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In this study, we investigate the notions of the Wijsman .7,-statistical convergence, Wijsman .7,-lacunary statistical convergence,
Wijsman strongly .%,-lacunary convergence, and Wijsman strongly .#,-Cesaro convergence of double sequence of sets in the
intuitionistic fuzzy metric spaces (briefly, IFMS). Also, we give the notions of Wijsman strongly .7;-lacunary convergence,
Wijsman strongly .#,-lacunary Cauchy, and Wijsman strongly .7;-lacunary Cauchy set sequence in IFMS and establish

noteworthy results.

1. Introduction and Background

Statistical convergence was firstly examined by Henry Fast
[1]. This notion was redefined for double sequences by
Mursaleen and Edely [2]. As a consequence of the study of
ideal convergence defined by Kostyrko et al. [3], there has
been valuable research to discover summability works of the
classical theories. Das et al. [4] rethought .#-convergence of
double sequences and worked some features of this con-
vergence. Ideal convergence became a noteworthy topic in
summability theory after the studies of [5-11].

Fridy and Orhan [12] examined the notion of lacunary
statistical convergence by using lacunary sequence. The
publication of the paper affected deeply all the scientific
fields. Cakan and Altay [13] demonstrated multidimensional
similarities of the conclusions given by Fridy and Orhan
[12]. Some works in lacunary statistical convergence can be
found in [13-17].

Theory of fuzzy sets (FSs) was firstly given by Zadeh [18].
This work affected deeply all the scientific fields. The theory
of FSs has submitted to employ imprecise, vagueness, and
inexact data [18]. FSs have been widely implemented in
different disciplines and technologies. The theory of FSs
cannot always cope with the lack of knowledge of

membership degrees. That is why Atanassov [19] investi-
gated the theory of IFS which is the extension of the theory of
FSs. Kramosil and Michalek [20] investigated fuzzy metric
space (FMS) utilizing the concepts fuzzy and probabilistic
metric space. The FMS as a distance between two points to be
a nonnegative fuzzy number was examined by Kaleva and
Seikkala [21]. George and Veeramani [22] gave some
qualifications of FMS. Some basic features of FMS were
given, and significant theorems were proved in [23].
Moreover, FMS has used in practical research studies, for
example, decision-making, fixed point theory, and medical
imaging. Park [24] generalized FMSs and defined IF metric
space (IFMS). Park utilized George and Veeramani’s [22]
opinion of using t-norm and t-conorm to the FMS meantime
describing IFMS and investigating its fundamental prop-
erties. The concept of IF-normed spaces (IFENS for shortly)
was given by Lael and Nourouzi [25]. In order to have a
different topology from the topology generated by the
F-norm y, the condition y + v <1 was omitted from Park’s
definition. Statistical convergence, ideal convergence, and
different features of sequences in INFS were examined by
several authors [26-29].

Recently, convergence of sequences of sets was studied
by several authors. Nuray and Rhoades [30] presented the
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idea of statistical convergence of set sequences and estab-
lished some essential theorems. Ulusu and Nuray [31] ex-
amined the lacunary statistical convergence of sequence of
sets. Convergence for sequences of sets became a notable
topic in summability theory after the studies of (see [32-38]).

Lacunary statistical convergence and lacunary strongly
convergence for sequence of sets in IFMS were worked by
Kisi [39]. Further, Wijsman .7-convergence and Wijsman
F*-convergence for sequence of sets in IFMS were inves-
tigated by Esi et al. [40].

Throughout this work, we indicate ., to be the ad-
missible ideal in NxN, 6, ={(j,.k,)} to be a double
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lacunary sequence, (X, 7,7, *,<) to be the IFMS, and F
{qu} to be nonempty closed subsets of .

2. Main Results

Definition 1. A sequence {qu} of nonempty closed subsets
of X is known as Wijsman .7 ,-statistical convergent to F or
S(F ég;v))—convergent to F with regard to IFM (7, ), if for
every & € (0,1), 0>0, for each x € &, and for all p>0,

(w,q): w<s,q<t, |11(x,qu,p) - q(x,F,p)' <1-¢

(s,t) e Nx N: —
st

We demonstrate this symbolically by F,,, S(. é\’};’)) F or
Fug — F(S(fég;v))). The set of all Wijsman .7 ,-statistical

convergent sequences in IFMS is indicated by S(.7 ‘(,\7;1')).

(d,e) e R*: (d+w)* +(e+ q)2 =1, if wandgqaresquare integers,

Fw =
! { (1,1},

If .7, = .75 (73 is the class of K ¢ N x N with density of
K equal to 0), then the sequence {Fw } is Wijsman
7 ,-statistical convergent to F = {(1, 1)} with regard to IFM

(1, 7).

w,q=1,1

w,q=1,1

We write F,,; — (J3; F or F,y — F(C[73)]).

