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FOREWORDS

Dear Conference Participants,

First of all, I would like to thank you for coming today to participate at this opening ceremony and I wish to
welcome you to Turkey and Kirgehir. I hope we will have a good time during this conference.

Kirgehir Ahi Evran University was founded on March 17, 2006 in Kirgehir which is located in the center of
Turkey. With approximately 22 thousand students and more than 800 academicians, our university is a young
and dynamic university. Our university consists of 39 academic units, including 8 faculties, 3 institutions, 5
schools of higher education, 7 vocational schools of higher education and 16 research and application centers,
and 7 different campuses in which education maintains.

Kirsehir Ahi Evran University, by the President of the Republic of Turkey Mr. Recep Tayyip Erdogan made a
statement on 18.01.2016, is selected as one of five pilot universities in the field of agriculture and geothermal by
within the scope of “Regional Development Focused Mission Differentiation and Specialization Project”. Ahi
Evran University is also the first and only university to be awarded the ISO 9001: 2015 Quality Management
System Certificate by successfully completing the ISO 9001: 2015 Quality Management Standard External
Audit Process with all its units.

The projects of our university are
* Geothermal Welding and Transmission to Project Fields
¢ Clustering Project in Thermal Sera
* Roughage Production Project
¢ Walnut-Focused Development and Development Project
* Geothermal Rehabilitation Center Project
» Sportsman Health Research, Application and Thermal Rehabilitation Center Project
* Training and Promotion Project of Pilot University Projects.

The fundamental duty of universities is to produce information. The means of these are conferences, sympo-
siums, workshops, etc. In this sense, we will discuss problems related to mathematics and reach to solutions in
this conference.

The purpose of this conference is to bring together experts and young analysts from all over the world working
in different fields of mathematics and its applications to present their researches, exchange new ideas, discuss
challenging issues, foster future collaborations and interact with each other.

This conference allows the participation of many prominent experts from different countries who will present
works on different fields of mathematics, especially fixed point theory, approximation theory, nonlinear analysis,
variational analysis, optimization, summability theory, sequence spaces, dynamical systems and their applica-
tions, and also algebra, geometry.

It bring together more than 130 participants from countries of different part of the world for example Algeria,
Ajarian, Azerbaijan, Egypt, Congo, Yemen, Korea, China, India, Iran, Sudan, Morocco, Saudi Arabia, Tunisia,
Ghana, Turkey, Uzbekistan, United States of America, Jordan, out of which 124 are contributing to the meeting
with oral and 3 with poster presentations, including five plenary talks.

We also thank pleanery speaker distinguished Prof. Mohammad MURSALEEN, distinguished Prof. Zuhair
NASHED, distinguished Prof. Jong Kyu KIM, distinguished Prof. Qamrul Hasan ANSARI and distinguished
Prof. Bayram SAHIN for contribution to the our symposium.

We hope to promote collaborative and networking opportunities among senior scholars and graduate students in
order to advance new perspectives. The additional emphasis at ICAA-2018 is to put importance on applications
in related areas, as well as other science, such as natural science, economics, computer science and various
engineering sciences.



The papers presented in this conference will be considered in the journals listed on the conference websites and
below:

* Journal of Nonlinear and Convex Analysis (SCI-Exp.)

* Carpathian Journal of Mathematics (SCI-Exp.)

Bulletin of Mathematical Analysis and Applications (E-SCI)
* Journal of Inequalities and Special Functions (E-SCI)

* Creative Mathematics and Informatics

¢ Istanbul Commerce University Journal of Science

* Nonlinear Functional Analysis and Applications (SCOPUS)

This booklet contains the titles and extended abstracts of some contributed talks at the 4" International Con-
ference on Analysis and Its Applications. Only some abstracts were not available at the time of printing the
booklet. They will be made available on the conference website icaa2018.ahievran.edu.tr when the organizers
receive them. All talks will take place in Faculty of Arts and Sciences in Ahi Evran University, Bagbas1 Campus,
Kirgehir/Turkey.

Finally, we thank you for your participation and wish you a productive time during conference in Kirge-
hir, Turkey.

Prof. Vatan KARAKAYA
On Behalf of Organizing Committee

Chairman
(Rector of Kirsehir Ahi Evran University)
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Analysis is one of the most important topics in mathematics and has been a focus of attention of all great
mathematicians. There are many areas comes under this topic. However, this conference mainly devoted to
some selected topics from analysis, mainly, Theory of Summability and Approximation, Fixed Point Theory,
Fourier Analysis, Wavelet and Harmonic Analysis, Variational Analysis, Convex Analysis and Optimization,
Geometry of Banach Spaces, Sequence Spaces and Matrix Transformations. During the last half century,
nonlinear and variational analysis have been developed very rapidly because of their numerous applications
to optimization, control theory, economics, engineering, management, medical sciences and other disciplines.
On the other hand, the modern summability theory plays a very important role in linking theory of sequence
spaces and matrix transformations with measures of noncompactness. Measures of noncompactness are widely
used tools in fixed point theory, differential equations, functional equations, integral and integro-differential
equations, optimization, etc. In the recent years, measures of noncompactness have also been used in defining
geometric properties of Banach spaces as well as in characterizing compact operators between sequence spaces.
We expect the participation of many prominent experts from different countries who will present their current
research work and will also mention some hot topics for further research.

Prof. Qamrul Hasan ANSARI

It was a great moment of excitement when Prof. Vatan Karakaya, Rector, Ahi Evran University, discussed
with me the matter of organizing the “International Conference on Analysis and Its Applications (ICAA-2018)”
at Ahi Evran University, Kirsehir. Now it is a matter of great pleasure that the matter of holding this conference
is finally materialized. This conference is in the sequel of the first one which was held during December 19-21,
2015 (ICAA-2015) in Aligarh Muslim University, India with over 100 participants, the second one which was
held during July 12-15, 2016 (ICAA-2016) in Ahi Evran University, Kirsehir, Turkey with over 300 participants
and third one was held during November 20-22, 2017 (ICAA-2017) in Aligarh Muslim University, India, with
over 100 participants. Being one of the Co-Chairmen of the conference, I feel privileged and delighted to
welcome all delegates, eminent mathematicians, speakers and young researchers in this international event.
It is expected that the delegates and the participants will be benefitted by the experience of this conference
and the legacy of knowledge dissemination will be continued.I wish all of you to have a nice and enjoyable
participation in the conference.

Prof. Mohammad MURSALEEN
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On Applications Of Multidimensional Affine Transform In
The Supply Of Missing Data

Cuneyt YAZICI*!, Suleyman CETINKAYA 2, Hulya KODAL SEVINDIR #3

1.23Department of Mathematics Education, Kocaeli University, Umuttepe Campus, 1zmit, 41380 Kocaeli,

TURKEY
Keywords: Abstract: Supply of missing data is one of the image processing applications.
Imag? Pr_oceSSing’ Shearlet transform, which is an important affine transformation, can be used for
Multivariate Data, multivariate data analysis. In this study, we used shearlet transform in the supply
Shearlet, . of missing data and we compared the obtained results.
Supply of Missing Data.
MSC:

1. Introduction

In imaging science, image processing is any form of signal processing for which the input is an image,
such as a photograph or video frame; the output of image processing may be either an image or a set of
characteristics or parameters related to the image. Most image-processing techniques involve treating the image
as a two-dimensional signal and applying standard signal-processing techniques to it.

In almost any research performed, there is the potential for missing or incomplete data. Incomplete or
missing data can occur for many reasons. Incomplete data are a common occurrence and can have a significant
effect on the conclusions that can be drawn from the data. It can reduce the representativeness of the image and
can therefore distort inferences about the images. If it is possible, preventing data from missingness before the
actual data gathering takes place is useful. However, this technique may not be practical especially working
with medical data. In situations where incomplete data are likely to occur, the researcher is often advised to
plan to use robust methods of data analysis. Two recent papers related to supply of missing data (inpainting)
problem are interesting [2,3]. In [2] mathematical theory of shearlet and wavelet transforms related to inpainting
problem are studied and numerical application results are compared. In [3] several inpainting methods applied
to images with different maskings.

2. Basics Shearlet Transform

Shearlets has emerged in recent years with many successful applications; some related work can be listed
as [1,4,6,9]. The emergence of wavelets about 30 years ago represents a milestone in the development of efficient
encoding of piecewise regular signals. Wavelet Transform decomposes an image by projecting onto several
dilated and translated version of one single function, namely the mother wavelet. The key property enabling
such a unified treatment of the continuum and digital setting is a Multiresolution Analysis, which allows a direct
transition between the realms of real variable functions and digital signals. Despite their success, wavelets
unfortunately have a very limited ability to resolve edges and other distributed discontinuities which usually
occur in multidimensional data.Wavelet representations are optimal for approximating data with pointwise
singularities only and cannot handle equally well distributed singularities such as singularities along curves.
However, in dimensions two and higher, distributed discontinuities such as edges of surface boundaries are
usually present or even dominant, and as a result wavelets are far from optimal in dealing with multivariate data.
The limitations of wavelets and traditional multiscale systems have stimulated a flurry of activity involving

“Presented by Cuneyt YAZICI, cuneyt.yazici@kocaeli.edu.tr
Tsuleyman.cetinkaya @kocaeli.edu.tr
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mathematicians, engineers, and applied scientists. In 2006, shearlets were introduced by Guo, Kutyniok, Labate,
Lim, and Weiss. This approach was derived within a larger class of affine-like systems the so-called composite
wavelets as a truly multivariate extension of the wavelet framework. One of the distinctive features of shearlets
is the use of shearing to control directional selectivity, in contrast to rotation used by curvelets. This is a
fundamentally different concept, since it allows shearlet systems to be derived from a single or finite set of
generators, and it also ensures a unified treatment of the continuum and digital world due to the fact that the
shear matrix preserves the integer lattice. The shearlet transform is a non-isotropic version of the wavelet
transform. It was shown that the asymptotic decay rate of the continuous shearlet transform, for fine scales, can
be used to find both the location and the orientation of the edges of an image, and that the coefficients of large
magnitude will come from edges. Also, the decay rate across scales can be used to distinguish between noise
spikes and edges.

