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Abstract. We firstly examine some inequalities obtained by using
sets of complex-valued functions for functions whose high order
derivatives are restricted. We also give some approximations for
the functions whose derivatives up to the order n — 1 (n > 1) are
continuous and whose the nth derivatives are of bounded variation.
So, the results provide extensions of those presented in earlier works.
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1. Introduction. The inequality discovered by Ostrowski in 1938 has
been studied by a large number of researchers due to its comprehensive
application fields in numerical analysis and certain special means. This
inequality [21], established by using mappings whose first derivatives are
bounded, is stated in the following manner.

Theorem 1. Let f : [a,b] — R be a differentiable mapping on (a,b),

[+ (a,b) = R is bounded on (a,b), i.e. ||f'||.,:= sup |f'(t)| < co. Then
te(a,b)

we have the inequality

2 =), ()
—a)?
for all z € [a,b]. The constant § is the best possible.

Over the years, interested researchers have studied it to provide novel
refinements, improvements, and generalizations of the inequality (1). For
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instance, some authors deduced new Ostrowski-type inequalities for dif-
ferentiable, twice differentiable, or higher-order differentiable functions
in [7], [8], [9], and [22] (see also references therein). On the other side, the
perturbed method has been much used to generalise integral inequalities.
For example, after Dragomir had published his paper [14] involving the
perturbed inequality of the Ostrowski type established by utilizing absolu-
tely continuous functions, some authors focused on perturbed integral
inequalities for twice and higher order differentiable mappings in [5], [16],
[17], [18], and [19]. What is more, some companion perturbed inequalities
for various assumptions of the functions are refined by using three- and
five-step quadratic kernels in [15], [23], and [24].

In particular, some mathematicians focus on the Ostrowski-type inequa-
lities obtained by using mappings of bounded variation, as well as the other
function species. In the reference [11]|, Dragomir introduced the following
useful result for functions of bounded variation:

Theorem 2. Let f : [a,b] — R be a mapping of bounded variation on
la,b]. Then

y/ﬂwﬁ—w—anmﬂs[éw—arwx—“gﬂ}ﬁuv 2

holds for all « € [a,b]. The constant § is the best possible.

Morever, Dragomir indicated the original generalisation of the Ostrowski-
type results for functions that are of bounded variation in [10]. Afterwards,
results pertaining to the inequality (1) for functions whose first derivatives
are of bounded variation, are given in [1], [6], and [20]. Also, certain
generalized outcomes for mappings that possess n-th derivatives of bounded
variation, are established in 3] and [13]. In addition to all the results, some
companion versions of perturbed results concerning Ostrowski’s inequality
for bounded-variation mappings are examined in [2], [4], and [12].

We also note that Dragomir established the following identity, so as to
observe some perturbed outcomes of Ostrowski-type inequalities in [14].

Theorem 3. Let f : [a,b] — C be absolutely continuous on [a,b] and
x € [a,b]. Then, for any complex numbers \i(z) and \y(x), we have

T b
1

el A IR )

a

(t—b) [f'(t) — Aolz)] dt =
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1

b—a)

b
(0= ) ala) ~ (2 = @)* Mfe)] = = [ Ft

where the integrals in the left-hand side are taken in the Lebesgue sense.

The primary purpose of this work is to deduce original inequalities
for functions, whose higher-order derivatives are limited. For this, some
approximations are examined with the help of the identity obtained by
utilizing higher-order differentiable mappings. So, the new companion
results are derived, regarding inequality (1) for functions whose n-th deriva-
tives are bounded and of bounded variation. Relations between these
results and inequalities given in the earlier works are also examined.

2. The case when f(™ is bounded. Before we can establish the
inequalities that will be given in this section, we should mention the
following identity.

Lemma 1. Let f : [a,b] — C be an n-time differentiable function on
(a,b). Then, for any complex numbers \;(x), i = 1,2,3 and allx € [a, “TH’],
we have the identity

x

/ =) gy — (@] dtr

n!

“ a+b—zx
4 / % <t - “’2”’) [0 (t) — Ag(x)] di+
[ S 0w - e

:S(f:n,:c)—R(n,x)+(—1)”/f(t)dt, (3)

a

where S(f : n,x) and R(n,x) are defined by

3
I

(1) [+ b—2) + (D O()
S(f:n,z)= 0 [ ] }x

X [(m —a)Ft g (-1)’€(

e
Il

S0
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and

n z—a)"t1 nl A2(x) /a n+1
R(n.) = [ () + (—1)Ag(@)] @0 1 (—1)] 2200) (b gy,
Proof. Combining the resulting identities by using fundamental analysis
operators, after applying integration by parts n times to the three integrals
in the right-hand side of the equality (3), the required identity can be easily
obtained. [

The expression S(f : n,x) (4) will be used throughout this paper.
Furthermore, we define the sets of complex-valued mappings, for
v,I" € C and an interval of real numbers [a, b],

D) = {f : [o,8] > C|R [ = r0)) (FO - 7) ] = 0}
for almost every t € [a, b] and

Riow (1) = {f : a8l > €| ‘m) ALl

1
<-— }
5 _2\ 7|

for a.e. t € [a,b]
Also, we shall give the following lemma so as to prove the next inequality.