(de) e R (d+1) +¢ =wi

wq:

{(0, D}

[ s,t
(s,t) e NxN: i Z |;7(x,qu,p) —n(x,F,p)'sl—f

s,t
or % Z ‘v(x, qu,p) —v(x, F, p)| >¢

>0 €S, (1)

or 'v(x, qu,p) —»(x,F, p)' >¢

Example 1. Let & = R* and double sequence {qu} be
determined as follows:
. (2)
otherwise.
Definition 2. A sequence {Fw is Wijsman strong

#,-Cesaro summable to F or Cl[f‘(,g;")]—summable to F
with regard to IFM (#,v), if for every & € (0, 1), for each
x € X, and for all p>0,

L€ .7, (3)

Example 2. Let & = R* and double sequence {qu} be
determined as follows:
; if wand gare square integers,
(4)

otherwise.
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Ifs, = J{ (J{ is the class of finite subsets of N x N),  Definition 3. The sequence {qu} is known as Wijsman
then sequence {qu} is Wijsman strong .#,-Cesaro sum-  .%,- lacunary statistically convergent to F or Sy
mable to F = {(0,1)} with regard to IFM (#, ). (J ) -convergent to F with regard to IFM (#,v), if for

every E € (0,1), 0>0, for each x € &, and for all p>0,

] (w,q) €1, n(x,qu,p)—r](x,F,p)|§1—f
(u,s)eNxN:h— >0+ €5, (5)
us or |v(x, qu,p) -v(x,F, P)‘ =&
In that case, we write F, —>S"z (W v) or  Example 3. Let & = R* and double sequence {qu} be
Fyy—F (89 (f )) determined as follows:
_ (d,e) e R*: (d—w)* +(e+ q)2 =1, if (w,q) € I,;wandqaresquare integers, ©)
1 {(-1,1)}, otherwise.

If we take .7, = .79, then the sequence {qu} is Wijsman  Definition 4. A double sequence {qu} is Wijsman strong
#,-lacunary statistical convergent to F ={(-1,1)} with .7,-lacunary summable to F or N [.7 v:/” ]-summable to F

regard to IFM (1, 7). with regard to IFM (7, v), if for every & € (0, 1), for all p>0,
and for each x € 2,

(u,s) e NxN: i Z 'q(x,qu,p)—q(x,F,p)|Sl—E

us (w,q)el,,

€7, (7)
1
or — Z .v(x,qu,p) - v(x,F, p)| >¢
us (w,q)el,,
)
We shall write Fuq N"Z[J‘gz 'F or  Example 4. Let & = R* and double sequence {qu} be
Fyg—F (Ny, [Jv(g’:)]). determined as follows:

1
(d,e) e R: d* +(e—1)* = w_q; it (w,q) € I,,;wand qare square integers,

qu = (8)

{(1,0)}; otherwise.

(1,7) (1,%)
If we take .7, = Jg, then the sequence {Fw } is Wijsman Fug— F<N92 [sz ]) — Fug — F(Sez(jwz ))
strong .%,-lacunary summable to F = {(1, 0)} with regard to (9)
IEM (1, ).

Theorem 1. Let 0, = {(j,. k,)} be a double lacunary se- Proof. Let &€ (0,1) and Fyg— F(N92 [J‘(A’;;V)]). At that
quence. Then, time, for every x € ', we acquire
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Z 'q(x, qu,p) -n(x, F, p)| or |v(x, Fug p) -v(x, F, p)|
(w,g)€l,
w)el s

> Z |11<x, qu,p) - n(x,F, p)‘ or |v(x, qu,p) - v(x,F, p)'
(10)

(wq)el,s
Iﬂ (X»quxﬁ)*ﬂ (X,F)P)I <1-gor
|v (x,qu,p)fv(x,F,p)l >&

n(x,qu, p) -n(x, F,p)' <1l- Eor|v(x, qu,p) - v(x,F, p)| ZEH,

>¢. {(w, q) €1,

and so

5; ( Z)I 'ﬂ(x,qu,p)_ﬂ(x>F,p)|0r|V(x>qu,p)_V(x)F,p)'
U (wq)el
(11)

17(x, qu,p) -n(x,F, p)‘ <l-¢&or |v(x, qu,p) -v(x,F, p)' sz.

{(w, q) €1,

1
>
hus

Then, for any ¢ >0 and for every x € X,

n(% Fug p) =n(xFp)|<1-¢ }

{ (w,q) €1,

or |1/(x, qu,p) -v(x,F, p)' >¢

us

1
<l(u,s) e N xN: e

1
(1,5) € N x N: o Y (% Fupp) ~n(x Ep)|< (1-6)0 (12)
us (w,q)el,,
c
1
or — Z |v(x, qu,p) - v(x,F, p)| >&o
U (waq)ely
This proof is concluded. O The set of all bounded double sequences of sets in IFMS is
indicated by L ().
Theorem 2. Let 6, = {(j,.k,)} be a double lacunary se-
; 2
quence. Then, {quf is bounded ({qu} € L; (X)) and Proof. Presume  that qu . F(Sez(fé\?)y))) and

Fug— F(Sez(j‘&’};"))) —F,, — F<N92[J‘S\',7;V)]). {qu} € L?.. At this point, there is an H>0 such that
(13)