3. The Supply of Missing Data (Image Inpainting)

The main inpainting methods are primarily divided into three categories: sparsity-based, variational, and
patch-based. Sparsity-based methods involve a combination of harmonic analysis with convex optimization (see,
for example, [7, 8, 10]). Recently the compressed sensing methodology, namely exact recovery of sparse or
sparsified data from highly incomplete linear nonadaptive measurements by /; minimization or thresholding, has
been very effectively applied to this problem. The pioneering paper is [7] which uses curvelets as sparsifying
system for inpainting. Also, some work has been done to compare variational approaches with those built on /;
minimization [11, 12]. It also prohibits a deep understanding of why directional representation systems such
as shearlets outperform wavelets when inpainting images strongly governed by curvilinear structures such as
seismic images. Variational methods have been used on a number of papers in image processing literature.
A few of these are [13-16]. The main idea of variational-based inpainting is that information is propagated
from the boundary of the holes along isophotes (edges) in the image to fill them in. Many of the methods are
inspired by real physical processes, like diffusion, osmosis, and uid dynamics. In patch based or exemplar based
inpainting, information is also propagated from the edge(s) of the missing data inward. However, in contrast to
the variational approaches, the hole is iteratively filled using patches or averages of patches from other parts of
the image [3]. Some examples of exemplar based inpainting are [17-20].

4. Numerical Results

In this study, we want to present the results of our approach with two medical images. This two images,
obtained through Medical School’s Hospital at Kocaeli University in Turkey, are vessel contour image shown in
Fig. 1 (a) and chest X-ray image in Fig. 1 (b).

Fig. 1. (a) Vessel contour image; (b) Chest X-Ray imagé '

Our contribution is two-fold. We will present a horizontal masking of arbitrary height, a circular masking
of arbitrary radius and an elliptic masking of arbitrary semi-major and semi-minor axis lengths. Then we will
describe the missing traces recovery as an image inpainting problem using shearlets with iterative thresholding
for medical images. Also we will give the PSNR values for all mask situations.

Horizontal masking code is written for arbitrary height, Circular masking code is written for arbitrary
radius and elliptic masking code is written for arbitrary semi-major and semi-minor axis lengths in Matlab. A
horizontal masking is shown in Figure 2 (a), a circular masking is shown in Figure 2 (b) and an elliptic masking
is shown in Figure 2 (c). Obtained all maskings are applied to two images, see Figures 3(b), 4(b), 5(b), 6(b) and
7(b), 8(b). Masked images are inpainted by shearlets shown in Figures 3(c), 4(c), 5(c), 6(c) and 7(c), 8(c). For
shearlets, some part of the shearlet program codes are obtained at the shearlet web site [5].

The algorithms for both horizontal masking and shearlet inpainting problem are shown in Table 1 and
Table 2, respectively. The algorithms for other masking situations are shown similarly.

The phrase peak signal-to-noise ratio, often abbreviated PSNR, is an engineering term for the ratio between
the maximum possible power of a signal and the power of corrupting noise that affects the fidelity of its
representation. Because many signals have a very wide dynamic range, PSNR is usually expressed in terms of
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Fig. 2. (a) Horizontal Masking; (b)Circular Masking; (c) Elliptic Masking

Fig. 3. (a) Vessel Contour image; (b) Vessel Contour image after horizontal masking; (c) inpainting of Vessel
Contour image with shearlet transformation

Fig. 4. (a) Chest X- ray image; (b) Chest X-ray image after horizontal masking; (c) inpainting of Chest X-ray
image with shearlet transformation

Fig. 5. (a) Vessel Contour image; (b) Vessel Contour image after circular masking; (c) inpainting of Vessel
Contour image with shearlet transformation

Fig. 6. (a) Chest X-;ay image; (b) Chestl X-ray image after circular masking; (c) inpainting of Chest X-ray
image with shearlet transformation

the logarithmic decibel scale. As a performance measure, computation of PSNR values can be calculated as

PSNR = 10l0g1o (4335 )

Here, MAX; is the maximum possible pixel value of the image. The mean squared error (MSE) which for
two mxn monochrome images I and K where one of the images is considered a noisy approximation of the




Fig. 7. (a) Vessel Contour image; (b) Vessel Contour image after elliptic masking; (c) inpainting of Vessel
Contour image with shearlet transformation

Fig. 8. (a) Chest X-ray image; (b) Chest X-}ay image after elliptic-il.lasking; (©) inpain-ting of Chest X-ray
image with shearlet transformation

Table 1. Horizontal Mask Pseudocode

Parameters:

Height parameter h.

Image size parameters.

Zero matrix with the same size as the image matrix.
Step size.

Algorithm:

Obtaining horizontal mask with height h.

Flooring horizontal masks with height h in the whole image.
Output:

Horizontal mask matrix.

Table 2. Inpainting Algorithm Pseudocode with Shearlet Transformation
Parameters:

Image.

Horizontal mask.

Iteration parameter.

Shearlet transformation filters.

Algorithm:

1. Applying horizontal mask algorithm to image.

2. Determining threshold value using iterative thresholding.
3. Obtaining image with shearlet transformation.

4. Calculating PSNR values.

Output:

Horizontal masked image.

Inpainted image.

PSNR values.

other is defined as:
1 m—1
MSE = —
mn

n—1
.. .2
Y (1(4)-K(ij) )
i=0 j=0
In Table 3, it can be seen PSNR values of shearlet inpainting method with horizontal masking, In Table 4, it can
be seen PSNR values of shearlet inpainting method with circular masking and In Table 5, it can be seen PSNR
values of shearlet inpainting method with elliptic masking.



Table 3. Comparison the PSNR values of shearlet inpainting method for the medical images with horizontal
masking

Image h=5 h=6 h=7 h=8
Vessel con- | 32,8797dB 31.5355dB 31.3063dB 30.9861dB
tour

Chest 46,9872dB 45.8738dB 45.2786dB 43.8633dB
X-ray

Table 4. Comparison the PSNR values of shearlet inpainting method the medical images with circular mask-
ing

Image r=8 r=10 r=12 r=15
Vessel con- | 34.5548dB 31.2077dB 28.7652dB 25.5612dB
tour

Chest 39.7342dB 38.0187dB 36.8234dB 33.7826dB
X-ray

Table 5. Comparison the PSNR values of shearlet inpainting method for the medical images with elliptic
masking

Image a=10,b=5 | a=10,b=7 | a=9, b=12 | a=10,b=15| a=14,b=15
Vessel con- | 34.7668dB | 33.1736dB | 31.2363dB | 29.0471dB 25.2422dB
tour

Chest 35.9250dB | 34.6950dB | 31.1084dB | 29.0614dB 27.2058dB
X-ray

5. Conclusions

In this paper we develop and use a horizontal masking algorithm with arbitrary height for medical images,
we develop and use a circular masking algorithm with arbitrary radius for medical images and we develop and
use an elliptic masking algorithm for arbitrary semi-major and semi-minor axis lengths. Also we observed
that, we apply shearlet image inpainting to recover horizontal masked data including two medical images with
20% of the test data masked, we apply shearlet image inpainting to recover circular masked data including two
medical images with 22% of the test data masked and we apply shearlet image inpainting to recover elliptic
masked data including two medical images with 23.5% of the test data masked.
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1. Introduction and Background

Let o be a mapping of the positive integers into themselves. A continuous linear functional ¢ on /.., the space
of real bounded sequences, is said to be an invariant mean or a o-mean if it satisfies following conditions:

1. ¢(x) >0, when the sequence x = (x;) has x,, > 0 for all n,
2. ¢(e) =1, wheree=(1,1,1,...) and
3. O(xg(n)) = O(x) for all x € L.

The mappings ¢ are assumed to be one-to-one and such that 6™ (n) # n for all positive integers n and m, where
¢ (n) denotes the m th iterate of the mapping o at n. Thus, ¢ extends the limit functional on ¢, the space of
convergent sequences, in the sense that ¢ (x) = limx for all x € c.

In the case o is translation mappings o (n) = n+ 1, the o-mean is often called a Banach limit and the space V5,
the set of bounded sequences all of whose invariant means are equal, is the set of almost convergent sequences
¢. It can be shown that

Vo = {x =(x,) € WI,I_IEQ Z Z Xk (n =L, uniformly in n} .

Several authors have studied invariant convergent sequences (see, [11-15, 19-21, 23-25]). The concept of
strongly o-convergence was defined by Mursaleen in [12]:

A bounded sequence x = (x;) is said to be strongly o-convergent to L if

lim — Z gk ()

m—eo m

uniformly in n. It is denoted by x; — L[V5].

By [Vs], we denote the set of all strongly o-convergent sequences.

*edundar @aku.edu.tr
Tulusu@aku.edu.tr
*fnuray @aku.edu.tr



In the case o(n) = n+ 1, the space [Vs] is the set of strongly almost convergent sequences [¢].

The concept of strongly o-convergence was generalized by Savas [20] as below:

m—oo m

1 m
Vslp = {x = () : lim — Z |x6k(n) —L|? =0, uniformly in n} ,
k=1

where 0 < p < co.
If p=1, then [V5], = [V]. It is known that [V5], C /.

The idea of statistical convergence was introduced by Fast [6] and studied by many authors. The concept of
o-statistically convergent sequence was introduced by Savas and Nuray in [23]. The idea of .#-convergence
was introduced by Kostyrko et al. [8] as a generalization of statistical convergence which is based on the
structure of the ideal .# of subset of the set of natural numbers N. Similar concepts can be seen in [7, 14].

A family of sets .# C 2" is called an ideal if and only if (i) @ € .#, (ii) For each A,B € .# we have AUB € .7,
(iii) For each A € .# and each B C A we have B € .7

An ideal is called non-trivial if N ¢ .# and non-trivial ideal is called admissible if {n} € .# for each n € N.

Recently, the concepts of o-uniform density of subset A of the set N and corresponding .#-convergence for real
number sequences was introduced by Nuray et al. [14]. Marouf [10] presented definitions for asymptotically
equivalent sequences and asymptotic regular matrices. Then, the concept of asymptotically equivalence has
been developed by many other researchers (see, [16, 17, 22]).

Two nonnegative sequences x = (x;) and y = (y;) are said to be asymptotically equivalent if h/?l ;‘—Z =1.Itis
denoted by x ~ y.

Convergence and .# -convergence of double sequences in a metric space and some properties of this convergence,
and similar concepts which are noted following can be seen in [1, 2, 9, 18].

A double sequence x = (xy;) is said to be bounded if sup;_ jXkj < oo. The set of all bounded double sequences of
sets will be denoted by /2.

A nontrivial ideal .#, of N x N is called strongly admissible ideal if {i} x N and N x {i} belong to ., for each
i€ N.
It is evident that a strongly admissible ideal is admissible also.

Let (X,p) be a metric space and . be a strongly admissible ideal in N x N.
A sequence x = (x,,) in X is said to be #-convergent to L € X, if for any € > 0

A(e) = {(m,n) e NxN: p(xyn,L) > €} € .
Itis denoted by .75 — lim_x, = L.
Let A C NxNand |
smn :=min|AN { (0 (k) 0(), (07 (), 6°() - (" (k). 0" (1)) }|
and
Spn 1= n]:z;x l|An{(a(k),o())), (Gz(k), Gz(j)) s (6™(K), 6" (7)) } -
If the following limits exists

1 — FAY
V2(A) := lim Smn and V2(A) = lim 2,

- mn—oo IMn m,n—oo IMMn

then they are called a lower and an upper o-uniform density of the set A, respectively. If V2(A) = V,(A), then
Va(A) = V2(A) = V,(A) is called the o-uniform density of A.

