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Abstract

In this study, first, we investigate the notions of J-lacunary statistical convergence and strongly J-

lacunary convergence with regards to the intuitionistic fuzzy norm (IFN for short) (u,v). Then, we
convergence;

L investigate relationships among this new concepts and make important observations about them.
Intuitionistic fuzzy

Futhermore, we examine the relations among J-lacunary statistical convergence and J-statistical

normed space; Banach . . e
convergence in terms of IFN (u,v) in the corresponding intuitionistic fuzzy normed space.

space; Cauchy
sequence

Sezgisel Fuzzy Normlu Uzaylarda J-Lacunary istatiksel Yakinsaklik

Anabhtar kelimeler Oz

Ideal yakinsaklik; Bu calismada, ilk olarak (p,v) sezgisel normuna gére J-lacunary istatistiksel yakinsaklik ve kuvvetli J-

lacunary yakinsaklik kavramlari tanimlandi. Daha sonra bu kavramlar arasindaki iliskiler incelendi ve bu
kavramlar tizerine 6nemli gozlemler yapildi. Bununla birlikte, ilgili sezgisel fuzzy normlu uzayda (u,v)
sezgisel normuna gore J-lacunary istatistiksel yakinsaklik ile 7-istatistiksel yakinsaklik arasindaki iliskiler

J-lacunary istatistiksel
yakinsaklik; Sezgisel
fuzzy normlu uzay;

Banach uzayi; Cauchy
dizisi

incelendi.

1. Introduction and Definitions

Statistical convergence of a real number sequence
was firstly originated by Fast (1951). It became a
notable topic in summability theory after the work
of Fridy (1985) and Salat (1980).

Theory of J-convergence of sequences was given by
Kostyrko et al. (2000). It is known that J-
convergence is a significant generality of statistical
convergence. The other studies of ideals can be
done by Das and Ghosal (2010), Das et al. (2011) and
Savas and Das (2011).

Using lacunary sequence, Fridy and Orhan (1993a)
examined lacunary statistical convergence.
Subsequently, it was studied by Fridy and Orhan
(1993b), Li (2000), Mursaleen and Mohiuddine
(2009), Bakery (2014). Lacunary ideal convergence
for real sequences was investigated by Tripathy et
al. (2012). The other studies of this concept can be
examined by Yamanci and Giirdal (2014a, 2014b),
Ulusu and Dindar (2014), Kisi and Diandar (2018),
Savas et al. (2019).
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Several authors have studied invariant convergent
sequences (see, Ulusu et al. (2018), Pancaroglu Akin
et al. (2018)).
Fuzzy set theory has become an important working
area after the study of Zadeh (1965). Atanassov
(1986) investigated intuitionistic fuzzy set; this
concept was utilized by Atanassov et al. (2002) in
the study of decision-making problems. The idea of
an intuitionistic fuzzy metric space was put forward
by Park (2004). Saadati and Park (2006) initially
introduced the concept of an intuitionistic fuzzy
normed space (IFNS). Several studies of the
convergence of sequences in some normed linear
spaces with a fuzzy setting might be revealed by the
research of the Hosseini et al. (2008), Debnath
(2012), Sen and Debnath (2011), Debnath and Sen
(2014), Debnath (2015). Karakus et al. (2008)
defined statistical convergence in IFNS. Savas and
Girdal (2015) studied the concept of 7 — [V, A]-
summability and J — A-statistical convergence with
regards to the IFN (u,v).
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2. Main Results

Definition 2.1 Let (X,®,w,*x,0) be an IFNLS. A
sequence x = (x;) is called to be J-lacunary
statistically convergent to £ € X in terms of IFN
(u,v), and is demonstrated by Sy (7)#Y) — limx =

(wv)
& or x A 5(59 (II)), if for every € > 0, every § >
0,andt >0,

1
{reN: h—|{k€1r ulxy =& t)<1-—¢
T

orvix, —&,t) =€} =6} el

We consider J; as the family of all finite subsets of
N. Then J; is an admissible ideal and J-lacunary
statistically convergence coincides with lacunary
statistically convergence introduced in the study of
Mursaleen and Mohiuddine (2009).

Definition 2.2 Let (X, ®, w,*, ®) be an IFNLS. x =
(xx) in X is called strongly J-lacunary convergent to
& € X or Ny(J)-convergent to £ € X in terms of IFN

(wv)
(u,v), and is demonstrated by x; e f(Ng (7)), if
foreveryd > 0,andt > 0,

1
{TEN: — Y ulx—-&t)<1-68
hrkEIr

orl Y vix, —§t) 26}61.

hr kel
Theorem 2.1 Let (X, D, w,*, ©) be an IFNLS, and x =
{x;} € X, then
1.

a. Ifxy —> E(Ng (7)) then x; —> 5(59 @).
b. If x € m(X), the space of all bounded

(uv)
sequences of X and x Rl £(S9(M) then

Xk K E(Ng(D).

