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ABSTRACT

With the introduction of renewable generators, the investment challenges have also increased recently because of the associated stochastic behaviors. 
Their impacts in terms of the investment related to the distribution network could be different depending on the probability distribution of the 
corresponding renewable generators, historical-data modeling, and network structure. Therefore, the impacts of the probability distributions of wind 
power plants (WPPs) and solar power plants (SPPs) are analyzed thoroughly for different case studies by using a convolution-based distribution network 
planning (DNP) model. The following six cases are considered: the 1) integration of only WPPs considering one scenario of load, wind, and solar powers, 
2) integration of only WPPs considering four scenarios, 3) integration of only SPPs considering one scenario, 4) integration of only SPPs considering four 
scenarios, 5) integration of both WPPs and SPPs considering one scenario, and 6) integration of both WPPs and SPPs considering four scenarios. The 
results show that considering the four scenarios is more suitable for a risk-averse approach planning, as the chance constraints are formulated separately 
for all the scenarios. However, the probability distribution of a different generation technology exerts a significant impact on the investment results of 
DNP.
Keywords: Wind power plant (WPP), solar power plant (SPP), distribution network, planning, chance constraint

Introduction 

The power system planning problem can be divided into several categories, an important 
one of which is the distribution network planning (DNP), which is a complicated optimization 
problem wherein the locations and sizes of substations, feeders, and transformers are calcu-
lated using optimization techniques [1]. Distributed generators such as wind power plants 
(WPPs) and solar power plants (SPPs) have recently found an important place in DNP prob-
lems. Their significance is associated with their fluctuated output powers.

The uncertainties related to WPPs, SPPs, and load can be modeled using different techniques. 
Garry et al. [2] proposed a stochastic algorithm based on the two uncertainty models, random 
draws and a realistic probabilistic model of load and generation using real-world data. The 
selection of a restricted operation scenario is another DNP approach to counter the uncertain-
ties of WPPs, SPPs, and load, as this specific scenario stands for the serious local congestions 
[3]. The scenario-based approach is a general way to consider the future uncertainties in DNP 
studies. In [4], a multiobjective-scenario-based DNP problem was proposed using scenarios 
in order to evaluate robustness and flexibility. The topic of robustness is focused in another 
bi-level DNP study to model the joint uncertainties via typical budget set [5]. However, Monte 
Carlo Simulation (MCS) is critical to calculating the probability distribution functions (pdfs) 
of output variables such as feeder flows and node voltages. MCS is utilized to minimize the 
investment costs by considering the uncertainties associated with WPPs, SPPs, load growth, 
and electricity market [6]. However, it is a well-known fact that MCS is a demanding process 
entailing considerable computational burden when the number of stochastic variables is in-
creased. In this point, some surrogate methods are utilized for the stochastic calculation; one 
of these methods is the point estimation method. Soroudi et al. [7] utilized the aforemen-
tioned method to deal with the uncertainties associated with load, electricity price, and WPPs 
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for achieving benefit maximization. The other method is the 
analytical calculation of pdfs by using the convolution under 
the property of linearity [8], as it is better in terms of compu-
tational burden. The calculation of pdfs is especially important 
when considering chance constraints or robustness views [9]. 
However, the impacts of dividing the historical data into sev-
eral scenarios have not been studied yet with respect to the 
chance constraints of the DNP studies.