‘n(x, qu,p) -1(x,F, p)| >1- Hor|v(x, qu,p) -v(x,F, p)| <H, (14)

for every x € 2 and all w,q € N. Given £ € (0, 1), we obtain
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1

s (w,q)el

us (w.g)el,,s
|»1 (x.qu,p)—vl(x,F,p)| <14E2) or
[ (5Fwgep) (o) = @12

1
- y
us (w.g)el ¢

|r] (x,qu,p)—r](x,F,p)| > 1-(¢/2) or
| (xFugep)-v(xFp)| <)

(w,q) €1,
H
<—
P

— Z |;1<x, qu, p) -1(x,F, p)| or 'v(x, qu,p) -v(x,F, p)|

=— z ‘n(x,qu,p) —11(x,F,p)|or|v(x,qu,p)—v(x,F,p)|
'n(x, qu,p) -n(x, F, p)| or |v(x, qu,p) —-v(x,F, p)| (15)

W(x,qu>P) - 1(x, F,p)‘ <1 _g

or 'v(x, qu,p) - v(x,F, p)| zg

As a consequence, for each x € 2, we get

us (w,q)el,,

1
or —

us (w,q)el,,

(w,q) €1,

1
§<(u,s)ENxN:h—

us

This proof is concluded. O

Corollary 1. We have the following result:

(S (A 0L @) =N [ 3 || 22 2. a7)

Theorem 3. If liminfq,>1 and liminfq,>1, then
Foy — F(S(FW)) implies F,y — F(Sg (T3,

’ (u,s)eNxN:L Z 'n(x,qu,p)—n(x,F,p)|Sl—f ‘

Z |v(x, qu,p) - v(x, F:P)' >&

(16)

1(% Fup p) =16 F, p)| <1 _g

zi €,
2H

or 'v(x, qu,p) - v(x, F, p)| Zg

Proof. Presume that lim ir;f 4, >1 and lim ilgf q, > 1. Then,

there are { >0,y >0 such that
q,>1+Candg,>1+v, (18)

for sufficiently large u, s which gives that

hyg {y
kA0 (19)

Assume that F,,, — F(S(73")). For each & € (0,1),
for all p>0, and for each x € &, we have
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| @@ wsjnask n(x Fug p) —n (e Fp)|<1-¢
Juks | (x qu,p) v(x,F,p)|Zf
) ] (w,q) €I, (x,qu,p)—n(x,F,p)|s1—£
Juks x, wq,p) v(x, F, p)' >&
(20)
b n (w,q) €1, q(x,qu, p) - q(x,F,p)| <1-¢
Juks hus or ‘v(x, qu,p) —v(x, F, p)l >&
. ty 1 (w,q) €I, (x,qu,p)—n(x,F,p)lgl—f
L+ +y) hy or'v(x,qu,p)—v(x,F,p)|Zf
Thus, for any 0 >0,
I (w,q) €I, n(x,qu,p)—n(x,F,p)|£1—f
<(u,s)eNxN:h— >0
us or’v(x, qu,p) - v(x, F,p)|2£
(21)
(w,q): w<j,q<k,, q(x,qu,p)—q(x,F,p)|sl—£ tyo
g«(u,s)eNxN:,k 2+
JulSs 0r|v(x,qu,p)—v(x,F,p)|2E (1+C)( +W)

Hence, by our supposition, the set on the right side
belongs to .7,, and clearly the set on the left 31de belongs to
#,. As a result, we obtain Fug — F(Se (F M ). O

Theorem 4. If lzmsupuqu<oo and lzmsupsqs<oo, then
Fug— F(Se (JM'} )) implies Fug— F(S(J ))

H, = |[wa e,

Since F,,, — F(Sg (J(M))) it holds for each & € (0,1),
0> 0, for everyx € 2, and ff)r all p>0,

(w,q) €1,
1
(u,s) € NxN: h_

H
={(u,s) e NxN: =—£>0¢ € .7,
huS

Proof. Presume that limsup, g, <co and limsup.g, < co.
Then, there are P, R>0 such that g, < P and g, <R for all u
and s. Assume that F,,, — F(S,, (Fw ")) and let

: q(x, Fop p) -y (x,F, p)| <l-{or 'v(x, qu,p) -v(x,F, p)' > EH (22)

(% Fug p) - n(x. Fop)| <18

us or [v(x, Fyp p) = v (x, F, p)| 2& (23)
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So, we can select positive integers u,,s, € N such that  and let m and n be integers providing j, , <m<j, and
H,/h, <o for all u>uy,s>s,. Now, take k,_; <n<k,. Then, for every £>0 and each x € 2, we get

T == max{H,;: 1<u<u,1<s<s}, (24)