Denote by .75 the class of all A € N x N with V»(A) = 0.
Throughout the paper we let .77 C 2N be a strongly admissible ideal.

Diindar et al. [3] studied the concepts of invariant convergence, strongly invariant convergen, p-strongly
invariant convergen and ideal invariant convergence of double sequences.

A double sequence x = (xy;) is said to be .#-invariant convergent or .#,”-convergent to L if for every £ > 0

Ale) = {(k,j) : i —L| > e} € 77,



that is, V2 (A(g)) = 0. In this case, we write .y — limx = L or x; — L(.75).
The set of all .%-invariant convergent double sequences will be denoted by J.

A double sequence x = (xi;) is said to be strongly invariant convergent to L if

. 1 m,n
m},ﬁ‘&o mn k.j;.l ‘x"k(s)»f’f(t) —L| =0,

uniformly in s,7. In this case, we write x;; — L([V2]).
A double sequence x = (x;) is said to be p-strongly invariant convergent to L, if

1 m,n

. el
mHLIEOO % k,j;l.l ’xck(s).,cl(t) L; T 07

uniformly in 5,7, where 0 < p < oo. In this case, we write x;; — L([VZ],).
The set of all p-strongly invariant convergent double sequences will be denoted by [Vg} -

Hazarika [4] introduced the notion of asymptotically .# -equivalent sequences and investigated some properties
of it. Definitions of P-asymptotically equivalence, asymptotically statistical equivalence and asymptotically
-equivalence of double sequences were presented by Hazarika and Kumar [5] as following:

Two nonnegative double sequences x = (xy) and x = (yy) are said to be
P-asymptotically equivalent if

P—lim™* —1
k! Yk

)

denoted by x ~* y.
Two nonnegative double sequences x = (xy;) and y = (yy) are said to be asymptotically statistical equivalent of
multiple L provided that for every € > 0

il

Ykl

denoted by x ~7 i y and simply asymptotically statistical equivalent if L = 1.
Two nonnegative double sequences x = (xy;) and x = (yy) are said to be asymptotically .#;-equivalent of
multiple L provided that for every € > 0

1
P—lim—
m;n mn

{kgm,lgn:

{(k,l)ENxN:

XHL‘ > s} €.
Ykl

denoted by x ~~- ¥ y and simply asymptotically .#;-equivalent if L = 1.
2. Asymptotically .7’ -Equivalence

Definition 2.1 Two nonnegative double sequences x = (x;;) and y = (yx;) are said to be asymptotically invariant
equivalent or asymptotically o,-equivalent of multiple L if

1 m,n X <k 1
lim L oMol g
mi—ee MAN 4 12 4 yck(s),(il(l)
Vo

uniformly in s,7. In this case, we write x A y and simply o,-asymptotically equivalent, if L = 1.

Definition 2.2 Two nonnegative double sequences x = (x;) and y = (yi) are said to be asymptotically .7’ -
equivalent of multiple L if for every € > 0,

Ae ::{(k,l)eNxN:

X
"Z—L‘ >e} € 9,

Ykl
. . . ) . .
ie, W(4e) = 0. In this case, we writt x ~  y and simply asymptotically

#-equivalent, if L = 1.
The set of all asymptotically .#,’ -equivalent of multiple L sequences will be denoted by Jg( L

Theorem 2.3 Suppose that x = (xy;) and y = (yi;) are bounded double sequences. If x and y are asymptotically
I3 -equivalent of multiple L, then these sequences are o»-asymptotically equivalent of multiple L.



Proof. Let m,n,s,t € N be arbitrary and € > 0. Now, we calculate

1 & Yoks),ol(r)

— oL ),

uim,n,s,t) .=
1) M 1 i=1,1 Yok (s),0! (1)

We have
u(m,n,s,t) < u(l)(m,n,s,t) +u® (myn,s,t),
where
1 mn Xk !
uD (m,n,s5,1) 1= — Zots)el) g
M gi=1,1 Yok(s),0!(r)
Yok (s),6l (1) _Ll>e
Yoks)ol() |
and
1 Xok(s).0' (1)
u® (m,n,s,t) = — Z : L|.
M =10 Yok(s),0!(1)
ok)uote) <e
Yok ().l (1)

We get u'?) (m,n,s,1) < €, for every s,t = 1,2, ... . The boundedness of x = (xz;) and y = (yj;) implies that there
exists a M > 0 such that
Fok(s),0!(1)

Yok(s).0l (1)

—L| <M,

fork,l=1,2,..., s,t = 1,2,.... Then, this implies that

M
uV(m,n,s,t) < —

{1§k§m,1§l§n:

Yok(s).0l 1) —L‘ > SH

mn Yok(9).01(1)
Xk 1
max {1§k§m,1§1§n: }"k“)"’l’)L‘ZsH S
St s),
< M s, c"(s).0" (1) - M mn7
mn mn
hence x and y are o,-asymptotically equivalent to multiple L. O

The converse of Theorem 2.3 does not hold. For example, x = (x;;) and y = (yy;) are the double sequences
defined by following;

2 , if k41 is an even integer,
X =
0 , if k+! is an odd integer.
ya =1
When o(m) = m + 1 and o(m) = n + 1, this sequences are asymptotically

0z-equivalent but they are not asymptotically .7’ -equivalent.

Definition 2.4 Two nonnegative double sequence x = (xz;) and y = (yi;) are said to be strongly asymptotically
invariant equivalent or strongly asymptotically c,-equivalent of multiple L if

1 & | Xok(s),ol(r)

—L| =0,

Yok(s),0l(t)

\277%)
uniformly in s,7. In this case, we write x A% y and simply strongly asymptotically 6,-equivalent if L = 1.

Definition 2.5 Let 0 < p < oo. Two nonnegative double sequence x = (xi;) and y = (i) are said to be
p-strongly asymptotically invariant equivalent or p-strongly asymptotically c,-equivalent of multiple L if

p
:()7

1 mn
lim —
e ML 17

Yo(s).0'0)

Yok(s),ol (1)
. . . . Ml . . : :

uniformly in s,7. In this case, we writex '~y and simply p-strongly asymptotically o,-equivalent if L = 1.

The set of all p-strongly asymptotically 6,-equivalent of multiple L sequences will be denoted by [“//2‘(’L)] -

10



['7/2((2)]17 75
Theorem 2.6 Let 0 < p <oo. Then,x ~ y=x ~ Y.

(730l
Proof. Letx o y and given € > 0. Then, for every s, € N we have

mﬂ M L‘P > Win xak(S).Gl(t) L‘p
ki=1,1 |7k ).0! () - kI=1,1 Yok(s).0l (1)
“oks.l) plse
Yok (s),0l (1)
X
> ePldl<k<ml<i<n:| 200 _jl>¢
Yok ()0l (1)
Xk 1
> ePmax[{1<k<m1<I<n:|ZWeW_J|>¢
st Yok(s).0l (1)
and
Xk )
. » max {1<k§m,1<l§n el L‘zs}’
L ) X5k (5),0 (1) 7 &P st Yok (s),ol(r)
mn ;=11 | Yok )0l (1) y mn
— SPM
mn
. .S I

for every s,t = 1,2, ... . This implies lim =~ =0 and so x Sy y.

mn—oe Imn

O

References

[1] P. Das, P. Kostyrko, W. Wilczyriski and P. Malik, .¢ and .%*-convergence of double sequences, Math.
Slovaca, 58(5) (2008), 605-620.

[2] E.Diindar and B. Altay, .%;-convergence and .%>-Cauchy of double sequences, Acta Mathematica Scientia,
34B(2) (2014), 343-353.

[3] E. Diindar, U. Ulusu and F. Nuray, On ideal invariant convergence of double sequences and some
properties, Creative Mathematics and Informatics, 27(2) (2018), (in press).

[4] B. Hazarika, On asymptotically ideal equivalent sequences, Journal of the Egyptian Mathematical Society,
23 (2015), 67-72.

[5] B. Hazarika, V. Kumar, On asymptotically double lacunary statistical equivalent sequences in ideal
context, Journal of Inequlities and Applications, 2013:543 (2013), 1-15.

[6] H. Fast, Sur la convergence statistique, Colloq. Math., 2 (1951), 241-244.

[7] P. Kostyrko, M. Macaj, T. Salét and M. Sleziak, .7 -Convergence and Extermal . -limits points, Math.
Slovaca, 55 (2005), 443-464.

[8] P. Kostyrko, T. Salat and W. Wilczyniski, .#-Convergence, Real Anal. Exchange, 26(2) (2000), 669—-686.
[91 V. Kumar, On .% and .9 *-convergence of double sequences, Math. Commun. 12 (2007), 171-181.
[10] M. Marouf, Asymptotic equivalence and summability, Int. J. Math. Math. Sci., 16(4) (1993), 755-762.
[11] M. Mursaleen, On finite matrices and invariant means, Indian J. Pure Appl. Math., 10 (1979), 457-460.

[12] M. Mursaleen, Matrix transformation between some new sequence spaces, Houston J. Math., 9 (1983),
505-509.

[13] M. Mursaleen and O. H. H. Edely, On the invariant mean and statistical convergence, Appl. Math. Lett.,
22(11) (2009), 1700-1704.

[14] F. Nuray, H. Gok and U. Ulusu, -Z5-convergence, Math. Commun., 16 (2011), 531-538.

[15] F. Nuray and E. Savas, Invariant statistical convergence and A-invariant statistical convergence, Indian J.
Pure Appl. Math., 25(3) (1994), 267-274.

[16] R. F. Patterson, On asymptotically statistically equivalent sequences, Demostratio Mathematica, 36(1)
(2003), 149-153.

11



[17] R. F. Patterson and E. Savas, On asymptotically lacunary statistically equivalent sequences, Thai J. Math.,
4(2) (2006), 267-272.

[18] A. Pringsheim, Zur theorie der zweifach unendlichen Zahlenfolgen, Math. Ann., 53 (1900), 289-321.

[19] R. A. Raimi, Invariant means and invariant matrix methods of summability, Duke Math. J., 30(1) (1963),
81-94.

[20] E. Savas, Some sequence spaces involving invariant means, Indian J. Math., 31 (1989), 1-8.
[21] E. Savas, Strongly o-convergent sequences, Bull. Calcutta Math., 81 (1989), 295-300.

[22] E. Savas, On ¥ -asymptotically lacunary statistical equivalent sequences, Adv. Difference Equ., 2013:111
(2013), 7 pages. doi:10.1186/1687-1847-2013-111

[23] E. Savas and F. Nuray, On o-statistically convergence and lacunary o-statistically convergence, Math.
Slovaca, 43(3) (1993), 309-315.