In terms of uncertainty, WPPs and SPPs have been considered 
separately in some DNP studies. In [10], the uncertainties as-
sociated with load demand, energy price, and WPP were con-
sidered to determine the optimal expansions of distribution 
network. Furthermore, Qi et al. [11] proposed a mean-vari-
ance-skewness based expectation maximization model to min-
imize the variance for obtaining the optimal trade-off between 
the profit and the risk of DNP, by considering the uncertainty 
associated with WPPs. Active management schemes were also 
considered in the context of a DNP problem, taking into ac-
count wind power (WP) curtailment [12]. Another active DNP 
problems were proposed in the presence of WPPs, and differ-
ent objectives and approaches were utilized [13, 14]. However, 
SPPs were also considered solely in DNP studies. In [15], a new 
model was presented to evaluate the low-carbon comprehen-
sive benefits of SPPs by combining the low-carbon and eco-
nomic characteristics of SPPs. Furthermore, Samper et al. [16] 
introduced a benefit quantification of investing in battery-en-
ergy-storage systems and relatively high SPP penetration in or-
der to defer capital-intensive investments. A two-stage model 
for planning a distribution network was also proposed, by con-
sidering the pdf of SPPs [17]. It is valuable to focus exclusively 
on those plants in DNP studies in order to examine their im-
pacts on the investment results. However, the effects of their 
pdfs have not been analyzed thoroughly in terms of chance 
constraints and robustness. 

It is inferred from the literature that there are still multiple per-
spectives to be analyzed in a DNP problem and that research-
ers are required to continue developing alternative solutions 
[18]. Therefore, new studies that reveal the reasoning behind 
the solutions of a DNP problem must be performed, especially 
with respect to the uncertainties associated with loads, WPPs, 
and SPPs. In this study, the following questions are being ad-
dressed using case studies: 

1)	 What are the impacts of the pdfs of both SPPs and WPPs on 
distribution network investments?

2)	 Is it a necessity to divide the historical data to several sce-
narios in terms of chance constraints and robustness? 

To answer the above-mentioned questions, a probabilistic 
DNP formulation is utilized, where the load, WPP, and SPP are 
modeled using appropriate pdfs after their historical data are 
divided into four scenarios on the basis of their features. This 
formulation aims to minimize the total investment and the 
operational costs of substations, transformers, feeders, WPPs, 
and SPPs, and the total electricity price through the planning 

horizon, while satisfying the chance constraints associated 
with voltage limit, feeder capacity, and substation capacity. 
The chance constraints are written separately for each scenar-
io. The convolution-based linearized load flow is formulated to 
calculate the chance constraints, and the overall optimization 
problem is optimized using the integer genetic algorithm. Case 
studies are investigated via the modified 34-node benchmark 
system by applying the so-called optimization framework. 

Optimization Framework

A DNP problem is a kind of optimization problem that includes 
different sets of objectives and constraints. To investigate the 
impacts of pdfs of both WPPs and SPPs, the objective function 
comprises the associated investment cost and the total cost of 
purchased energy for the effects of WPPs and SPPs in order to 
reduce the imported electricity from the upper grid. The first 
part of the objective function is stated as follows:

			   (1)

where Cins denotes the total installation cost. The terms , 
, , , and  denote the installation costs of the ith substa-
tion, jth transformer, jth feeder, jth WPP, and jth SPP, respectively. 
The installation variables , , , , and  denote the ith 
substation, jth transformer at the ith substation, jth feeder at the 
ith corridor, jth WPP at the ith wind bus, and jth SPP at the ith solar 
bus, respectively. Furthermore,  denotes the length of corri-
dor i. The terms , , , , , , , , and  
denote the sets of new substation nodes, all substation nodes, 
transformer types, new or upgradable corridors, feeder types, 
new nodes for WPPs, available sizes of WPPs, new nodes for 
SPPs, and available sizes of SPPs, respectively. The second part 
of the objective function is devoted to the maintenance costs 
as follows:

	
                

(2)

where Cmain denotes the total maintenance cost. The terms , 
, , and  denote the maintenance costs of the jth trans-

former, jth feeder, jth WPP, and jth SPP, respectively. Existing assets 
are included in (2) as well. The terms , , and  denote 
the sets of all the corridors, all the nodes for WPPs, and SPPs, 
respectively. The last part of the objective function denotes the 
expected cost of the purchased energy from upper grid. One 
has the following:

                                                       
(3)

where CECPE denotes the expected cost of the purchased en-
ergy for one year. The term  denotes the purchased pow-
er of substation i, transformer j at scenario s. Furthermore, αs 
and ΩSC denote the weight of scenario s and set of scenarios, 



54

Electrica 2020; 20(1): 52-61
Ugranlı F. Impact of Renewables’ PDFs on Distribution Investment

respectively. The term CAEP denotes the average price of the 
purchased energy. Not only the so-called objective function 
parts but also the chance constraints are integrated into the 
fitness function of the genetic algorithm. Therefore, the chance 
constraints for the substation capacities, feeder capacities, and 
voltage limits are written as follows:

  
(4)

  
(5)

 
(6)

where , , and  denote the overload levels of the jth 
feeder current at corridor i, ith bus voltage, and jth transformer of 
substation i at scenario s, respectively. The terms βF, βV, and βT de-
note the corresponding specified not-overload-probabilities for 
the chance constraints. Obvious, the feeder currents, , voltage 
magnitudes, Vi,s, and transformers’ currents, , are calculated 
using convolution, and their corresponding limits are denoted 
by Ff, [VL, VU], and FT, respectively. To implement the convolu-
tion, the required details can be found in [8], [19]; linearity should 
be maintained for the load flow calculations as [20] follows:

	 (7)

	 (8)

where ∆V denotes the array of node voltage differences with 
reference to the slack node, while fflow denotes the array of feed-
er currents, where both are calculated in terms of the injected 
current, finj. Furthermore, DLF and BIBC denote the matrixes of 
distribution load flow and bus-injection to the branch current, 
respectively. The term |.| denotes the operator of the absolute 
value, which is necessary for linear relationships [21]. The ab-
solute value of the injected current is calculated by assuming 
nominal-voltage conditions. 

Radiality and penetration level are also imposed in the optimi-
zation problem by using the penalty values, and the radiality 
is checked using the constraints given in [22]. Thus, the overall 
fitness function, f, can be formulated as follows:

                    

(9)

Obviously, the operational costs are multiplied by the discount 
factor, ir, where NY denotes the number of years in the plan-
ning period [23]. The terms ϒ, ρPL, and ρradiality denote the penal-
ty factors for chance constraints, penetration limit, and radial-
ity, respectively. 

Probability Distributions of Load, Wind, and Solar Power

To implement the optimization framework, historical data are 
analyzed to obtain the pdfs of load, WP, and solar power (SP). In 
this study, the load profile is assumed to follow the load profile 
of the IEEE RTS test system [24]. However, the wind-speed and 
solar-irradiance data are obtained from [25]. Upon evaluating 
the solar-irradiance data, it is noticed from Figure 1 that there 
are many instances when the solar irradiance was zero depend-
ing on the weather conditions. Moreover, the entire year can be 
divided into two scenarios on the basis of the seasonal effect; 
accordingly, the solar irradiance is higher around the summer 
season. According to those observations, the historical data 
are divided into four scenarios. It can be said that the number 
of scenarios can be increased by sacrificing the solution time. 
After obtaining the scenarios, the solar-irradiance data for the 
four scenarios should be converted into power values by using 
fundamental I–V equations [26]. The solar module used in this 
study has the following characteristics: maximum power of 200 
W, open-circuit voltage of 32.9 V, and short-circuit current of 
8.21 A. Similarly, the power values of wind turbines (WTs) can 
be calculated as follows:

	 (10)𝑃𝑃!" =

0 𝑉𝑉!" < 𝑉𝑉!" 𝑎𝑎𝑎𝑎𝑎𝑎 𝑉𝑉!" < 𝑉𝑉!"

𝑃𝑃!"!
𝑉𝑉!" − 𝑉𝑉!"
𝑉𝑉! − 𝑉𝑉!"

𝑉𝑉!" ≤ 𝑉𝑉!" < 𝑉𝑉!