{(w, q): w<m,q<n, 'n(x, qu,p) -1n(x,F, p)| <1- for|v(x,qu, p) —v(x, F, p)| 25}'

mn
Sj - {(w, Q: w<j,,q<k, |1(% Fup p) = 1n(x, F, p)| <1-¢or |v(x,qu, p)-v(xF, p)| > E}l
u—1%s-1
1
= ik {H11 +H,+Hy +Hy+---+H,, + --+Hu5}
H H H
UySy 1 ug (sp+1) (up+1)so (up+1) (sp+1) H,
<———| max {H, + - h ————+h ————+h —— .-+ h,
Ju1key <1l<<w<<u0{ ‘1}> Juorkoy { 1y (sp+1) huU (50+1) (up+1)so h (1) (up+1) (so+1) h(u0+1) (ot1) h,
<qss9
uoSyT 1 H,,
<-— + = sup —— u,s hw
]u—lks—l ]u—lks—l u>y hus wzuz(, 1
$>5 425
< ,uOSOT +0 (j” — ]:u")(ks — ks°) < .MOSOT +0q,9, < ,uOSOT + 0PR.
]u—lks—l Ju—lks—l ]u—lks—l Ju-1Ks-1
(25)
Since j,_ k., — 00 as m,n —> 00, it concludes that
for each x € 4,
1
p— H(w, q): w<m,q<n, |11(x, qu,p) -n(x, F, p)| <l-E&or 'v(x, qu,p) - v(x, F,p)| > fH — 0, (26)

and as a result for any g, >0, the set

(w,q): w<m,q<n, 'n(x,qu,p) - 11(x,F,p)| <1-¢
(m,n) e Nx N: —| |>0, ¢ € 7). (27)
mn Or‘y(_x’ qu,p) -v(x,F, p)| >¢

It gives that F,, — F(S(J‘Eg;y))). O  Theorem 5. Let 8, be a double lacunary sequence. If
1 <lim inf g, <lim sup uq < co, and 1 <lim inf g, <lim sup sq < 0o, (28)

then F,,, — F (S, (J‘S\'};V))) if Fpy — F(S(JV(\'Z;V))). Proof. It obvious from Theorem 3 and Theorem 4. O
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Theorem 6. Let .7, be a strongly admissible idea(lﬂg)roviding Proof. (q’vf)’resu.me that S(J é\’/lj)) -lim,, ., F,,=A and
feat&rg (AP,), 0, e F(F,). If {qu} €S (Jy) NS, S (Fy, ") —limy, Fy=Band A#B. Let
(Jw, ") then
(11,7) . _ () .
S(ow,") = Jim Fug =S5, (S3)") = lim g (29)
1 1
0<£<5|;1(x>A)p)_’7(X>B)p)|) and0<5<5|V(X;A,p)_V(x)B,P)la (30)

for every x € &. Since .#, provides the feature (AP,), then
there is M € #F(7,) (i.e, NxN\M € .7,) such that for
every x € 2 and for (m,n) € M,

w<m,g<n: 'n(x,qu,p) - n(x,A,p)' <1-¢
lim — = 0. (31)
e or ‘v(x, qu,p) —v(x, A, p)| >¢&

Let
T = {wgm,qgn: |11(x, qu,p) -n(x, A, p)| <1-¢&or |v(x, qu,p) - v(x, A,p)' > E},
(32)
S = {wSm,an: |17(x, Fug p) -1(x, B, p)| <1-¢ or |v(x, qu,p) -v(x,B, p)' > E}
Then, mn=|TUS|<|T|+|S|. This gives that Let M* = M N6, € F(7,). Then, for every x € 2 and
1< (|T|/mn) + (|S|/mn). Since |S|/mn<1 and for (wy, q;) € M”, the wkqjth term of the statistical limit
lim |T|/mn =0, we have to get lim,,,, . |S|/mn = 1. expression
nm,n—o0
o {wgm,an: |17(x, qu,p) -n(x, B, p)' <1-¢&or 'v(x, qu,p) -v(x, B, p)| > EH, (33)
is
k,j
W {(w,q) € U1 11u55 17(x, qu,p) -1(x, B, p)| <1-¢ or ‘v(x, qu,p) -v(x, B,p)' ZE}I
k9 u,s=1,
(34)
R
) u ]:ti:l,lhus ws=1,1 thus’
where
1 7,
Vo = = {(w, q €1, q(x, Fug p) -7(x,B, p)| <1-¢& or |v(x, Foug p) -v(x, B, P)| > f}l — 0, (35)

us
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because Sy (I ’”)) ~lim,, . F,, =B. Since 6, is a
lacunary sequence, (34) is a regular weighted mean trans-

form of v,’s, and as a result, it is .#,-convergent to 0 as

k, j — o0, and also it has a subsequence which is con-
vergent to 0 since .7, provides the feature (AP,). However,
since this a subsequence of

1
{mn {w<m q<n: | (x, qu,p) -n(x,B, p)| <1-¢ or |v(x, qu,p) -v(x,B, p)' > fH}(m)n)EM, (36)
we conclude that
1
{mn {w<m q<n: |77(x, Fug P) -n(x, B, p)| <1-¢& or |7/(x, qu,p) -v(x,B, p)' > fH}(mn)eM, (37)
ks<(1+()(1+1//) d]u lksl 1
which is not convergent to 1. This contradiction indicates h. o gy h —( ‘ (38)
that we cannot have A # B. O us us