[24] P. Schaefer, Infinite matrices and invariant means, Proc. Amer. Math. Soc., 36 (1972), 104-110.

[25] U. Ulusu, Asymptotically ideal invariant equivalence, Creative Mathematics and Informatics, 27(2) (2018),
(in press).

12



Helicoidal Hypersurfaces of Dini-Type in the Four
Dimensional Minkowski Space

Erhan GULER *!, Omer KiSI

'Bartin University, Faculty of Sciences, Department of Mathematics, 74100 Bartin, TURKEY
2Bartin University, Faculty of Sciences, Department of Mathematics, 74100 Bartin, TURKEY

K‘?yWOI‘de Abstract: We define Ulisse Dini-type helicoidal hypersurfaces with spacelike
M.m.kOWSkl Space, axis in Minkowski 4-space Ef. We compute the Gaussian and the mean curva-
Dini-type helicoidal ture of the hypersurface. Moreover, we obtain some special symmetries to the

hypersurface, curvatures when they are flat and maximal.
Gauss map,

spacelike axis.
MSC: 53A10, 53C42

1. Introduction

After Chen and Piccini [5] the submanifolds theory of finite type in space forms has been studied by many
geometers [1, 2], [4]-[9], [13]-[23], [25], [28]-[30], [33]

General rotational surfaces as a source of examples of surfaces in the four dimensional Euclidean space were
introduced by Moore [26, 27]. Ganchev and Milousheva [14] considered the analogue of these surfaces in
the Minkowski 4-space. They classified completely the minimal general rotational surfaces and the general
rotational surfaces consisting of parabolic points. Verstraelen, Valrave and Yaprak [32] studied the minimal
translation surfaces in E” for arbitrary dimension n.

In classical surface geometry in Euclidean space, it is well known that the right helicoid (resp. catenoid) is
the only ruled (resp. rotational surface) which is minimal. If we focus on the ruled (helicoid) and rotational
characters, we have Bour’s theorem in [3].

Do Carmo and Dajczer [11] proved that there exists a two-parameter family of helicoidal surfaces isometric to a
given helicoidal surface using a result of Bour [3] in Euclidean 3-space E3.

There are only a few works in the literature about Italian Matematician Ulisse Dini’s helicoidal surface [10] in
E3.

In this paper, we consider the Ulisse Dini-type helicoidal hypersurface with spacelike axis in Minkowski 4-space
E‘]‘. We indicate basic notions of 4-dimensional Minkowskian geometry, and define helicoidal hypersurface in
section 2. Moreover, we obtain the Ulisse Dini-type helicoidal hypersurface, and then calculate its curvatures
with some interesting symmetric results in the last section.

2. Helicoidal hypersurface with spacelike axis in Minkowski 4-space

A rotational hypersurface M C ] generated by a curve C around an axis ¢ that does not meet C is obtained
by taking the orbit of C under those orthogonal transformations of £} that leave ¢ pointwise fixed (See [12,
Remark 2.3)).

Suppose that when a curve C rotates around the axis /, it simultaneously displaces parallel lines orthogonal
to the axis £, so that the speed of displacement is proportional to the speed of rotation. Then the resulting
hypersurface is called the helicoidal hypersurface with axis ¢ and pitches a,b € R\{0}.

Consider the particular case n = 4 and let C be the curve parametrized by

() = (@(u), f (#),0,0). 2.1)

*Presented by Erhan GULER eguler @bartin.edu.tr
Tokisi @bartin.edu.tr
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If ¢ is the spacelike x1-axis, then an orthogonal transformation of £} that leaves ¢ pointwise fixed has the form
Z(v,w) as follows

1 0 0 0

0 coshw 0 sinhw

0 sinhvsinhw coshv coshwsinhv
0 coshvsinhw sinhv coshvcoshw

Z(vw) = , 2.2)

where
ZTe7 =7e7" =¢, Z0=(, detZ =1, &€ = diag(1,1,1,—1),

v,w € R. Therefore, the parametrization of the rotational hypersurface generated by a curve C around an axis ¢
is
H(u,v,w) = Z(v,w)¥(w)" + (@v+bw) (1,0,0,0)", 23)

where u € I, v,w € [0,27], a,b € R\{0}.
Clearly, we write an helicoidal hypersurface with spacelike axis as follows:

o(u)+av+bw
S (u) sinhw
f (u) sinhvcoshw
f (1) coshvcoshw

H(u,v,w) = (2.4)

When w = 0, we have an helicoidal surface with spacelike axis in Edl'.

In the rest of this paper, we shall identify a vector (a,b,c,d) with its transpose (a,b,c,d)T. Let M = M(u,v,w)
be an isometric immersion of a hypersurface M> in IE‘I‘. The Minkowski inner product of X = (x1,%2,X3,X4),
V= (y1,¥2,¥3,Y4) is defined as follows

3
Y-V =Y xiyi—xaya,
i=1

and triple Minkowski vector product of X x 7 x 7 is defined as follows

(X2Y324 — X2Y423 — X3Y224 + X3Y422 + X4Y223 — X4Y322,
—X1Y324 +X1Y423 +X3Y124 — X321Y4 — Y1X423 + X4Y321,
X1Y224 — X1Y422 — X2Y124 +X221Y4 + Y1X422 — X4Y221,
X1Y223 — X1Y322 — X2Y123 + X0321 +X3Y122 — X3Y221)-

For a hypersurface M in E{, the first fundamental form matrix is as follows I = ( g;j ), 5, and detl =

det ( gij ).and then, the second fundamental form matrix is Il = ( /;; ), ,,and detIl =det( &; ) ,where

.. 3x3?
1<i,j<3,
811 = Mu'Mm g12:Mu'MV7~'~ag33:Mw'Mw>
hip = Muu'G7 h12:Muv’G7m; h33:Mww’G7
. T . 2
. means Lorentzian dot product, and some partial differentials that we represent are M,, = 8871;/[’ M, = %’
G_ M, xM, xM,,
M, x M, x ML, |

. . . . -1 . .
is the Gauss map (i.e. the unit normal vector). The product matrices ( gij ) .( /i ),gives the matrix of the
shape operator (i.e. Weingarten map) S as follows S = ﬁ ( Sij )3X3, where difl = gi_j1 .hij. So, we get the
formulas of the Gaussian curvature and the mean curvature, respectively, as follows

detII
K= = — 2.
det(S) Gl (2.5)
and :
H= gtr(S). (2.6)
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3. Dini-Type Helicoidal Hypersurface with Spacelike Axis

Taking f (u) = sinhu in (2.4), we get Dini-type helicoidal hypersurface with spacelike axis in E} as follows

o(u)+av+bw
sinhusinhw
sinhusinhvcoshw
sinh u coshvcoshw

D(u,v,w) = , (3.1)

where u € R\{0} and 0 <v,w < 27.
Using the first differentials of (3.1) with respect to u, v, w, we get the first quantities

2 /

¢’? — cosh®u aQ bo’
I= ag’ sinh? ucosh®w + a? ab ,
be' ab sinh? u + b?

and have
detI = {¢"sinh® ucosh’ w — [a* + (b* + sinh? u) cosh® w| cosh® u } sinh” u,

where @ = ¢(u), ¢’ = %P' By using the second differentials we have the second quantities

sinh? ucoshw ( —¢" coshu+¢' sinh ") asinhucosh® ucoshw bsinhucosh?® ucoshw
V/detT] [|detX]| [|decT]|
m= asittosh2 ot sinh? ucosh? w ((p/ sinhucoshw—bcoshusinh w) e osh sinh w
dett]| /et dett] ’
bsinhucosh? ucoshw asinh? ucoshusinhw ¢’ sinh’ ucoshw
dett]| el Jdetl]

and we get

—@"”¢" sinh® ucoshucosh® w+ b’ " sinh’” ucosh? usinh wcosh* w

+a?¢" sinh® ucosh? usinh? w coshw + '3 cosh’ wsinh® u
—b@'? sinh® ucoshucosh* wsinhw
— [a2 sinh? usinh? w -+ (a2 + b cosh? w) cosh? ucosh? w] ¢’ sinh® ucosh? ucoshw
+b (2a® + b? cosh? w) sinh* ucosh® usinhw cosh? w

detTl =
\ (detT)?/2

The Gauss map of the hypersurface is given by

—sinh? ucoshucoshw
el (— ¢’ sinhusinhw — bcoshucoshw) sinhucoshw
0= Vdetl | (—¢'sinhusinhvcosh? w+ acoshucoshv + bcoshusinhvsinhwcoshw) sinhu
(—¢' sinhucoshvcosh? w +acoshusinhv + bcoshucoshvsinhwcoshw) sinhu

(3.2)

Finally, we calculate the Gaussian curvature of the helicoidal hypersurface with spacelike axis as follows

_ al(p’zgo”+ag(p’(p”+a3(p”+a4(p’3+(X5(p’2+oc6<p’+a7

K (detI)>/2
where
oy = —sinh® ucoshucosh® w,
o = bsinh’ ucosh? usinhwcosh* w,
o3 = a® sinh® ucosh® usinh® w coshw,
a4 = sinh’ ucosh’ w,
as = —bsinh® ucoshucosh® wsinhw,
0t = — [a?sinh” usinh® w+ (a® + b cosh®w) sinh” ucosh? ucosh? w| cosh? ucoshw,

ot = b (2a® + b? cosh® w) sinh* ucosh’ usinhw cosh? w.
Then we calculate the mean curvature of the helicoidal hypersurface with spacelike axis as follows

_ B9 +B29" +B3¢” + Big’ + s

H
3(detI)3/2

)

where
Bi = — [sinh® ucosh® w+ (a® + b2 cosh® w) sinh* ucoshw| coshu
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B> = +2sinh’ ucosh’ w,

B3 = —bsinh* ucoshusinhwcosh? w,

Bs = sinh” ucosh® w + (a? + b? cosh? w) sinh” ucoshw — 2 sinh’ ucosh? ucosh® w
-3 (a2 + b cosh? w) sinh® i cosh? ucoshw,

Bs = +bsinh* ucosh® ucosh? wsinhw + b (2a2 + b2 cosh? w) sinh? ucosh? usinhw.

Theorem 1. Let ® : M> — E} be an immersion given by (3.1). Then M? is flat if and only if

22 1 /P

19" ¢" + 00" 0" + 030" + 09" + 59 + 0’ + 017 = 0.

Theorem 2. Let © : M3 — E‘f be an immersion given by (3.1). Then M3 is maximal if and only if

Bi¢" + Ba¢” + B3¢9 + B’ + Bs = 0.

Finding solutions of these two equations are attracted problems.