2. Se(DE) nm(X) = Ng(D™YV) nm(X).
Proof. 1 (a) By assumption, for each ¢ > 0,

(uv)
6 > 0, and t>0, let x;, Rl E(Ng(9)). We have
Z (.u'(xk - fi t))
KEl,

= > —&,t) or v(xy
k€l
ulxp—§&,t)st—eorvixg—§,t)ze

>el{fkel, : ulxy—&t)<1-—¢
orv(xy —¢&,t) = €}l.

—&,t) orv(x

(#(Xk

Then, observe that

1
h—l{kelr ey —&,t)<1-—¢
T

orv(x, —&t) =€} =6

1
=>— Yulxy —&t) < (1 —-¢e)s

hr KEL.

1
or — Y v(x, — &,t) = &6,

hr KEL-

which implies

1
{rEN: h—I{kEIr uleg, — &) <1-—c¢
T

orv(xk —&t) =€} =6}
c{reN: {Zy(xk Et)<1-—¢
r KEL-
or ¥ v(x, —§,t) = e} > 56}.

KEl,
. (uv)
Since  x, — &(Ng(7)), we see that x
(u v)

5(59 (7)) hence we get the result.

(uv)
1 (b) Assume that xj Rk &(S(M) and x € 1),
The inequalities u(x; —&,t) =1 —M or v(x; —
)M hold for all k. For € > 0, we get

h_ Y (uCo — &0 orvixg —&,1))
r kEl,
1
= X (,u(xk —&t)orv(x, —
T kel
ulxp—§&t)<1— sorv(xk &t)=e
1
+h_ D (,u(xk —&t)orv(x, —
T k€l
ulxp—§&t)>1-corv(xg—¢§,t)<e
M
sh—l{k €L ulg—§t)<1l-¢
-
orv(x, —¢&,t) = ¢} +e.
Note that
1
Ayy(et) ={rEN: h—l{kEIr ulx, —é,t)
T

€
<1l-—corv(x,—¢&t)=¢}| ZM}

c
belongsto J.Ifr € ( wv (& t)) then we have

— 1) —Z#(xk §6)>1-2¢
hy ke,
1
or — Y v(x — &, t) < 2e.
hr KEL,
Now
1
Tuw(&t) = 7 EN: h_ Yulg —§t) <

r KEI,

1
1—2gor — Y v(xg

r k€I,

—f,t)ZZs}.
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Hence, T,,(¢,t) €B,,(e,t) and so, by the
definition of an ideal,
T,v(et) €7.

(wv)
Therefore, we conclude that x;, — f(Ng @).
2. This readily follows from 1 (a) and 1 (b).
Theorem 2.2 (X, ®, w,*, @) be an IFNLS. If 8 = {k,.}
be a lacunary sequence with liminfq, > 1, then

(uv) (uv)

X, — §(S() = x — £(S6 (D).

Proof. Suppose first that liminfq, > 1, then there
exists a @ > 0 such that g, = 1 + a for quite large
r, which emphasize that

h, a
k,  1+4+a
(uv)
If x,, — E(S(ﬂ)), then for every € > 0, for each

x € X and for quite large r, we have
kir|{k3kr coulx, —§&t)<1l—c¢or
v(xg — &, t) = €}
Zk_lrl{kEIr ulbg—Et)<1—c¢or
v(xg — &, t) = €}
hirl{kEIr coulg—&6t)<1—c¢or

v(xg —§,t) = e}
Forany § > 0, we get

1
{rEN: h_l{kEIr Doulg &) <1-¢
T

a

>
1+a

orv(x, —§&,t) = e} = 6}

1
E{rEN: k—l{kSkr Dulg &) <1-—¢
T

da }
(a+1))°
. (uv)
This shows that x;, — &(Sy (D).

orv(x, —¢&,t) = ¢} =

To prove of the following theorem, we accept that
the lacunary sequence 6 satisfies the situation that
foranysetC € F(9), U{n:k,_, <n <k, r€C} e
F(9).

Theorem 2.3 (X, ®, w,*, @) be an IFNLS. If 8 = {k,.}
be a lacunary sequence with limsupq, <, then

U e (50(D) = xx 22 £(5()).

Xk —

Proof. If limsupgq, < o then without any loss of
generalization we can accept that there existsa 0 <
M < oosuchthat g, < M forallr > 1.Suppose that

(uv)
Xk el E(Se (7)), andfor g, 8, 5; > 0 define the sets

1
C={rEN: h_l{kEIr oulxg, — &) <1-¢
T

orv(x, —¢&,t) = e} < 6}

and
1
T={nEN: EI{kSn oulg —&t)<1-—c¢

orv(x, —§&,t) =€} <61}
It is clear from our assumption that C € F(J), the
filter associated with the ideal 7. Observe that

1
Kj:h_jl{kEIj oplxy —&E)<1-—¢

orv(ix, —&t) =€}l <6
forallj € C.Letn € Nbesuchthatk,_; <n <k,
for some r € C. Now