𝑃𝑃!"! 𝑉𝑉! ≤ 𝑉𝑉!" ≤ 𝑉𝑉!"

	

	

where Pwt denotes the active power output of WT and  the 
rated power of WT. The terms Vws, VR, Vci, and Vco denote the 
wind speed of the historical data, rated speed, cut-in speed, 
and cut-out speed of WT, respectively. The rated power, and the 
cut-in, rated, and cut-out speeds are assumed to be 0.5 MW, 3 
m/s, 13 m/s, and 25 m/s, respectively.

Subsequently, the load, WP, and SP data for the four scenarios 
are fitted into a pdf in order to perform convolution. The load 
data, which are a 1-MVA generic one, fit well into normal distri-
bution with the mean and standard deviation (SD) as follows: 

Figure 1. Solar-irradiation data for one year
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Scenario-1—mean of 0.5860 MVA and SD of 0.0720, Scenar-
io-2—mean of 0.6748 MVA and SD of 0.0687, Scenario-3—
mean of 0.5465 MVA and SD of 0.0599, and Scenario-4—mean 
of 0.6314 MVA and SD of 0.0706. The corresponding weights 
for each scenario are obtained as 0.3123, 0.2310, 0.1583, and 
0.2982, respectively. The mean values are observed to be dif-
ferent among the scenarios because of the weather conditions. 
In terms of WP, the Weibull distribution with parameters, name-
ly, shape (a) and scale (b), is utilized to model the wind-speed 
data as follows: Scenario-1—a of 5.5193 and b of 1.7243, Sce-
nario-2—a of 6.1981 and b of 2.0706, Scenario-3—a of 4.0874 
and b of 1.7688, and Scenario-4—a of 5.7171 and b of 2.1518. 
Applying MCS and following the conversion given in (10), the 
distribution function of a generic WT is obtained as follows:

	

(11)

where f (Pwt) denotes the probability distribution of a given WT. 
The terms  and  denote the probability values at zero 
WP and rated WP, respectively. Obviously, the probability of being 
zero and being rated power are the highest among the others. 
Therefore, a Dirac delta function, δ (.), is used in (11). The other part 
of the probability distribution is denoted by the  Gwt (Pwt) function, 
which can be modeled using discrete or continuous functions.

In the four scenarios, two scenarios are for solar irradiance, 
where there is no need for probability distribution because of 
the zero-solar irradiance. However, for the other two scenarios, 
the truncated Nakagami distribution with parameters, namely, 
shape (µ) and scale (ω), is utilized to model the solar-irradiation 
data as follows: Scenario-2—µ of 0.3236 and ω of 40464, and 
Scenario-4—µ of 0.3816 and ω of 149690. Applying MCS and 
following the conversion given in [26], the distribution func-
tion of a generic SPP is obtained as follows:	

                         

(12)

where f (Ppv) denotes the probability distribution of a given 
SPP. The term Fpv denotes the probability of SP being less than 
εpv, which stands for a small range of SP because the probability 
of being closer to zero is higher in the probability distribution. 
The other part of the probability distribution is represented us-
ing the Gpv (Ppv) function, which can be modeled using discrete 
or continuous functions.

Description of Case Studies

The optimization framework is applied to the modified 20-kV, 34-
node test system, as depicted in Figure 2, where the planning pe-
riod is assumed to be 10 years. The data of the original test system 
are obtained from [27]. Ten new nodes are assumed to be added 
into the system in order to increase the bottlenecks. The load data 