Lemma 2. [14] For any v,I' € C, v # I, the sets Uy (7,1) and
Ay (7,T) are nonempty, convex, and closed convex sets and

U[a,} (’77 F) = Z[a,b} (77 F) .
Theorem 4. Let f:[a,b] — C be an n—time differentiable function on

(a,b) and z € [a, 2] | If there exists v;,I'; € C with ~; # T, i =1,2,3,
such that

fm e Z[a,m] (7, T1) N Z[z,wbﬂs] (72, T2) N Z[aerfz,b] (73, 3), (5)

then we have the inequality

. o Ye(z) +Ta(x) ra+b n+1
S(F ) = [ (1) 25 (2 —x) -

B [71(93) + (=1D)"s(@) + Ti(z) + (—1)”1“3(93)} (z —a)"*!
2 (n+1)!

+
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/f t)dt| <

)n—l—l

€1+€3( £9 a—+b n+l
2 (n+1)! +(n+1)!<2 5”)

where 1 = |['1t(x) — 11 (2)|, €2 = |T2(z) — 2(x)|, e3 = |[3(z) — v3(x)] .

(
Proof. If we take absolute value of both left- and right-hand side of (3) fo
r r r
M(x) = (@) + Tz )7 No(z) = 2(x) 4+ Ty(x) 3(x) + T2 )

)\ = ——
' ' 9 ) 3(37) 2 )
we get the inequality

Yo(x) + Do) (a +h x>n+1 )

S(f:n,z)—[14+(=1)"] 2(n +1)! 2

B {% (@) + (=" (x)+ (@) + (=1)"T; (50)] (z — a)”+1+
2 (n+1)!
/f t)dt| < / (t—a)" ’f(n)() ’71(33)J;F1($) di+

a+b T

1 a+b ~ Y2 () + T (z)
i P (n)
o [ als e

2
/” i)

a+b—x

dt+

xT

3 () + T3 (2)
2

Fo() — 2 dt.

Utilizing condition (5), on account of the definition of A,y (7,T), we write
the inequality

j <t;§z>n

a

n V() + Ty ()
£ )(t)—#

dt < |F1 ’)/1

(@ o)

(n+1)!

= 2 Iy(@) — (@)

Similarly, the results of the other integrals can also be obtained. Thus, the
proof is completed. [

Corollary 1. To get the following inequalities, we use:
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- the Hélder inequality

mn +pg < (m® +p*)= (0’ +q )%

where m,n,p,q > 0 and o > 1 with é—i—%:l;

- the identity

I

X+Y X-Y
max{X,Y} = + —i—‘ ‘

- the maximum property of max {a",b"} = (max {a,b})" for a,b > 0
and n € N in the left-hand side of inequality (6).

The obtained inequalities are

: n2() + Ta(z) ra+b nt1
’S(f.n,a:)—[lJr(—l)] e

B BT DT ) G, / f(t)dt‘

b ’ (n+1)!
| (nil)! [<$ —a)m (a;b _x)nﬂ} max{&;g?’,@},
< m [(x—a)(nﬂ)p+ <a—2kb ) (n+1)p ] [<51+€3) 3]5

forp > 1, ]lj+ =1,

1 [b—a | 3a+b’]n+1[51+53+ }

x — €
((n+ 1)L 4 4 2 P
where e = |I'y () = (2)], €2 = [T2 (2) — 72 (2)], €3 = |3 (x) — 3 ()] .
Remark 1. Let f and x be defined as in Theorem 4. If there exists
vi, I'; € C with ~; # I';, i = 1,2, such that

f(n) € Z[a,aﬂ] (717 Fl) N Z[:E,a+b—w] (727 FZ) N Z[a—l—b—m,b] (’717 Fl) )

then we have

: n ’72(3:)+P2(l’) a+b n+1
S(finz)—[1+(=1)"] T <2 _x) B
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2 (n+1)!

= +1 1)! e1e =y (5 = x>n+l] (7)

where e; = |I't () — v ()| and g2 = |I'2 (x) — 2 (z)|. Additionally, if
there exists y1,I'1 € C with ~, # Ty such that f € Apay (71,T1), then
we have the conclusion

S(f:n,z) /f t)di—
[+ )(H (ic>)|+rl( )][<a;—b—x)n+l+($—a)n+l] <
I ((a;)ﬂv)l'( z)] Ka;b _x)”“Jr(x_a)”“] (8)

Remark 2. If we select x = a in inequality (6), we have

w1 (1) [£99 () + (<1 £ (@)

2 (k+1)! [(_1)k<b;a>kﬂ]_

k=0

b

(1 oy DD (D) e [

<

I ((Z);lv)2!(x)l (b;a)"“.