Proposition 1. If ® is Dini-type maximal helicoidal hypersurface with spacelike axis (i.e. H = 0) in Minkowski
4-space, taking (as in Dini helicoidal surface in Euclidean 3-space)

¢(u) = coshu +log (tanh %) )

then we get
6 u
Y A;tank’ (f) i (3.3)
i=0 2

where
Ag = —Po,
As =21 + 6, sinhu + 23,
Aq = (3—12sinh*u) B, — 8B sinhu — 4P,
A3 = 8P coshu+ (8sinh®u — 12sinhu) B, + (8sinh? u — 4) B3 + 8B4 sinhu + 8Bs, (3.4)
A = (=34 12sinh?u) B, + 8B3 sinhu+ 4P,
A= —2[31 +6[}2 sinhu—|—2ﬁ3,
Ag = Bo.

Proposition 2. If © is Dini-type flat hypersurface with spacelike axis (i.e. K = 0) in Minkowski 4-space, taking
(as in Dini helicoidal surface in Euclidean 3-space)

¢(u) = coshu+log (tanh %) ,

then we get
8
ZBitanhi (g) =0, (3.5
i=0

where

Bg = ay,

B7 = —4o sinhu —20p — 204,

Bg = (—2+4sinh2u—|—4coshu) o) +4opsinhu+403 + 1204 sinhu +4as,

Bs = (4sinhu — 16 coshusinhu) a; + (2 — 8coshu) o + (6 — 24 sinh? u) oy
— 1605 sinhu — 804,

By = (—8coshu+ 16coshusinh?u) o + 160, coshusinhu + 1603 coshu
+ (16 sinh® u — 24 sinhu) o4 + (16sinh? u — 8) a5 + 160t sinhu + 1607,

B3 = (4sinhu+ 16 coshusinhu) &) + 20, + 8 coshu + (—64—24sinh2 u) oy
+ 1605 sinhu + 8o,

B, = (2 74sinh2u+4coshu) a) —4opsinhu — 403 + 1204 sinhu + 40,

By = —4q;sinhu—20p + 204,

By=—q;.

(3.6)
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Corollary 1. In Proposition 1, and Proposition 2, we see the following special symmetries, respectively:
Ag ~ Ao, As~A1, Ay~ Ay,
and
Bg ~ By, B7~Bi, B~ B, Bs~ B3,

where” ~” means the o; (i=1,2,...,7) and B; (j = 1,2,...,5) term coefficients which ignored signs, respec-
tively, are equal.
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1. Introduction

General rotational surfaces in the 4-dimensional Euclidean space were introduced by Moore [37, 38]. Then the
topic has been studied by many geometers such as [1]-[36], [39]-[45].

Ganchev and Milousheva [24] considered the analogue of these surfaces in the Minkowski 4-space. Magid,
Scharlach and Vrancken [36] introduced the affine umbilical surfaces in 4-space. considered hypersurfaces
in E* with harmonic mean curvature vector field. Scharlach [40] studied on affine geometry of surfaces and
hypersurfaces in 4-space. Cheng and Wan [14] considered complete hypersurfaces of 4-space with constant
mean curvature.

Giiler, Magid and Yayli [29] studied Laplace Beltrami operator of a helicoidal hypersurface in E*. Giiler,
Hacisalihoglu and Kim [26] worked on the Gauss map and the third Laplace-Beltrami operator of rotational
hypersurface in E*. Giiler, Kaimakamis and Magid [27] introduced the helicoidal hypersurfaces in Minkowski
4-space ]E‘l‘. Giiler and Turgay [30] studied Cheng-Yau operator and Gauss map of rotational hypersurfaces in
E*. Moreover; Giiler, Turgay and Kim [31] considered L, operator and Gauss map of rotational hypersurfaces
in E°. Some relations among the Laplace-Beltrami operator and curvatures of the helicoidal surfaces were
shown by Giiler, Yayh and Hacisalihog8lu [32].

In this paper, we study the Torus hypersurface in Euclidean 4-space [E*. We give some basic notions of four
dimensional Euclidean geometry in section 2. In section 3, we define rotational hypersurface. Moreover, we
obtain Torus hypersurface, and calculate its curvatures in the last section.

2. Preliminaries

We introduce the first and second fundamental forms, matrix of the shape operator S, Gaussian curvature K,
and the mean curvature H of hypersurface M = M(u, v, w) in Euclidean 4-space E*. In the rest of this paper,
we shall identify a vector (a,b,c,d) with its transpose (a,b,c,d)’.

Let M be an isometric immersion of a hypersurface M> in E*. The triple vector product of Y= (x1,%2,X3,X4),
Y= (y1,¥2,¥3,Y4), 7= (21,22,23,24) on E* is defined as follows

el ey e3 é4
X X X X,
XY xZ=det| 1 2B
yroy2 Y3 Y4
i1 22 3 4

“Presented by Erhan GULER eguler @bartin.edu.tr
Tokisi @bartin.edu.tr
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For a hypersurface M in E* we have

E F A
det/] = det| F G B
A B C
= (EG—F*)C—A>G+2ABF —B’E,
and
L M P
detl = det| M N T
P TV
= (LN-M*)V—P*N+2PTM—T>L,
where

A=M,-M,, B=M,-M,,, C=M,,-M,,

P=My,-e, T=M,,-e, V=M, e,
e is the Gauss map (i.e. the unit normal vector field). We compute

-1

E F A L M P
F G B M N T |,
A B C P TV
and it gives the matrix of the shape operator S as follows
1 Si1 S12 13

$21  §22 823 )
S31 §32 833

- det/

where
s11 =ABM — CFM —AGP + BFP +CGL — B’L,

s12=ABN — CFN —AGT +BFT +CGM — B*M,
s13 =ABT —CFT —AGV + BFV +CGP — B*P,

$21 = ABL —CFL+AFP — BPE +CME — A’M,

$220 =ABM —CFM +AFT — BTE +CNE — A*N,
$23 =ABP —CFP+AFV —BVE +CTE — AT,

s31 = —AGL+BFL+AFM — BME + GPE — F?P,
s30 = —AGM + BFM +AFN — BNE + GTE — F*T,
s33 = —AGP+BFP+AFT —BTE +GVE — F?V.

So, we get the following formulas of the Gaussian and the mean curvatures

detl]
det(S) = Sotl

(LN —M?)V +2MPT — P2N — T°L
(EG—F?)C+2ABF —A’G—B’E’

K

and

1
= —— [(EN+GL—-2FM)C+ (EG—F*V
3det1[( =5 )C+( )

—A’N — B*L —2(APG + BTE — ABM — ATF — BPF)).

A hypersurface M is minimal if H = 0 identically on M.

3. Rotational Hypersurface

For an open interval I C R, let y: I — IT be a curve in a plane IT in E*, and let £ be a straight line in IT.

2.1

A rotational hypersurface in E* is defined as a hypersurface rotating a curve y around a line ¢ (are called the

profile curve and the axis, respectively).
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We may suppose that / is the line spanned by the vector (0,0,0,1)". The orthogonal matrix which fixes the
above vector is

cosvcosw —siny —cosvsinw 0
Z(vw) = sin\.)cosw cosv  —sinvsinw 0 3.0
sinw 0 cosw o |’
0 0 0 1

where v,w € R. The matrix Z supplies the following equations
Zl={, 7'Z=277' =1y, detZ =1,

simultaneously. When the axis of rotation is /¢, there is an Euclidean transformation by which the axis is ¢
transformed to the x4-axis of E*. Profile curve is given by

’}/(u) = (f (u) 0,0, (P(M)),

where f (u),@ (u) : 1 C R — R are C* functions for all u € I. So, the rotational hypersurface spanned by the
vector (0,0,0, 1) is as follows
R(u,v,w) = Z(v,w)y(u)",

where u € I, v,w € [0,2m). Clearly, we write rotational hypersurface as follows

f(u)cosvcosw
| f(u)sinvcosw
R(u,v,w) = - () (3.2)
g (u)
4. Torus Hypersurface
In B4, taking profile curve
Y(u) = (a+ rcosu,0,0,rsinu)
with the orthogonal matrix Z, then we obtain torus hypersurface as follows
(a+ rcosu)cosvcosw
T,y w) = (a+rcosu)sinvcosw @1

(a+rcosu)sinw
rsinu

where a,u € R\{0} and 0 < v,w < 27.
By using the first differentials of (4.1) with respect to u, v,w, we get the first quantities as follows

r? 0 0
I=( 0 Bcos?w 0 |,
o o0 B

where § = r? cos? u+ 2arcosu+ a*. Taking the second differentials with respect to u, v, w, we have the second
quantities as follows

—r 0 0
1= 0 —Acos2w 0
0 0 —A

where A = (a+ rcosu)cosu. The Gauss map of the torus hypersurface is

COSUCOSVCOSW
CcOoSuSIinvCcosw
cosusinw

ex = “4.2)
sinu

Finally, the Gaussian curvature of the torus hypersurface is as follows

cos?u
K=",
r(a+rcosu)
and the mean curvature is as follows
H a+3rcosu

3r(a+rcosu)’
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Corollary 1. Let  : M®> — E* be an immersion given by (4.1). Then M? is minimal if and only if
a+3rcosu=0.

Proof. Solutions of the above eq. are as follows

ouo if r#0,
C if a=0Ar=0,
0 if a#0Ar=0.

where 8 = {7 —arccos (&) +27k |k € Z}, & = {—n+arccos (£) + 27k | k€ Z} .
Corollary 2. Let T : M?> — E* be an immersion given by (4.1). Then M? is flat hypersurface (i.e. K = 0) if
and only if

u= {;n+nk|kez}.
Corollary 3. Let T : M®> — E* be an immersion given by (4.1). Then M? has following relation
3H cos’u— (a+rcosu) (a+3rcosu) K = 0.
Proof. Solutions of a for the above eq. are as follows

0 if 3Hcos’u#0AK =0,
i(Kf{HKZK) A K 0.
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1. INTRODUCTION AND BACKGROUNDS

The concept of statistical convergence was firstly introduced by Fast [4] and this concept has been studied by
Salat [18], Fridy [5] and many others, too.
A sequence x = (x;) is statistically convergent to L if for every € > 0

lim l‘{kgn: L] = e} =0,
n— N
where the vertical bars indicate the number of elements in the enclosed set.
By a lacunary sequence we mean an increasing integer sequence 6 = {k,} such that kp = 0 and
hy = ky —k,—1 — o0 as r — oo. Throughout this study the intervals determined by 6 will be denoted by
I, = (krfl 7kr}'
Then, Fridy and Orhan [6] defined lacunary statistical convergence of a sequence using the lacunary sequence
concept as follows:
Let 6 = {k,} be a lacunary sequence. A sequence x = (x) is lacunary statistically convergent to L if for every
£>0, 1
}Lrgch—r’{kelr - L) = €} =o.
Several authors have studied on the concepts of invariant mean and invariant convergent (see, [9—-11, 17, 19, 22]).
Let o be a mapping of the positive integers into themselves. A continuous linear functional ¢ on /.., the space
of real bounded sequences, is said to be an invariant mean or a c-mean if it satisfies following conditions:

1. ¢(x) > 0, when the sequence x = (x,) has x,, > 0 for all n,
2. ¢(e) =1, wheree=(1,1,1,...) and
3. 90(xg(n) = 9(xn) forall x € leo.

