg (¢,d) (y — p(c, d))

a T

—mg (a,b) (x — p(a,b))

/
(o) stmans ] { frtra) 1e

c c

S

b d b
+ mg (a,b) mg (¢, d) / / f(t,s)dsdt = / P(xz,t)Q (y,$) fis (t, ) dsdt.

Proof. We define the following functions:

( f(t—u)w(u)du, a<t<zx
P([E,t) = %
J(t—w)wu)du, ©<t<b
and
[ (s=v)w(v)dv, c<s<y
Q(ya‘S) = %
{(S—U)w(v)dv, y<s<d
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for all (z,y) € [a,b] x [¢,d]. Thus, by definitions of P (z,t) and @ (v, s), we have

/b/dp(x’t)Q(%S) fes (t,5) dsdt

jc/y (/(tu)w(u)du) C/S(Sv)w(v)dv) fis (t,s) dsdt

d

+]/ (/t(tu)w(“)d“ (/s(sv)w(v)dv) fis (t, 5) dsdt

d

+/b/y</t(t“)w(“>d“ /S(S—Ww(v)dv fus (t,8) dsdt

b

+/b/d</t(t“>w(“>d“ /S(S—U)w(v)dv fis (t,5) dsdt
Ty b

d

=5+ 1)+ I3+ 1.

Integrating by parts, we can state:

-] (fe-sman)
:{a(c/s(sv)w(v)dv) ft(t,s)y
(e
{(Jo-awom) s ] (e b
= (c/y(y—w)w(v)dv> / (j(t—u)w(u)du) fe(t,y)dt
(s

—/y (/Sw(v)dv) ﬁ(t,s)ds}dt
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— (/y(yv)w(y)dv |:(/t(tu)w(u)du) f(t,y)x

] (/ )(/ dv)m,w

with similar methods

307
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/

b

/w(u) du) f(ty)dt

(/tw(u)du)f(t,y)dt
_ -/d (/Sw(v)dv) (/b(xu)w(u)du) f(x,s)ds-

(o) (o)

Y b

Adding Iy, I, I3 and I; and rewriting, we eas

ily deduce:

(/b(xU)w(u)du> (/d(yv)w(y)dy) f(z,y)

- /d ) V (/tw(u)du)f(t,y)dt—i—/b(/tw(u)du)f(t,y)dt]
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+/b/d (/bw u du) (/dw(v)dv) f(t,s)dsdt
:/b/dP(x,t)Q(y,s) fis (¢, 8) dsdt

which completes the proof.

Theorem 2.1. Let f : [a,

b] x
that the partial derivative f ( J

Os

exists and is bounded, i.e.,

P1(t,5) P1(t,5)
' Otos 0 N (t,5)€(a,b)x (c,d) Otos =
for all (t,s) € [a,b] X [c,d]. Then, we have
()| < POCD) [0 (b)) 4 0 (a,8)]
D*f (¢,
<[ nte.a)t +o* ] | 2252
2
(2.1) Smo(a,b)4mo(c,d)(gc_a—zi—b +b;a) y
c+d| d—c\||2f(t,s)
><(P__ 2 W* 2 ) otds ||
where
F(x,y) = mo (a,b)mo (¢,d) (x = p(a,b)) (y — p(c,d)) f (2,y)

—WM@JNQ—#@JDi/(/ﬁ()WJ
me-7<jw@m>f(

b

d
+ mg (a,b) myg cd//ftsdsdt

—mg (a,b) (x —

309
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[e,d]— R be an absolutely continuous function such
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Proof. From Lemma 2.1 and using the properties of modulus, we obtain that

[mo (a,b) mo (¢,d) (x — pu(a, b)) (y — p(c,d)) f (2,y)

~ o (c,) (4~ p (¢, ) / / <>du)f<tydt+/b(] >du>f<t,y>dt]
- o) (o (a0 / Cjw@)dv) f@,s)my/d (djwmdv) m,s)ds]
o (a,6) mo (e, ) / / ;f<t,s>dsdt

g// (@.011Q(. 91| L1 asar

(2.2

\thHQy,\%ﬁ

81583

Now, using the change of order of integration we get

t

b
/ (x,t)|dt = //t—u dudt+//t—u w) dudt
b

T

S}

(2.3) _ % / (r — 12 w(t)dt

_ % [2%mo(a,b) — 2wmy (a,b) + ma(a, b)]

_ mo(a, b)

5 (0= p(a.0)) + 0% (a.)]

and similarly,

/dIQ(y, /y(/ s —v) dv) ds+/d(/s(sv)w(v)dv> ds
/ —8

[\Dll—l
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mo(c, d)

(2.4) = 5 [(y — (e, d))2 + a2 (c, d)} .

Thus, using (2.3) and (2.4) in (2.2), we obtain the first inequality of (2.1). To obtain
the second inequality of (2.1) note that

te(a,b]

/ (z —t)>w(t)dt < sup (z —t)* .mo(a,b)

= mo(a, b) max {(z — a)®, (z - b)z}

~ mafa, ) (@ = o + (2= B + |0~ @ = (@~ b))

:mo(a,b)<x—a+b'+b_a>2

2
d , )
and similarly [ (y — )" w(s)ds < mo(c,d) (|y — <2¢| + %5<)” which upon substitution

into (2.2) the proof is completed. O

Remark 2.1. If we choose (z,y) = (“(;’b), “(;’d)) in Theorem 2.1, then the inequalities

(2.1) reduce the following inequalities

M(ﬂ b)

‘ml (a,b) m, (C,d)f<

4 2
b t
+ / /w(u) du (
n(a,b) b
p(c,d)

)
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< mO(a,b)leo(c, d) [MQ (Z,b) +0° (a, b)] {M 4o (e, d)} ‘ %
25 < Taelmled) (1o erh, b;a>z )
(st el

Substituting w(u) = 1 in (1.5) and (1.6) it follows that mg(a,b) = b — a,
b

mi(a,b) = [udu = bz;"Q,
b b
d d
afu " a+b 9 afu B (b—a)?
p(a,b) = = Sl and o (a,b) = — =0
[ du [ du
Substituting into (2.5) gives
H.T+b
B —a®)(d* =) . (a+b c+d _d2—02 / B c+d
R ad Cat S e-ar(tE D a
b <
2 _ 2
+/(t—b)f(t,czd>dt bz /(s—c)f(aib,s)ds
aT-‘rb c
d ) b d
+/(s—d)f(a1 ,s)ds +(b—a)(d—c)//f(t,s)dsdt
czd a c
2 2 2 2 5
<(b—a)(d—c) (a+b) +(b—a) (c+d) +(d—c) 9?f(t,s)
- 4 16 12 16 12 o0tos ||,
_ (b= (= o || £(t.)
- 32 O0tos
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Substituting w(u) = In(1), a = ¢=0,b=d =1 in (1.5) and (1.6) it follows that
1

mo(0,1) =1, m(0,1) = [uln(l)du = ;
0
1 1
Juln(3)du . JSu?In(%)du N2 .
0 0
oA e Oy
S In($)du SIn(L)du
0 0

Substituting into (2.5) gives

1 1
1 11
E (g,g)—F//f(t,S)det
0 O

F )
1 1 1 1 1
-3 / (“n(¥> +t> f (t,§> dt+/ (tln(;) +t— 1) f (t, §> dt
0 1
o )
A e o b))
0 1
<l{”i]2 éﬂf(t,s)‘ _ 8l 62f(t,s>‘
— 45 36 otos ||~ 4° otos ||
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