are presented in Table 1. The integer genetic algorithm is utilized 
to optimize the so-called framework, where convolution requires 
the iterative evaluation of power-flow equations for each scenar-
io. To obtain the optimal solution, each case is solved ten times 
and the minimum one of the ten trials is selected as the final solu-
tion. The annual interest rate and average price of the purchased 
electricity are assumed to be 10% and $250/MWh, respectively 
[28]. The lower and upper limits of node voltage are 0.95 and 1.05 
pu., and the power factor and penetration level of the system 
are assumed to be 0.9 and 25%, respectively. The penalty factors 
for chance constraints are assumed to be 1e12 depending upon 
the problem structure, while the other penalties for radiality and 
penetration level are assumed to be higher. The data for the al-
ternative investments of feeders and transformers are presented 
in Table 2. The feeders at the existing corridors are selected to be 
of F1 type. Similarly, the T1 transformer is selected to be already 
installed at the existing substations. The substation-installation 
costs are assumed to be $100000 and $150000 for the existing 
and candidate substations, respectively. The data for the existing 
and candidate WPP and SPP are presented in Table 3, and the can-
didate locations for the installation are assumed to be the nodes 
of 22, 23, 25, 28, 29, and 30. 

The following six cases are considered in this study to evaluate 
the impact of scenarios and probability distributions of SPPs 
and WPPs on the DNP results:

Figure 2. Test system and the corresponding case results
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Case-1 (c1): Considering only WPP along with only one scenario.

Case-2 (c2): Considering only WPP along with the four scenar-
ios as proposed.

Case-3 (c3): Considering only SPP along with only one scenario.

Case-4 (c4): Considering only SPP along with the four scenar-
ios as proposed.

Case-5 (c5): Considering both WPP and SPP under different 
load demands, along with only one scenario. 

Case-6 (c6): Considering both WPP and SPP under different 
load demands along with the four scenarios as proposed.

Simulation Results

Upon applying the optimization framework to Case-1, the cor-
responding investment results are given in Figure 2 by using 
the label c1. It is evident that the optimum solution maintains 
the radiality requirement. Because WPP has theoretically zero 
fuel cost, the optimization problem maximizes the usage of the 
WPP presented in Table 4. Only Buses 23 and 29 are the loca-
tions for WPPs because of the constraints. The total penetration 
is observed to be 23.38% corresponding to the WPP investment 
of $2.76M. The rest of the energy is purchased via substations; 
it equals to $442M for 10 years, as the total investment costs of 
the substations and feeders are calculated to be $3.05M and 
$0.245M, respectively. For Case-2, the radial solution is differ-
ent than that of Case-1, as depicted in Figure 2. Considering 
the four scenarios means a more robust solution in comparison 
to that of Case-1 because the chance constraints are separate-
ly written for all the scenarios. It even affects the location and 
sizes of WPPs, as presented in Table 4. The total size of the WPPs 
are lower than that in Case-1, resulting in the WPP investment 
cost of $2.30M. The penetration levels of Scenarios-1, -2, -3, and 
-4 are 19.5%, 23.6%, 9.7%, and 24.3%, respectively. It is inferred 
from this result that Scenario-4 poses restrictions on installing 
more WPPs. As a result of fewer WPPs, the investment costs of 
substations, feeders, as well as the purchased energy, increase 
to $3.55M, $0.255M, and $450M, respectively.

To understand the differences between Case-1 and Case-2, the 
optimal solution of Case-1 is applied to the system along with 
the data of the four scenarios. It is observed that the chance 

Table 1. Load data of the system

Node 
No.

Load 
(MVA)

Node 
No.

Load 
(MVA)

Node 
No.

Load 
(MVA)

1 5.42 11 2.80 21 1.62

2 1.21 12 1.29 22 2.10

3 3.98 13 1.35 23 1.81

4 0.49 14 3.16 24 3.98

5 0.47 15 1.62 25 1.29

6 1.44 16 2.40 26 1.35

7 4.36 17 1.22 27 2.80

8 0.94 18 2.10 28 0.80

9 1.77 19 1.81 29 0.95

10 2.40 20 3.79 30 1.77

Table 2. Data for alternative investments of feeders and 
transformers

Candidate
Capacity 

(MVA)
Impedance 

(Ω/km)