%I{ksn poubg =) <l—eor
v(x, —&,t) = €}

1
< H{k <k, : pule —§&t)<1—cor
r—1
v(xe —¢§,0) = €}l
= Hkel, : pulx,—§&t)<1-—¢cor
ky—1
v —§,t) = €}
+ H{kel, : ulx,—ét)<l-—cor
ky—1
v —§,t) = €}l
1
+...+k kel : ulx,—¢&t)<1-—cor
r—1
v —§,t) = e}l
ky 1
= —{kel, 1 pule —§&t)<1—cor
ky—q hy
v —§,t) = €}l
k,—k; 1
+:—I{kelz ol =& t)<1l—c¢or
kr-1 hy
V(xk - E; t) = S}l
kr—k._1 1
Ll kel : pubg—&t)<1—cor
ky—1  hy
V(xk - E; t) = S}l
kl k2 _kl kr kr—l
= K, + K+...+ K
keor L ke kg T
k
< {supjec Kj}k—r
r—1
< Mé.
Choosing §; = %and given the fact that

U{n:kr_l <n<k,rec}cT

where C € F(J) it follows from our assumption on
B that theset T € F(J).

Combination of Theorem 2.2 and Theorem 2.3 we
have

Theorem 2.4 (X, ®, w,*, @) be an IFNLS. If 0 = {k,.}
be a lacunary sequence with 1 < liminfgq, <
limsupq, < oo, then

K £(Se(M)

Xk —

(uv)
=X |

£(sm)
209
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Proof. This is an immediate consequence of
Theorem 2.2 and Theorem 2.3.

Theorem 2.5 (X, @, w,*, @) be an IFNLS such that

1 1 1
18n018n < E€n

(1 —%en) * (1 —%en) >1 —%en.
If X is a Banach space, then Sp(7)®Y) N m(x) is a
closed subset of m(x).
Proof. We first assume that (x™) c Sy (W) 0
m(x) is a convergent sequence that it converges to
x € m(x). We have to show that x € Sp(7)*Y) n

and

(uv)
m(x). Suppose that x™ —> Ln(Sg (7)) foralln € N,
Consider a sequence {&,} of reducing positive
numbers converging to zero. We can determinate

i 1
an n € N such that Supjv(x - xf,t) < én for all

j =n.Choose 0 < 8 < % Let

1
h_l{k € I,

T

€
pulxg — Ly, t) < 1_Zn or

rE€N:
Ayy(en,t) =

€
v(xg — Ly, t) = Zn}| <6
belongs to F(J) and

1
r € N: h—l{kelr

r

£
B,y (en t) = y(x,?“ — Ln+1,t) <1- Zn or

€

V(X = Ly, t) 2 Z"} <6
belongs to F(J). Since A, (&,,t) N B, (&, t) €
F(J) and @ & F(J), we can select 7 € A, (&,,t) N
B,y (&y,t). Then

1 £
= {keh © pG—Lno < 1-=
.
€
or v(x} — Ly, t) Zzn v

£
p(axftt — Lyyq,t) <1— Zn or

V(X = Lpyq, t) = %H <25<1.

Since h, — 00 and Ay, (&n, t) N By, (&, t) € F(J)
is finite, we can select the above r so that h, > 5.
So, there must exist a k € I, for which we get at the
same time, p(x} — L, t) >1 —%” or v(xg —
Lp,t) < %” and p(xP™ —Lyiq,t) >1— %” or
v(x,’j+1 —Lniq, t) < %“ . For a given g, > 0 select
%" such that (1—%“) *( —%“) >1-—¢, and

1 1 .
5871@ S &n < én. Then, it follows that

e

n+1
( n+1 — Xk '_)
_"
4

0% <3
and
v(xP — x}L,t) < sup, v (x - x"%)
O sup, v (x — x"t1, %)
1 1 1
4en0 en < 28"'

Hence, we have

t
V(Ly — Lpyq, t) < [v (Ln — x,?,§>

t
Ov (x,’}“ - Ln+1,§>

and likewise p(L, — Ly41,t) > 1 — &,. This implies
that {L, } ey is a Cauchy sequence in Xand let L,, —

LeX as n—-> . We have to show that x

(wv)
e L(Sg(?)) Forany & > 0andt > 0, choose n €

N such that ¢, < z,
u(L, —L,t)>1 —is or v(L,
since

sup, v (x — x™, t) <Z£'

-Lt< %s. Now,

1
h_l{k €L : vixg—Lt) = e}
.

t
h {kEI v(xk—x,f},g)@

(5t - ug)ov (- 1.3)] 24

1 n t £
Sh—T{kEI V(xk—Ln,g)ZEH
and similarly
1
h—|{kEIr plxe —Lt) <1 — e}
,
>—{kel (x"—L£)<1—£}|
h-r r I"t k ’3 - 2 :
It follows that
{rEN: hil{kelr ulxy —Lt)<1-—c¢
orv(xy — L, t) = ¢&}| = 6}
1 t
c{rEN: _r{kEIr u(xQ—L,E)S

1—% orv(x,’j—L,%) 2%}

(wv)
for given 6 > 0. Hence, we have x Rl L(Sg()).

> 6}
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