*egulle@aku.edu.tr
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The mappings ¢ are assumed to be one-to-one and such that 6™ (n) # n for all positive integers n and m, where
0™ (n) denotes the m th iterate of the mapping o at n. Thus, ¢ extends the limit functional on ¢, the space
of convergent sequences, in the sense that ¢ (x) = limx for all x € ¢. In the case o is translation mappings
o (n) = n+ 1, the o-mean is often called a Banach limit.

The space of lacunary strong o-convergent sequences Ly was defined by Savas [20] as below:

Lo = {x = hm Z X 5k () =0, uniformly in m}

—
F s rkel,

Pancaroglu and Nuray [15] introduced the concept of lacunary invariant summability as follows:
Let 6 = {k,} be a lacunary sequence. A sequence x = (x) is said to be lacunary invariant summable to L if

1
lim — ) x ( =1L,
r—seo 1, kez;', ok(m) —
uniformly in m.
The concept of lacunary o-statistically convergent sequence was defined by Savas and Nuray in [21] as below:
Let 0 = {k,} be a lacunary sequence. A sequence x = (x;) is Sy9-convergent to L if for every € > 0

= > —
lim ‘{kel ok ( L|_£}‘
uniformly in m.

Let X be any non-empty set and N be the set of natural numbers. The function

f:N—=PX)

is defined by f(k) = Ay € P(X) for each k € N, where P(X) is power set of X. The sequence {A;} = (A1,A2,...),
which is the range’s elements of f, is said to be sequences of sets.
Let (X, p) be a metric space. For any point x € X and any non-empty subset A of X, the distance from x to A is
defined by
d(x,A) = inf p(x,a).
acA

Throughout the paper we take (X, p) as a metric space and A, Ay as any non-empty closed subsets of X.
There are different convergence notions for sequence of sets. One of them handled in this paper is the concept
of Wijsman convergence (see, [1-3, 12, 16, 25, 26]).
A sequence {Ay} is said to be Wijsman convergent to A if for each x € X,

lim d(x,Ay) = d(x,A)

k—>o0

and denoted by Ay % A
A sequence {A} is said to be bounded if for each x € X, sup; {d(x,A;) } < oo.
The set of all bounded sequences of sets is denoted by Le.
The concepts of Wijsman lacunary summability, Wijsman strongly lacunary summability and Wijsman lacunary
statistical convergence were introduced by Ulusu and Nuray [23, 24].
Using the invariant mean concept, the concepts of Wijsman lacunary invariant convergence, Wijsman strongly
lacunary invariant convergence and Wijsman lacunary invariant statistical convergence were also defined by
Pancaroglu and Nuray [16] as follows:
Let 6 = {k,} be a lacunary sequence. A sequence {A} is said to be Wijsman lacunary invariant convergent to
Aifforeachx € X,

rlgg—rkg d(x,Agk(my) = d(x,A)
uniformly in m.
A sequence {A;} is said to be Wijsman strongly lacunary invariant convergent to A if for each x € X,

lim — Z |d(x A gk(m >)—d(x,A)’ =0

rvee by kel,

uniformly in m.
A sequence {A} is said to be Wijsman lacunary invariant statistically convergent to A if for every € > 0 and
eachx € X,

lim —’{k €L 1d(x Agi(y) — d(x,A)| > s}‘ _

r—o h
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uniformly in m.

The idea of quasi-almost convergence in a normed space was introduced by Hajdukovi¢ [8]. Then, Nuray [13]
studied concepts of quasi-invariant convergence and quasi-invariant statistical convergence in a normed space.
Recently, Giille and Ulusu [7] introduced the concept of Wijsman strongly quasi-invariant convergence for
sequences of sets as below:

A sequence {Ay} is said to be Wijsman strongly quasi-invariant convergent to A if for each x € X,

}520,) Z (A g (upy) = de(4)| =0

uniformly in n where dx(A k() = d(X,Agr(p)) and d(A) = d(x,A). Itis denoted by Ay~ — Wovsl 4

2. MAIN RESULTS

In this study, we give definitions of Wijsman quasi-lacunary invariant convergence, Wijsman strongly
quasi-lacunary invariant convergence and Wijsman quasi-lacunary invariant statistically convergence for se-
quences of sets. We also examine the existence of some relations among these definitions and some convergence
types for sequences of sets given in [7, 14], too.

Definition 2.1 Let 6 = {k, } be a lacunary sequence. A sequence {A;} is said to be Wijsman quasi-lacunary
invariant convergent to A if for each x € X,

lim Zd oknry) —dx(4)| =0

sy
e rkel,

WOV, oA

Theorem 2.2 If a sequence {A;} is Wijsman lacunary invariant convergent to A, then {A;} is Wijsman
quasi-lacunary invariant convergent to A.

uniformly in #. In this case, we write Ay,

Proof. Suppose that the sequence {A;} is Wijsman lacunary invariant convergent to A. Then, for each x € X
and every € > 0 there exists an integer oy > 0 such that for all » > rg

Zd d.(A)| < e,

r kel

for all m. If m is taken as m = nr, then we have
Z di( Gk (nr) —d,(A)| <,

hy kel,

for all n. Since € > 0 is an arbitrary, the limit is taken for » — oo we can write

Zd ok(ur)) —dx(A)| — 0
” kel
for all n. That is, the sequence {A} is Wijsman quasi-lacunary invariant convergent to A. O

Definition 2.3 Let 6 = {k, } be a lacunary sequence. A sequence {A;} is Wijsman quasi-lacunary invariant
statistically convergent to A if for every € > 0 and each x € X,

(At ) — de(A)] > £} = 0

r—oo h

wos 04

Theorem 2.4 If a sequence {A;} is Wijsman lacunary invariant statistically convergent to A, then {Ay} is
Wijsman quasi-lacunary invariant statistically convergent to A.

uniformly in x. In this case, we write Ay

Proof. Suppose that the sequence {Ay} is Wijsman lacunary invariant statistically convergent to A. In this case,
when 6 > 0 is given, for each x € X and for every € > 0 there exists an integer ryp > 0 such that for all r > rj

 |du(A i) — di(A)] > g}‘ <8,
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for all m.
If m is taken as m = nr, then we have

ket dAgh) —dr(A)] = e}‘ <8,

for all n. Since & > 0 is an arbitrary, we have

lim —‘{k € I |de(Aghun) — di(A)] > e}’ —0,

r—oo Jy

for all n which means that {A;} is Wijsman quasi-lacunary invariant statistically convergent to A. O

Definition 2.5 Let 6 = {k,} be a lacunary sequence. A sequence {A;} is Wijsman strongly quasi-lacunary
invariant convergent to A if for each x € X,

1
Jim 5 L

I kel,

dx(Ao‘k(nr)) —di(A)| =0

WOVl

uniformly in n. In this case, we write Ay A.

Theorem 2.6 For any lacunary sequence 0 = {k,},

[WQVeo] Qo]

Ap A& Ay A.

140)% . . A
Proof. Let Ay [ QJG] A and € > 0 is given. Then, there exists an integer r( such that for each x € X

forr>rogandnr=k,—1+14+w,w > 0. Let p > h,. Thus, p can be written as p = o.h,+ 6 where 0 < 0 < h,
and « is an integer. Since p > h,, o« > 1. Then,

= 1
L [t —det)] < Aok un) ~ dr(4)
k=0 k=0
1 & (j+1)h—1
- ) de(A gt ury) — ()
P =0 «=jh

IA
\
oM
ES
B
+

IN

h h
For — < 1 and since o <1
4 p

w

that is, Ay — V¥l 4.

Let Ay mﬂf’] A and € > 01is given. Then, there exists P > 0 such that for each x € X

1"1

Gl‘ np

dx(A)‘ <€

for all p > P. Since 6 = {k,} is a lacunary sequence, a number R > 0 can be chosen such that &, > P where
r > R. Thereby

T Z Gk (nr) dx(A)‘ <E,
hy kel
. WQVse] .
thatis, Ay —3  A. The proof of theorem is completed. O
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1. Introduction

Let Xx, be an infinite series with partial sum s,,and by (c*) and (u%) we denote the n-th Cesaro means of
order @ with oo > —1 of the sequences (s,) and (nx,), respectlvely, ie.,

a oa— 1
Op = Aoc ZA
and
1 n
u® = 1@ Y A% vxy (1.1)
n y=0

where AY =1, A% = ("), A%, =0, n > 1.The series L, is said to be summable |C,a|, , k > 1, if (see [1])
Y n o — o, [f < e (1.2)
n=1

On the other hand, by the well known identity u$ = n (6 — 6 ;) [4], the condition (1.2) can be stated by

=

1 N
=3 < oo,
Zn[un| =

n=1
Note that Thorpe [12] gave the Cesaro summability for a = —1 as follows. If the series to sequence transforma-
tion
n_zxv +(n+1)x (1.3)
tends to s as n tends to infinity, then the series Xx, is summable by Cesaro summability (C,—1) to the number s

[12].
Also, by the definition of Sarigol [9] and Thorpe [12], the series Xx,, is said to be summable |C, —1|, ( see [2]) if

Y T T [f < .

n=1
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In this context the series spaces |Cq |,k > 1, have been defined as the set of all series summable by the absolute
Cesaro summability method |C, ¢t|, in [7] and [2] for ¢ > —1 and & = —1, respectively.

If A and B are methods of summability, B is said to include A (written A = B) if every series summable by the
method A is also summable by the method B. A and B are said to be equivalent (written A < B) if each methods
includes the other.

Problems on inclusion dealing absolute Cesaro mean summability were investigated in detail by several authors
[3,5.6,8,10,11], and some well known results have recently been extended by Sarigél [8] and Sarigol & Hazar
[3].

In this study, we give necessary and sufficient conditions in order that |C,—1|, = |C, |, k > 1 for the case
o > —1, which completes some open problems in literature.

We require the following lemmas for our investigations.

Throughout this paper, k* denote the conjugate of k > 1,1i.e., I /k+1/k* =1,and 1/k* =0 for k = 1.
Lemma 1.1. Let 1 < k < o. Then, A(x) € ¢ whenever x € ¢ if and only if

k*
Z (Z |anv|> < oo,
n=0

v=0

where £} = {x = (xy) : T < oo} 8].