Maint. 
Cost 

($/year)

Instl. 
Cost 

($/km)

F1 4.5 0.650 450 10000

F2 6.28 0.557 450 15020

F3 9 0.478 450 25030

F4 12 0.423 450 29870

T1 12 2000 750000

T2 15 2000 950000

T3 18 2000 1150000

Table 3. Data related to the existing and candidate WPP and 
SPP

Node 
(Existing) Type Size [MW]

Maint. Cost 
($/year)

14 WPP 5 9250

14 SPP 5 8600

Type Available 
Sizes [MW]

Instl. Cost 
[$/MW]

Maint. Cost 
($/year)

WPP 2.5, 5, 7.5 186000, 
185000, 
184000

5% of Instl. 
Cost

SPP 3.6, 4.8, 7.5 172000, 
171000, 
170000

5% of Instl. 
Cost

Table 4. Optimal solution for the installation of WPPs

Case Location (Size) of WPPs

1 23 (7.5 MVA), 29 (7.5 MVA) 

2 28 (5 MVA), 30 (7.5 MVA)
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constraints are violated for substations and feeder flows. From 
Figure 3, it is evident that the probability distribution of the 
substation’s flow is given for node 31 of Scenario-2 (the second 
scenario of the four-scenario case). It is obvious that the proba-
bility distribution of Case-1 is mostly within the limit of the sub-
station capacity, which is 346 A. However, this solution yields 
an increase in the substation current when the four scenarios 
are considered. Therefore, the chance-constraint value of this 
substation is obtained to be 0.8025, which is lower than 0.95. In 
terms of feeder currents, the feeders between nodes 3-25 and 
4-29 are violated for Scenario-1, as depicted in Figures 4 and 5, 
respectively. It can be said that those feeders are overloaded 
because of the existence of WPPs in the vicinity. The probability 
distributions of both the feeders are seemed to shift left, decre-
menting the value of the chance constraints. They are obtained 
as 0.9392 and 0.9371, which are lower than 0.95, for feeders 
between nodes 3-25 and 4-29, respectively. Consequently, the 
penetration levels for all the scenarios are obtained as 22.3%, 
26.6%, 11.1%, and 27.1%, respectively. For Scenarios-2 and -4, 
the penetration limits are violated; this violation is not accept-
able for a risk-averse approach.

The investment results of Case-3 are depicted in Figure 2 by us-
ing the label c3 for the impacts of SPPs. The installation results of 
SPPs are presented in Table 5. It is evident that compared with 
Case-1, more nodes are selected to integrate SPPs because the 
capacity factor of SPPs is less than that of WPPs. The total pene-
tration level for Case-3 is observed to be 24.63% corresponding 
to the SPP investment of $5.46M. There might be a need for in-
vestment cost twice of that of Case-1 to maintain a similar pene-
tration level. The rest of the energy is purchased via substations; it 
equals to $439M for 10 years, as the total investment costs of the 
substations and feeders are calculated as $3.05M and $0.240M, 
respectively. As expected, the radial solution of Case-4 is differ-
ent than that of Case-3, as depicted in Figure 2. The results of 
case-4 justify the more robust solution due to the tighter chance 
constraints. The total size of SPPs is lower than that in Case-3, 
resulting in the SPP investment cost of $1.89M. The penetration 
levels of Scenarios-1, -2, -3, and -4 are obtained as 5.5%, 15.18%, 
2.8%, and 24.28%, respectively. Scenario-4 poses restrictions on 
installing more SPPs. The investment costs of the substations, 
feeders, the purchased energy are $4.40M, $0.251M, and $474M, 
respectively, all of which are higher than those in Case-3.