Theorem 7. If liminfq,>1 and liminfq,>1, then
CIW TSN [70] s
Proof. Let liminf g, >1 and liminf g, > 1. Then, there are
{,y>0 such that q,>1+( and g,>1+y for all uands
which gives that

1

us (w,q)el,, 145 w,q=1,1

s wg=1,1 us

Since F,,, — F(C, [J‘(,g;y)]), then for each

LS i)

Mswal

Hence, when the above equality is examined, for every
x € I, we have
1 7,
h Z '”(X’qu’P)—ﬂ(X>F,p)|—l — 0. (41)

us (w,q)el,,

Similarly, we obtain

hi Z |v(x, qu, p) —v(x,F, p)| i 0. (42)

us (w,q)el,,

k .
:J;; s ]uk Z |’7XquaP) ﬂ(x,F,p)|_1]_Ju—}is—1

n(x,F, p)'—l—»O and,
]ul slwal

Presume that Fyg — F(C, [J‘(,\Z’;V)]). For each x € X,
we get

Ju-1ok

7 z 'ﬂ(x’qu’P)_rl(x’F’p)|_l_7 Z 'T’Iwaq,P) ’7(pr)|_7 Z 1'l/IJCqu’p) U(X,F,p)'—l

us w,q=1,1

1 jufl ’ksfl

—— 2 e Fupp) - Ep)| -1}
k

u=1"%s-1 wg=1,1

(39)

Jul

Z 1"7 x, wq’p

nEp)|-1750 (40

‘(4',7?)]). As a result, we obtain

That is, Fig — F(Ne [F
M€ Ny [0 O

C[f

Theorem 8. If lzmmf q,=1 and lim 1nqu =1, then
Ny, [jw’”]cc [J’

Proof. Take liminfg, =1, lim 1nf g,=1, and
{F } € Ny [Ty M)] Theh, for every p >0, we acquire
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1

H =
us h

us (w,q)el,,

as u, s — 00. Then, for &> 0, there are 1, s, € N such that
H, <1+ &forallu>uy, s>s, Also, we can find K > 0 such

Y |1(x Fug p) —1(x, F, p)| L1, = —

Journal of Mathematics

1

Y PeFupp) v Ep] o0 ()

us (w,q)el,,

that H, <K and H, <K, u,s = 1,2,.... Let mandn be an
integer with j, ; <m<j, and k,_; <n<k,. Then,

1 e 1 jwks
mn Z |’7(x>qu,P)_”](X,F,p)|S i k Z 'r’(x’qu’p)_fl(x’F,P)',
mn w,g=1,1 ]ufl s—1 w,q=1,1
1
= - X Z |’I(x,quaP)—fl(x,F,P)'+...+ Z 'n(x,qu,p)—r](x,F,p)' (44)
Ju-1Ks-1 (w,q)el (wig)el,,
ik he, s h K K=k
= sup Hus ’]14[) So + (.u+1)( u+1)H(u +1) (5 +1) Foe - us Hus <K']140750+ (1 N E)M_
Tsustip 15555 Ju-rksey Jumtksoy ’ ! Ju-1%5-1 Ju-1ke Ju-1ksy
Since j,_ k., — 00 as m,n — oo, it follows that  Proof. Let Fyy — F, (Ng, [j‘(/g;v)]) and

1/ m”ZT;:;1=1

show

[n (x, qu,p) -n(x,F, p)| —72 1. Similarly, we
that  1/mny o [v(x, Fyp p) =7 (%, F, p)l
—72 0. Hence, {qu} € C [J‘(A?j)]. O

can

Theorem 9. If {qu} € Ny, [J‘S(};V)] ncC, [Jé(}:')], then
N, [73 = limF,,, = C,[F\7] - limF,,.

2

s (w.q)el,
for all u >wu, and s> s,. Also, there are m, n, € N such that

1 m,n

o 2

w,g=1,1

1P 5) a0 723)

for all m>m; and n> ny. Take r; = max{u,,m,} and
r, = max{sy, ny}. Then, we take k,t € N such that

us (w,q)el
p AR
(s Fof) (e ra )2 Y

Therefore, we get

|1 (x. Fy. p) = n(x. Fy, p)| <

F,, — F,(C, [Jég;y)]). Assume r € N and €>0 in such
way that r > 2/€. Then, for any p > 0, there are 1, s, € N such
that

1 p p 1
and e ( v<x, qu,5> - v(x, F1,5)~ <;, (45)
U (wq)elys
RN Py ._ 2|1
and p— WIZM v(x, Fug 2) v(x, F,, 5 <7 (46)
n(x,qu,p) - q(x,Fl,p>‘ >1--,
(47)
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Since £>0 is arbitrary, we get
In(x,Fy, p) —n(x, Fy, p)l =1 for all p>0, which yields
F, =F, 0

Throughout the following definitions and theorems, we
consider (X, 7,7, *, <) to be a separable IFMS and .7, to be
a strongly admissible ideal.