2. Main Results

The aim of this study is to prove the following theorem.
Theorem 2.1. Let k > 1. Then, |C,—1|, = |C, o if and only if

k*
oo i 1/k a1l
Z Z 'y Agi—v < oo 2.1)
r=1 \n=r nAl? v:rv+1

Proof. Let define u% and T, by (1.1) and (1.3) respectively. Using the definition u% and T,, , we define the
sequences y = (yy) and § = (7) by

Yo =0 ((n+1)x, = (n=1)x,-1),n > L and yo = xo 2.2)
and P Lo 1
p= 7" = Az V;Agﬂ, vxy,n > 1 and yp = xg
respectively.

Then, |C,—1|, = |C, o] iff € £ whenever y € ¢;. By inversion of (2.2), we write for n > 1

1 o1k
Xp=——"""5Y V 2.3
e +1>V:Z] W 2.3)
Hence, by (2.3) we get forn > 1
A ! iAa_lvx L i"Ao‘_lvi1 zv:rl/ky
" nAg = Y nAY = v(v+1) & "
1 - . Ag—_vl 1/k
= r
nA% &~ (; b+n )
n
= chryr
r=1
where
A v
e =1 mAg ==y SIS
0, r>n.

So y € £ whenever y € ¢ if and only if
Fl/k

k*
oo oo n
< oo,
5(Em s

by Lemma 1.1 or, equivalently, (2.1) holds. Thus the proof is completed.

A%l
v+1
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1. Introduction and Preliminaries

Let (X,d) be a metric space. We denote by %'(X) the family of all nonempty closed subsets of X, by
A (X) the family of all nonempty compact subsets of X and by 4% (X) the family of all nonempty, closed
and bounded subsets of X. It is well known that Z"(X) C € Z(X) C € (X). Let H be the Pompeiu-Hausdorff
metric on € A(X), that is, for A,B € €A(X)

H(A,B) = max {supD(x,B), supD(y,A)}
X€EA YEB
where D(x,B) = inf{d(x,y) : y € B}. H also is called generalized Pompeiu-Hausdorff distance on €' (X)

Taking into account the Pompeiu-Hausdorff metric, Nadler [19] in 1969 initiated the idea for multivalued
contraction mapping and extended the Banach contraction principle to multivalued mappings and proved the
following:

Theorem 1.1 (Nadler [19]) Let (X,d) be a complete metric space and T : X — € 2(X ) multivalued contraction,
that is, there exists L € [0,1) such that

H(Tx,Ty) < Ld(x,y)
forall x,y € X. Then T has a fixed point in X.

Later on, several researches were conducted on a variety of generalizations, extensions and applications
of this result of Nadler (see[3, 5, 6, 13, 17]). Furthermore, the following theorem was proved by Mizoguchi and
Takahashi [17] that is, in fact, a partial answer of question of Reich [22]:

Theorem 1.2 ([17]) Let (X,d) be a complete metric space and T : X — € % (X) is a mapping such that

H(Tx,Ty) < k(d(x,y))d(x,y),
forallx,y € X, x #y, where k : (0,00) — [0, 1) is a function that satisfies
limsupk(z) < 1 for all s > 0.

t—st

Then T has a fixed point in X.

“gncmatematik @hotmail.com
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We can find both a simple proof of Theorem 1.2 and an example showing that it is real generalization of
Nadler’s in [24]. We can also find a lot of generalizations of Mizoguchi-Takahashi’s fixed point theorem in the
literature [3, 4, 6].

Moreover, an attracted generalization of the Banach contraction principle given by Jleli and Samet [12],
introduced a new type of contractive condition, which throughout this study, we shall call it as 8-contraction.
Now, we recall basic definitions, relevant notions and some related results concerning 6-contraction. Let
0 : (0,00) — (1,00) be a function. Next we will consider the following properties for 0:

(61) 8 is nondecreasing;

(6,) For each sequence {7, } C (0,0), lim, 0 0(,) = 1 and lim,, 7, = 0" are equivalent;
(65) There exist r € (0,1) and I € (0,0] such that lim,_,q+ 24U=1 —;

(04) 6(infA) = inf6(A) for all A C (0,00) with infA > 0.

We denote by ® and Q be the set of all functions 6 satisfying (0;)-(83) and (0;)-(6s), respectively. It
is clear that Q C ©. Some examples of the functions belonging Q are 6, (1) = ¢V and 6, (1) = eV 1f we
|

9 t>1
it satisfies (6,) if and only if it is right continuous.

By considering the conditions (6;)-(63), Jleli and Samet [12] introduced the concept of 8-contraction,
which is more general than Banach contraction. Let (X,d) be a metric space and 6 € @. A mapping 7 : X — X
is said to be a 6-contraction if there exists a constant k € [0, 1) such that

define as 63(1) = { , then we can see 63 € @\ Q. Note that, if a function 0 satisfies (6;), then

6(d(Tx.Ty)) < [0(d(x,)]", (1.1)

for all x,y € X with d(Tx,Ty) > 0. As a real generalization of Banach contraction principle, Jleli and Samet
proved that every 0-contraction on a complete metric space has a unique fixed point. In addition, from (6, ) and
(1.1), it is easy to concluded that every O-contraction T is a contractive mapping, i.e., d(Tx,Ty) < d(x,y) for
all x,y € X with Tx # Ty. Thus, every 0-contraction mapping on a metric space is continuous. Then, Hanger
et al. [10] extended the concept of B-contraction to set-valued case and Minak and Altun [16] introduced the
nonlinear case of it as follows: Let (X,d) be a metric space and T : X — ¥ %(X) be given a mapping. Then,
(i) T is said to be a multivalued 6-contraction with 6 € @ if there exists k € (0, 1) such that

0(H(Tx,Ty)) < [6(d(x,y)]",

for all x,y € X with H(Tx,Ty) > 0.
(ii) T is said to be a multivalued nonlinear 8-contraction with 6 € @ if there exists a function & : (0,0) — [0,1)
such that
limsupk () < 1, Vs >0,
t—st
satisfying
O(H(Tx,Ty)) < [6(d(x,y))| ),

for all x,y € X with H(Tx,Ty) > 0.
Therefore, considering the class Q, the following theorems are provided.

Theorem 1.3 ([10]) Let (X,d) be a complete metric space, and T : X — € % (X ) be a multivalued 0-contraction
with 68 € Q. Then T has a fixed point in X.

Theorem 1.4 ([16]) Let (X,d) be a complete metric space, and T : X — € B(X) be a multivalued nonlinear
O-contraction with 0 € Q. Then T has a fixed point in X.

Furthermore, the fixed point results for these type mappings are given several researches (see [1, 7, 8]).

On the other hand, Samet et al [23] introduced the concept of o-y-contractive and o-admissible mappings
and established various fixed point theorems for such mappings on complete metric spaces. Asl et al [2]
also defined the notion of o-admissibility and o,-admissibility for multivalued mappings as follows: Let
(X,d) be a metric space, T : X — Z?(X) be a mapping and & : X x X — [0,0) be a function. We say that
T is an o-admissible mapping whenever for each x € X and y € Tx with a¢(x,y) > 1 implies a(y,z) > 1 for
all z € Ty and T is an o,.-admissible mapping whenever for each x € X and y € Tx with a(x,y) > 1 implies
0. (Tx,Ty) > 1, where o (Tx,Ty) = inf{ct(a,b) : a € Tx,b € Ty}. It is clear that a..-admissible mapping is
also a-admissible, but the converse may not be true as shown in Example 15 of [14]. We say that « has (B)
property whenever {x, } is a sequence in X such that a(x,,x,+1) > 1 for all n € N and x,, — x, then o¢(x,,x) > 1
foralln € N.

Consider the collection ¥ of nondecreasing functions y : [0,00) — [0,0) such that Y. y"(¢) < oo for all
n=1

t > 0, where y" is the n th iterate of y. It is clear that for each y € ¥, we have y(¢) < ¢ for all > 0 and
y(0)=0.Let T : X — ¥A(X). Then,
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i) T is said to be multivalued a-y-contractive whenever

o(x,y)H(Tx, Ty) < w(d((x,y))

forall x,y € X,
i) T is said to be multivalued c.-y-contractive whenever

o (Tx, Ty)H(Tx, Ty) < w(d((x,y))

forall x,y € X.

Asl, Rezapour and Shahzad [2] and Mohammodi, Rezapour and Shahzad [18] presented the following
fixed point theorems for multivalued a-y-contractive and multivalued o,-y-contractive mappings.
Theorem 1.5 ([2]) Let (X,d) be a complete metric space, & : X x X — [0,0) be a function, y € ¥ be a strictly
increasing map and T : X — € B(X) be an a-admissible and o-y-contractive multifunction. Suppose that
there exist xo € X and x| € Txg such that a(xg,x1) > 1. If T is continuous or o has (B) property, then T has a
fixed point.
Theorem 1.6 ([18]) Ler (X,d) be a complete metric space, o : X x X — [0,00) be a function, y € ¥ be a
strictly increasing map and T : X — € B(X) be an oi-admissible and o,.-y-contractive multifunction. Suppose
that there exist xy € X and x| € Txq such that a.(xo,x1) > 1. If T is continuous or o, has (B) property, then T
has a fixed point.

In this paper, taking into account the above results, we present some new fixed point results for multivalued
6-contractions, by considering the a-admissibility and o.-admissibility of a multivalued mappings on complete
metric spaces.

2. Main Results

Before we give our main results, we recall the following: Let X and Y be two topological spaces. Then, a
multivalued mapping 7 : X — Z?(Y) is said to be upper semicontinuous (lower semicontinuous) if the inverse
image of closed sets (open sets) is closed (open). A multivalued mapping is continuous if it is upper as well as
lower semicontinuous.

Lemma 2.1 ([11]) Let (X,d) be a metric space and T : X — (X)) be an upper semicontinuous mapping such
that Tx is closed for all x € X. If x, — x0, Yo — Yo and y, € Tx,, then yo € Txg.

Let (X,d) be a metric space, T : X — €. Z(X) and o : X x X — [0,00) be two mappings. Define a set

St.o ={(x,y) : a(x,y) > 1l and H(Tx,Ty) >0} C X x X.

Given 0 € O, we say that T is a .# .7 -type multivalued (c-0)-contraction if there exists a function & : (0,c0) —
[0, 1) satisfying
limsupk(z) < 1, forall s >0

t—st

such that
O(H(Tx,Ty)) < [0(d(x,y))]H=) 2.1)

for all (x,y) € St.q.
Now we present our main result.

Theorem 2.2 Let (X,d) be a complete metric space and T : X — ¢ (X) be an o-admissible and .4 T -type
multivalued (-0 )-contraction. Suppose that there exist xy € X and x) € Txy such that o(xg,x1) > 1. If T is
upper semicontinuous or o has (B) property, then T has a fixed point.