Figure 4. Probability distribution of feeder current between 
nodes 3-25 for WPP cases

Figure 5. Probability distribution of feeder current between 
nodes 4-29 for WPP cases

Figure 6. Probability distribution of substation’s flow at node 31 
for SPP cases

Figure 3. Probability distribution of substation’s flow at node 31 
for WPP cases
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The optimal solution of Case-3 is applied to the system along 
with the data of the four scenarios. In Figure 6, the probability 
distribution of substation’s flow is given for node 31 of Scenar-
io-2, which is the only chance constraint violated for substa-
tions. Obviously, the probability distribution of Case-3 is mostly 
within the limit, which is 520 A. However, this solution increases 
the substation current when the four scenarios are considered. 
Therefore, the chance-constraint value of this substation is 
obtained to be 0.8274, which is lower than 0.95. However, the 
chance-constraint value of Case-3 for that substation is 0.9620. 
In terms of the feeder currents, the feeders between nodes 5-6, 
33-24, 34-20, and 3-10 are violated for Scenarios-4, -2, -4, and -4, 
respectively. Two of them, the pdfs of feeders between nodes 
5-6 and 33-24, are depicted in Figures 7 and 8, respectively. It is 
evident that those feeders are overloaded because of the exis-
tence of SPPs or the increase in the current demand from substa-
tions. Their chance-constraint values are obtained as 0.9352 and 
0.8524, which are lower than 0.95, for feeders between nodes 
5-6 and 33-24, respectively. Therefore, the penetration levels for 
all the scenarios are obtained as 5.5%, 27.2%, 2.8%, and 49.0%. 
For Scenarios-2 and -4, the penetration limits are also violated; 
this violation is not acceptable for a risk-averse approach. 

To see the effects of different load demands and renewable 
integration, Cases-5 and -6 are also considered by reducing 

Table 6. Optimal solution for the installation of case 5 and 6

Case
Location (Size) 

of WPPs
Location (Size) 

of SPPs

5 30 (7.5 MVA) 23 (4.8 MVA), 
29 (3.6 MVA)

6 28 (2.5 MVA), 
30 (5 MVA)

-

Figure 7. Probability distribution of feeder current between 
nodes 5-6 for SPP cases

Figure 8. Probability distribution of feeder current between 
nodes 33-24 for SPP cases

Figure 9. Investment results of Cases-5 and -6

Table 5. Optimal solution for the installation of SPPs

Case Location (Size) of SPPs

3 22 (7.5 MVA), 25 (7.5 MVA), 28 (7.5 MVA), 29 (4.8 
MVA), 30 (4.8 MVA)

4 28 (3.6 MVA), 30 (7.5 MVA)
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the loads by the factor of 0.8. Moreover, the candidate nodes 
of WPPs are 25, 28, and 30, while the candidate locations of 
SPPs are 23 and 29. The candidate feeder between nodes 
22-29, which is utilized in the four previous cases depicted 
in Figure 2, is excluded from the new candidate list to see 
the effect of the different structure. The investment results 
of Case-5 are depicted in Figure 9 by using the label c5. It is 
evident that less investment is required because of the re-
duced demand. The installation results of WPPs and SPPs are 
presented in Table 6. The total penetration level for Case-5 is 
observed to be 24.94% corresponding to the WPP and SPP 
investments of $2.82M. The rest of the energy is purchased 
via substations; it equals to $350M for 10 years, as the total 
investment costs of the substations and feeders are calculat-
ed as $2.20M and $0.217M, respectively. The radial solution 
is even maintained for Cases-5 and -6, validating the method 
for different load demand and renewable integration. More-
over, the more robust solution is obtained for Case-6 because 
of the tighter chance constraints, in parallel with the results 
mentioned in the previous case studies. As expected, the re-
newable integration is obtained as $1.89M, which is less than 
that in Case-5. The penetration levels of Scenarios-1, -2, -3, 
and -4 are obtained as 17.48%, 22.09%, 8.7%, and 23.98%, 
respectively. Scenario-4 poses restrictions on installing more 
WPPs or SPPs. The investment costs of the feeders and the 
purchased energy, which are $0.240M, and $363M, respec-
tively, are higher than those in Case-5.