11

Definition 5. The sequence {qu} is strongly .#,-lacunary

Cauchy sequence (Wijsman sense) if for each £ € (0,1), for

(u,s) € NxN: hi Z 'q(x,qu,p) —q(x,Fst,p)'Sl—E

us (w,q)el,,

A(£’X>P) =

us (wg)el

Theorem 10. Every Wijsman strongly .%,-lacunary con-
vergent sequence of closed sets {quf is Wijsman strongly
I y-lacunary Cauchy with regard to IFM (1, ).

each xe¢Z, and for all p>0, there are
s=s(&x),t =t(& x) € N such that
€ .7, (49)

Y. [0 Fugp) = v(x.Fo p)| 26

Proof. Let F,, —"® (Jg{,yz) F. At that case, for each
£ € (0,1), for every x € 2, and for all p>0,

(u,s) e NxN: L Z |17(x,qu,p)—q(x,F,p)|sl—f

us (w,q)el,,

A(Sx, p) =
1

or, — Z ‘v(x,qu,p)—v(x,F,p)'Zf

us (w,q)el,

Since .7, is a strongly admissible ideal, the set

us (w,q)el,,

A (& x,p) =

1
and —

us (U-))q) GIHS

is nonempty and belongs to & (.7,). So, we select positive
integers uand s such that (u,s) ¢ A(&, x, p), and we get

1

€5, (50)
(u,s) € NxN: 1 Z |17(x,qu,p) - n(x,F,p)' >1-¢
» (51)
|v(x, Fp p) - v(x,F, p)| <¢
(52)

us (wn»‘in)élus

) |;1(x,Fwo%,p)—n(x,F,p)'>1—E,andhi Y [ Fupgep) - (5. Fop)| <&

us (wn»‘in)élus
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Now, presume that

f 1
(u,s) e Nx N: —

B(& x, p) =3

1
or —

us (w,q), (w0’q0)€1us

Consider the inequality

L)

hus (w,q) (u) Ul )EI 'rl(x) qu, P) ) rl(x, F"’O‘%’p)| - h

=Y PleFupp) - (n Fagep) <5

hus (w,q), (wov%)du; us (w,q)€l

Notice that if (u,s) € B(§, x, p), therefore,

1

us (w,q)el,,

1

us (w,q)el,,

From another point of view, since (u,s) ¢ A(&, x, p), we
get

1

hus (wU’qU)Elus

We reach that

1

us (wglel,

Hence, (u,s) € A&, x, p). This  gives  that
B(& x,p) c A&, x, p) € F, forevery & € (0, 1) and for each
x € . Therefore, B( x,p) € F,, so the sequence is
Wijsman strongly .%,-lacunary sequence. O

U (w), (wo"lo)dus

L Z |17(x’F“’0‘10’p)_n(x’F’p)'>1_f’ al’ldh

il Z ';7(x,qu,p)—;7(96,F,p)|sl—f,orhi Z iv(x,qu,p)—v(x,F,p)|2£.

Journal of Mathematics

|11(x, FWq’p) - I’I(X, Fwo%’p)' <1l- 25

. Z |;7(x,qu, p) - 1(x,F, p)| +hL Z 'n(x, Fwoqo’P) - n(x, F,p)| <1-2¢,

— ) |7/(x,qu,p)—v(x,F,p)|+hL > |v(x,Fw0%,p)—v(x,F,p)|22£.

(53)
|v(x, qu,p) - 1/('x’ F“’o‘io’p)| 2 25
Y i Fupp) =1 Ep| 5= Y |5 Fug, ) 0 Fp),
us us W, O)GIM
(wo (54)
S (6 Fopp) v Ep)| + = Y (0 Fups p) - v B )|
(wo0)
U5 (wosdo ) €l s
us (ww‘iu)dus
(55)
us (wO’qO)GIus
1 Z |v(x, Fiar p) -v(x,F, p)| <é. (56)
us (wU’qU)Elus
(57)

U (wg)el,s

Definition 6. The sequence {qu} is Wijsman strongly
#;-lacunary convergent to F iff there is a set
M ={(w,q) e NxN} such that M'={(u,s) e NxN:
(w,q) € I,.} € F(F,) for each x € T,
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li !
u,sgloo h

> 1% Fupp) -1 Ep) =1,

us (wq)el
(58)
. 1
lim —
U,s—00 hus (wiel,,

‘v(x, qu,p) —v(x, F, p)' =0.

In this case, we write qu - F(Nez [jvtlz(m)])-

Theorem 11. If the sequence {F q} is Wijsman strongly
F; -lacunary convergent to F, then qu} is Wijsman strongly

F,-lacunary convergent to F.