Remark 3. Ifwe taker = -
the inequality

in the inequality (6), then one concludes

) SO  (<1)] (b ay e
]; (k+1)! (5 / fde=

B [71 () + (=1)" 13 (z) + I't (z) + (=1)" I3 (rv)} (b—a)
o (4 1)1| =
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_IN@) = @)+ (@) =y (@)] (b=a\""
- 2(n+1)! 2 ‘
Also, should we use the condition of the result (7) in this inequality, then
we can find a new inequality.
3a+0b

Remark 4. Substitution of x = in (6) gives

L D" [ (D [£0 () + (<) 7 (352)| (0 - 0)!
kz; AR (] 4 1) 1 B

b

-y AT (2N o [

2(n+1)! 4

a

B [71 (@) + (=1)" 3 (x) + 1 () + (=1)" I (93)} (b—a)""
2 T (n11)!

1 b—a\"" [e + &5
<
—<n+1>!( 1 > { 2 “2]

wheree, = [Ty (2) — 71 (2)], 2 = [T2 (2) — 12 (x)] and g5 = T3 (x) — 73 ()]
What is more, applying the condition of the result (8) to this inequality,
a new inequality can be found.

In addition to these results, one can deduce some inequalities, taking
n = 1 in inequality (6) or the other results related to (6); these inequalities
were published by Dragomir [15]. Furthermore, if we take n = 2 in (6)
or the other results connected to (6), then we obtain some inequalities
presented in [23] that is published by Sarikaya et. al.

3. The case when f™ is of Bounded Variation. We begin with
the definition of bounded-variation functions and the concept of total
variation, which is used throughout this section.

Definition 1. Let P :a =2y < 21 < ... < x, = b be any partition of
la,b] and let Af(x;) = f(xi41) — f(24); then f is said to be of bounded

variation, if the sum
Z |Af ()]
i=1

is bounded for all such partitions.
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Definition 2. Let f be of bounded variation on [a,b|, and Y K Af (P)
denote the sum >, |Af(x;)| corresponding to the partition P of [a,b]. The
i=1

number
b

V() i=suw {DAF(P): P e Pllat])],
is called the total variation of f on [a,b]. Here P(|a,b]) denotes the family
of partitions of [a, b].

Now, a perturbed inequality of the Ostrowski type for functions whose
high-order derivatives are of bounded variation, are established in the
following theorem.

Theorem 5. Let f: I — C be an n time differentiable function on I°
and [a,b] C I°. If the n-th derivative ™ is of bounded variation on |a, b],
then we have

z—a)"!
S(f:mn, )+ /f t)dt — [f"(a) + (- )”f“”(b)}ﬁ_
R R M E

( )n+1 z b

w=a (n) ()

= tn+ 1) {\a/(f >+a+\b/_$(f ):|+
11 a+b—z
N (nil)!(a;b _"“") V () (9

for any x € [a, “TH’]

Proof. Writing f™(a), (/™ (@) +f™(@+b-2)/2, £ (b) instead of \i(x),
Ao(), As3(x) in equation (3) respectively, then taking modulus of this
equality, we find that

b
(l’ _ a)nJrl

S(f i n,x)+ (—1)" / FO)dt = [1@) + (1" O] Sy

a

f(x) + f™(a+b—x) <a+b _x)n-i-l -

— 1+ (=1 2(n+1)! 2
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x

< [ g - g a) e
+ [ 0o - fow)a

+/ 1t a-+bn
n! 2

Noting that f(™ : I° — C is of bounded variation on [a, x], we get

) = f @) <\ (F™

gy - L7+ Ik b)),

and observe that .

(t—a)" _(:Jc—oz)"+1
/ n! dt = (n+1)! "

a

The other integrals are also examined by noting that f™ : I° — C is
of bounded variation on [x,a + b — z] and [a + b — x,b]: we can find the
result (9), which finishes the proof. O

Remark 5. Suppose that all assumptions of Theorem 5 hold. If we take
r = a Iin the inequality given this theorem, we have

© ( TWWﬂ“ww+«4Vﬂ“mﬂR_Uwf—a>“j_

2 N 2
o 20 1 o) by
— [+ (=7 2(n+1)! ( 2 /f t)dt

: (n+11)!<a;b_x>n+l\{(f("))-

+b we get the midpoint inequality

In addition, if we choose x = 3>

el (1)t fR) (et 1] 4 (— 1) g k1
Z (k+1 )_[ ]<b2 ) B

k=0
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= [f"(@) + ()" 0)] 2<b+_<n ++1 / f(t)dt| <

(b . a)n+1 b

gV U

b
Finally, should we take x = %, we have

o1 (—1)nH [1 (=) ] [f(k (a+3b) 4 (1) f® (3aT+b> ] (b— a)F+!
4541k +1)!

_|_

k=0
-
P (1)

-4V/f®ﬁ—UWW%H—WVW®ﬂ

FOO(3ethy | pn) (a£3) g ot
ICES 57 =

< (n—!l—l)! (b_ayﬂ\:/t F™).

Besides the results that are presented in this section, taking n = 1 in
the inequality (9) or the other results pertaining to (6), we obtain some
inequalities given in [15] by Dragomir. What is more, should we take n = 2
in expression (6) or the other results interested in (6), we can find some
inequalities presented in [23] by Sarikaya et. al.

— [+ (=17
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