The optimal solution of Case-5 is applied to the system along 
with the data of the four scenarios. The only chance constraints 
violated are obtained for feeder currents. The feeders between 
nodes 33-24, 33-30, and 33-30 are violated for Scenarios-2, -2, 
and -4, respectively. The pdfs of feeders between nodes 33-24 
and 33-30 for Scenarios-2 and -4, are depicted in Figures 10 and 
11, respectively. It is evident that those feeders are overloaded 
because of the increase in the current demand from substa-
tions. Their chance-constraint values are obtained as 0.8977 
and 0.9415, which are lower than 0.95, for feeders between 
nodes 33-24 and 33-30, respectively. Therefore, the penetra-

tion levels for all the scenarios are obtained as 17.48%, 28.09%, 
8.7%, and 36.38%. For Scenarios-2 and -4, the penetration lim-
its are also violated; this violation is not acceptable for a risk-
averse approach. Although some differences exist in terms of 
investments, utilization of renewables, and chance-constraint 
values, the general trend between the cases of only one sce-
nario and four scenarios are obtained as the same among the 
cases; even upon experiencing a different load demand, the 
WPP and SPP investment candidates are considered. Therefore, 
it can be concluded that the results of the four scenarios are 
more suitable for a more risk-averse distribution planning.

It can be inferred from the results that considering four sce-
narios yields higher value of the objective function in compar-
ison to the cases with only one scenario, owing to the fact that 
chance constraints are written separately for all the scenarios. 
Despite the increase in the objective function, the results are 
relevant, even with a different load demand, when the risk-
averse approach is considered. This is achieved by dividing the 
entire dataset into several groups by considering its weather 
characteristics, such as the hours with zero-solar irradiance. It 
allows the DNP problem by considering the hours both with 
and without zero-solar irradiance separately, while construct-
ing the pdf of the load demand, wind speed, and solar irradi-
ance. This can be seen in the results of c3, where the penetration 
levels of Scenarios-1 and -3 are lower than those of Scenarios-2 
and -4, because of the zero-solar irradiance. Therefore, the four 
scenarios based on such effects allow the proposed problem to 
construct tighter chance constraints and, consequently, more 
risk-averse investments.

Conclusion

The impacts of the data modeling and pdfs of both WPPs and 
SPPs were analyzed thoroughly using a stochastic optimization 
framework that minimized the investment costs of substations, 
feeders, WPPs, SPPs, and purchased energy. The data associated 
with load, WP, and SP were divided into four scenarios in order 
to achieve a more risk-averse approach, following which each 

Figure 11. Probability distribution of feeder current between 
nodes 33-30 for case-5

Figure 10. Probability distribution of feeder current between 
nodes 33-24 for case-5
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scenario was represented by their corresponding pdfs. While ob-
taining the probability distributions of each scenario, seasonal 
effects were considered. Using those pdfs, a convolution-based 
load flow was applied to calculate the chance constraints, which 
were written separately for each scenario. Furthermore, the fol-
lowing six cases were considered to analyze the impacts of WPPs, 
SPPs, and their pdfs: the 1) integration of only WPP considering 
one scenario, 2) the integration of only WPP considering four sce-
narios, 3) the integration of only SPP considering one scenario, 4) 
integration of only SPP considering four scenarios, 5) integration 
of both WPPs and SPPs considering one scenario, and 6) integra-
tion of both WPPs and SPPs considering four scenarios. It was in-
ferred from the results that considering four scenarios was more 
suitable for a risk-averse approach planning, as the chance con-
straints were formulated separately for all the scenarios. It can be 
justified by observing the increase in the investment costs of the 
substations, feeders, and purchased energy. However, the proba-
bility distributions of WPP and SPP exerted significant impacts on 
the investment results of DNP because of the chance constraints.
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