Proof. Presume that Fypg— F(N(,2 [J&,Z("’V)]). Then, there
is a set M = {(w,q) € N x N} such that

P(£’x>P) =9

us (w,q)el,,

' (u,s)el\lxN:hL Z |;1(x,qu,p)—ﬂ(x,F,p)'Sl—E ‘

us (w,q)el,,

h Z |v(x’qu’P)_V(X>F,p)|2f

13
M' ={(u,s) e NXN: (w,q) € I} € F(F,),  (59)
for each x € 2,
1
o 2 s Fupp) - nEp[>1-
us (w,q)el,,
(60)
L Z |V(x, qu’p) -v(x, F:P)' <&
us (w,q)el,

for every £ >0 and for all w,q>k, =k, (¢, x) € N. Hereby,
for each £>0 and x € X, we get

(61)

cHUM' n(({1,2,..., (kg - D} xN)U (Nx{L,2,..., (k, - 1)}))),

forNx N\M' = H € .7,. Since .%, is an admissible ideal, we
obtain

HU(M' 0 ({12, (kg = D} xN)U (Nx{1,2,..., (ko = 1)}))) € T

and so P (&, x, p) € .7,. Hence, Fug — F(Ny, [Jé(,’:')]). O

Theorem 12. Let .7, be a strongly admissible ideal involving
feature  (AP,). TT%en), Fiug — F(Nez [Jég’;')]) implies
Fu, — F(Ng,[7y,""]).

1

'U(x, qu’.p) -n(x, Fst’p)' >1-¢,

hus (w,q), (s,t)el

for every w,g,s,t>N.

Theorem 13. Every Wijsman strongly .75 -lacunary Cauchy
sequence of closed sets is Wijsman strongly 7,-lacunary
Cauchy in IFMS with regard to (1, ).

Loy

us (w,q), (s;t)el

|r](x’qu’p)_’1(x’Fst’p)|>1_5’ andhi Z

(62)

Definition 7. The sequence {qu} is known as Wijsman
strongly .75 -lacunary Cauchy sequence if for each & € (0, 1),
for all x € &, and for all p>0, and there is a set M =
{(w,q) e NxN}  such that M ={(us) e NxN:(w,
q) €l,}eF(F,) and N = N (e x) € N such that

and hi Z |v(x, Fip p) - v(x, Fy, P)| <&

us (w,q),(s,t)el

(63)

Proof. 1If the hypothesis is provided, then for each & € (0, 1),
for each xe X, and for all p>0, there is a set
M = {(w,q) € N x N} such that

M' ={(u,s) e NxN: (w,q) € I,} € F(F,), (64)
and N = N (& x) € N such that
'V(X, qu’ p) - V(X, Fst’ p)| < f’ (65)

us (w,q), (s,t)el
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for each w,q,s,t>N. Let H=NxN\M'. It is clear that
He 7, and

(u,s)ef\le\l:L Z

us (w,q), (s,t)el,

(5 Fugs ) = 15, Fos p)| 1= &

P(f)-x) P) = i
! (66)
oo Y |0 Fupp) v Fep)| <k
us (w,q),(s,t)el,,
CHUM N (({1,2,..., (N-D}xN)U (N x{L,2,..., (N =D})).
As 7, be a strongly admissible ideal, then
Hu(M'n(({1,2,..., (N= 1D} xN)U (Nx{L,2,..., (N=1)}))) € 7. (67)

Therefore, we obtain P (&, x, p) € .7,; that is, {qu} is
strongly .#,-lacunary Cauchy sequence (Wijsman sense)
with regard to (1, 7). O

Theorem 14. Let .7, be an admissible ideal involving
property (AP,). Then, the concept of Wijsman strongly
I ,-lacunary Cauchy sequence of sets coincides with Wijsman
strongly 75 -lacunary Cauchy sequence of sets.

Proof. If a set sequence is strongly .#;-lacunary Cauchy
sequence, then it is strongly .#,-lacunary Cauchy sequence
according to Theorem 13, where .%, need not to have the
feature (AP,).

Now, it is adequate to demonstrate that a sequence {F wq}
in X is a strongly .#3-lacunary Cauchy sequence under
assumption that it is a strongly .#,-lacunary Cauchy se-
quence. Let {Fw } be a Wijsman strongly lacunary Cauchy
sequence. In this case, for each £ € (0, 1), forall x € 2, there
is a number s = s (&, x),t = t (&, x) € N such that

(u,s) € NxN: € Z 'n(x,qu,p) —n(x,Fst,p)’Sl—f

us (w’q)EIus
A, x,p) =
1
or —
us (wqel,,
Let
1
(u,s)eNxN:h— Z
us (w,q)el,,
Pj (f) X, P) =
1
or —
us (w’q)elus

where s(j) =s(1/j) and t(j) =t(1/j), j = 1,2,.... Clearly,
for j=1,2,..., P, (&, x,p) € F(F,). Since 7, has the
property (AP,), then by Theorem 3.3 in [9], thereis P ¢ N x
N so that P € #(.,) and P\P; is finite for all j. Now, we
demonstrate that

1
n(x’qu’p) - ﬂ(x’sttJ’P>‘ >1--

€ .7, (68)

Y o Fupp) - (v Fap)| 2

J
, (69)

‘v(x, Fyp D) - v(x, stz]»P>‘ <§

el hL > |nleFupp)-n(xFap)| =1

Us (w,q)€l,;, ()€l

(70)
%, and
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. 1

lim hf
25t

WESET00 My (w,q)€l,q, ()€l

|v<x, Fup p) -v(x, Fst,p)' =0,

(71)

for each x € & and (w,q), (s,t) € P. To show these, let
£ € (0,1) and r € N such that r>2/& If (w,q), (s,t) € P,
then PN\P, is a finite set; therefore, there is u = u(r) so that

hi > |’7(X>qu’P)—W(X,Fsrt,,p)|>1—%,

us (w,q)el,,

hL > |f1(x,FspP)—fv(x,Fsrtr,p)|>1_1,

us (styel,, r

1 1 72)
w2 PeFapp) (o)<
us (wq)el
Y e p) Ao Fp) <
us (s,0)el,

1

us (w,q)el,

7 Z |’7('X’qu’p)_}/I(x’Fst’P)|S

+hL Z |17(x,Fst,p) - n(x,Fsyty,p)' ><1 —%) +<1 —%) >1-¢,

us (sp)el,

L Z |V(X,qu,P)—V(X,FSt,P)'

us (w,q)el,,

! I 1
to= Y e Eep) = v(xFyyp)| <o+ o<k

us (styel,,

Therefore, for each ¢&¢€ (0,1),
(w,q), (s,t) € P € F(J5,), we get

Ju=u(é), and

(u,s) € NxN: S Z |11(x,qu,p) - q(x,Fst,p)| <1-¢

us (w,q)el,,

1
or —

us (w,q)el,,

This implies that {qu} is Wijsman strongly .#;-lacu-
nary Cauchy. O

i X (o Fupp) -t Ep)>1-¢

us (wq)el

us

15
for all w,q,s,t>u(r). So, it follows that
1
i 2 |1 Fupp) - n(xFop)]
us (wqlel,,
X (73)
e 'v(x, qu,p) - v(x, Fs,t,’P)|
us (wigel,,
€7, (74)

Y o Fupp) = (0 Faop)| 2

Definition 8. A sequence {qu} in IFMS is called to be
Wijsman lacunary convergent to F with regard to I[FM (1, v)
if, for every p>0and £ € (0, 1), there is m,, n, € N such that

1
and —

h 2 |y(x’ Fupp) = v(xF, p)| <&,

us (w,q)el,,

(75)
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for all u>m, and s>n,. We write (4, v)* - limF,, = F.

Definition 9. Take (X, 1,7, *,0) as a separable IFMS and

take {qu} eX.
(a) F e is known as Wijsman lacunary .7,-limit
point of {Fw if there is set
M ={(w;,q,) < (W, g,) < -+ < (W, q,) < -} CNx

N such that the set

Journal of Mathematics

={(u,s) e NxN: (w,,q,) € I} ¢ .75, (76)

and (7,v)% - limF, , =F.

(b) F € X is known as Wijsman lacunary .#,-cluster
point of {qu} if, for every p>0 and € € (0, 1), we get

(u,s) e NxN: 1 Z |11<x,qu,p) —n(x,F,p)'> 1-¢

us (w,q)ely,

and,
us (w,q)el,,

Here, A (F o) denotes the set of all Wijsman lacunary
F,-limit pomts and I“(M (Fy,) indicates the set of all
Wijsman lacunary .#,-cluster pomts in IFMS.

Theorem 15. For each sequence {qu} in IFMS, we have

0- 0
Ay (Fug) €T3 (Fug).

us (w,q)el

for all u>m, and s>n,. Therefore,

(u,s)eNxN:hi Z |17(x,

us (wqlel,,

and —
us (w,q)el,,

QM,\{(wl’ q) (W5, )5 -

Now, with %, being admissible, we must have
M\{(wl,ql) (wy,4,),, (wmo,qnn)}séfz and as such

B¢ .7,. Hence, F € F(M) O

3. Conclusion

In this study, we examined a version of ideal convergence,
named Wijsman lacunary ideal convergence of double set
sequences, in IFMS. We investigated new convergence
concepts for double set sequences in IFMS and obtained
some meaningful results. In addition, Wijsman lacunary
7 ,-limit points and Wijsman lacunary .7,-cluster points of

h z |’7(x’quqs’P) _’7(X>F’P)'>1—f>

hl 2 |”(x’ Fupp) = v(x.F, p)| <¢

o> (g 0, )}

(77)

AT

Proof. LetF ¢ A 92 (F ) S0, thereisaset M ¢ N x N such
that M' ¢ .7,, where M and M' are as in Definition 9,
satisfying (17,v)" —limF,, . = F. Hence, for every p >0 and
&€ (0,1), there are mo,no e N such that

and L |v(x, quqs,p) —v(x,F, p)| <&, (78)
us (w,g)el,,
Eypp) - n(x,F,p)| >1-¢
| (79)

double set sequences in IFMS were defined. Some of the
results presented in this article are analogous to the research
studies in the relevant topic, but in most situations, the
proofs follow a different approach.
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