Proof. Suppose that T has no fixed point. Then for all x € X, D(x,Tx) > 0. Let xp and x; be as mentioned in the
hypothesis, then H(Txo, Tx) > 0 (otherwise D(x,Tx;) = 0, this is a contradiction). Therefore (xo,x1) € S7.q>
thus we can use the condition (2.1) for xg and x;. Then considering (0;), we have

0(D(x1,Tx1)) < 6(H(Txo,Tx1)) < [6(d(x0,x1))]" ™. 2.2)
Since Tx; is compact, there exists x; € Tx; such that d(x;,x;) = D(x1,Tx;). From (2.2),
0(d(x1,x2)) < O(H(Tx0,Tx1)) < [6(d(x0,x1))] 01,

Also, since T is an a-admissible mapping o(xj,xy) > 1. Again, since x; € Txj, then H(Tx;,Tx;) > 0.
Therefore (x1,x2) € St,q, thus we can use (2.1) for x; and x;. Then

0(D(x2,Txy)) < O(H(Tx1,Txy)) < [0(d(x1,x))]41-%2).
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Since T'x; is compact, there exists x3 € Txp such that d(x,x3) = D(x2,Tx;). Therefore, we have
6(d(x2,x3)) < O(H(Tx1,Txz)) < [0(d(x1,x))]k4x1:%2).
By induction, we can find a sequence {x, } in X such that x,+ € Tx,, (x;,%u41) € S7.¢ and
0(d (X, Xn11)) < [0(d (i, 35 1))] 4 Cor150) 2.3)

for all n € N. Thus, from (6;) the sequence {d(x,x,+1)} is decreasing and hence convergent. From (2.3), there
exists b € (0,1) and ng € N such that k(d(x,,x,+1)) < b for all n > ng. Thus, we obtain for all n > ny,

I < 0(d(xn,xp+1))
< [B(dlty15)) )
< [e(d(xn_an_l))}k(d(xn—l,xn))k(d(xn_hxn))

k(d(x0,x1))k(d (X 1,%n) h(d (Xp—1,%n))
k(d(x0,x1))+(d (py—1 X ) Vo (d (ngy gy 1)) =k (d (X1 %) Jo(d (X1 %))

)]
)]
)]k(d(xno ng+1 ))+k(d (xy—1.%n) ) (d (Xi— 1 %n))
)]

IN
,_,,E,,_,,_,...
—~ o~

U
A/Q/—\/—\

s

=

IN

Hence, we obtain
(n—ng)
1 < 0(d(xn, Xns1)) < [0(d(x0,x1 )] (2.4)

for all n > ny. Letting n — oo in (2.4), we have

lim 6(d(xp,xp41)) = 1. (2.5)

n—yoo
From (63), lim, e d (X, Xp+1) = 07 and so from (65) there exist r € (0,1) and [ € (0,00] such that

llm e(d(xl’hxn-‘rl)) > 1

= /A
oo [d(xnaxn+l)]r

Suppose that [ < co. In this case, let B = é > (. From the definition of the limit, there exists ny € N such that,
for all n > ny,
6(d(xn,%011)) — 1

—1[| <B.
[d(xmxn-kl)]r -

This implies that, for all n > ny,
6(d(xn,%011)) — 1

— >1-B=B.
[d(xnvxn+1)]

Then, for all n > ny,
n [d(xnaanrl)y <An [e(d(xmanrl)) - 1] ,

where A = 1/B.
Suppose now that [ = . Let B > 0 be an arbitrary positive number. From the definition of the limit, there exists
no € N such that, for all n > ny,

9(d(xn,xn+1)) —1
PICRET

This implies that, for all n > ny,
n[d (xn, Xp41)]" < An[0(d(xn, Xn41)) — 1],

where A = 1/B.
Thus, in all cases, there exist A > 0 and ng € N such that, for all n > ny,

n [d(xnvanrl)y <An [e(d(xn,xn+1)) - 1] .
Using (2.4), we obtain, for all n > no,

b(”7”0)

n[d(xp,xn1)]" < An [[0(d(x0,x1))] 1.
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Letting n — oo in the above inequality, we obtain

Jim n{d (xy, %011 )" =0.

Thus, there exits n; € N such that n[d(x,,x,.1)]" < 1 for all n > n;. So, we have, for all n > n;

1
d(x,,,x,,+1) S m (26)

In order to show that {x,} is a Cauchy sequence, consider m,n € N such that m > n > n;. Using the triangular
inequality for the metric and from (2.6), we have

d(xnaxm) < d(xnaanrl)+d(xn+17xn+2)+“'+d(xm717xm)
m—1 m—1 1 o 1
=\l ) = 3 o
i=n i=n i=n

By the convergence of the series Z i /, , letting to limit n — oo, we get d(x,,X,,) — 0. This yields that {x, } is a
i=

Cauchy sequence in (X,d). Since (X d) is a complete metric space, there exists z € X such that lim,,_,ex, = 2.
If T is upper semicontinuous, then by Lemma (2.1) we have z € Tz, which is a contradiction.

Now assume that o has (B) property. Since lim,_;.x, = z and D(z,Tz) > 0, then there exists ny € N such that
D(xp+1,Tz) > 0 for all n > ny. Therefore for all n > ny

H(Tx,,Tz) >0,
thus (x,,z) € St,¢ for all n > ng. From (2.1) and (6;), we have
0(D(xn+1,T2)) < O(H(Txn,Tz))
6(dn )

N

and so
D(xn11,T2) < d(xn,2)

for all n > ng. Passing to limit n — oo, we obtain D(z,Tz) = 0, which is a contradiction.
Therefore T has a fixed point in X. O

We cannot extend the range of 7' to ¥ %(X) in Theorem 2.2 with the same conditions. Example 1 in [10]
shows this fact. However, we can take ¢’ %(X) instead of . (X) by adding condition (64) on 6.

Theorem 2.3 Let (X,d) be a complete metric space and T : X — € B (X) be an a-admissible and M T -type
multivalued (0.-0 )-contraction with 0 € Q. Suppose there exist xo € X and x; € Txq such that o.(xo,x1) > 1. If
T is upper semicontinuous or & has (B) property, then T has a fixed point.

Proof. We begin as in the proof of Theorem 2.2. Considering the condition (64), we can write

G(D(xl,Txl)): mf 9( (x1,y))-

Thus from
0(D(x1,Tx1)) < O(H(Txp,Tx1))

we have

inf 6(d(x1,) < [8(d(xo,x)) 0
yelx)

k(d(xg.x1))+1
2

< [e(d('x()?-xl))]
Therefore there exists x» € Tx; such that
0(d(x1,x2)) < [6(d(x0,x1))]<@00-x1)

The rest of the proof can be completed as in the proof of Theorem 2.2. O

Remark 2.4 If we take a(x,y) = 1 in Theorem 2.3, we obtain Theorem 1.3.

Remark 2.5 By taking a(x,y) = 1 and 6(r) = eV’ in Theorem 2.3, we obtain the famous Mizoguchi-
Takahashi’s fixed point theorem.

Since a,-admissible mapping is also ¢-admissible, we can obtain following corollary.

Corollary 2.6 Let (X,d) be a complete metric space and T : X — J#(X) be an a.-admissible and .# T -
multivalued (o.-0 )-contraction. Suppose that there exist xy € X and x) € Txy such that o(xg,x1) > 1. If T is
upper semicontinuous or o, has (B) property, then T has a fixed point.
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3. Application in partially ordered metric spaces

Recently, there have been so many interesting developments in fixed point theory in metric spaces endowed
with a partial order. The first result in this direction was given by Ran and Reurings [21] where they extended
the Banach contraction principle in partially ordered sets with some application to a matrix equation. Later,
many important results have been obtained in this direction (see [15, 20]). In this section, we will present some
results about this direction. In 2004, Feng and Liu [9] defined relations between two sets. Let X be a nonempty
set and =< be a partial order on X. Let A, B be two nonempty subsets of X, the relations between A and B are
defined as follows:

(a) A < B & for every a € A, there exists b € B such that a < b,
(b) A <2 B & for every b € B, there exists a € A such that a X b,
(c)A<B< A<1BandA <, B.

<1 and < are different relations between A and B. For example, let X =R, A = [%, 1], B=[0,1], < be
usual order on X, then A <; Bbut A 4, B; if A=1[0,1], B=[0, %], then A <, B while A 41 B. <1, <zand <
are reflexive and transitive, but are not antisymmetric. For instance, let X =R, A = [0,3], B=[0,1]U[2,3], <
be usual order on X, then A < B and B < A, but A # B. Hence, they are not partial orders. Note that if A is a
nonempty subset of X with A < A, then A is singleton. (see [9]).

Theorem 3.1 Let (X, <) be a partially ordered set and suppose that there exist a metric d in X such that (X ,d)
is complete metric space. Let T : X — € B (X )(resp. ¥ (X)) be an upper semicontinuous multivalued mapping
such that

6(H(Tx,Ty)) < [6(d(x,y))] ")

forall (x,y) € S<, where 0 € Q (resp. 8 € ®) and k : (0,00) — [0,1) be a function satisfying

limsupk(z) < 1, forall s >0

t—st

and S< ={(x,y) € X x X :x 2y and H(Tx,Ty) > 0}. Assume that for eachx € X and 'y € Tx withx <y, we
have y < z for all z € Ty and there exist xy € X, x1 € Txo such that {xo} <1 Txo, then T has a fixed point.

Proof. Define a mapping a : X x X — [0,0) by

; X3y
a(x,y) =
0 , otherwise

Then S< = S7,¢. Therefore T is .# .7 -multivalued (ot-6)-contraction. Also, since {xo} < Txp, then there
exists x; € Txp such that xop =< x1 and so &¢(xg,x;) > 1. Now let x € X and y € Tx with a(x,y) > 1, thenx <y
and so by the hypotheses we have y < z for all z € Ty. Therefore, ¢t(y,z) > 1 for all z € Ty. This shows that T
is a-admissible. Therefore, from Theorem 2.3 (resp. Theorem 2.2), T has a fixed point in X. O

Remark 3.2 We can give similar result using <, instead of <.
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Novel Contour Surfaces To The (2+1)-Dimensional
Date-Jimbo-Kashiwara-Miwa Equation
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Keyword.s: ‘ Abstract: In this manuscript, improved Bernoulli sub-equation function
Asymptotically equivalence,  method based on the Bernoulli differential method is considered. This method
double sequence, is based on the converting the (2+1)-dimensional Date-Jimbo-Kashiwara-Miwa
ideal convergence, e B . . . . .
. equation into ordinary differential equation. Some new solutions such as complex
1nvariant convergence, 0 0 . . .
and exponential are obtained. To better understanding of physical meanings of
double lacunary sequence. . ; . . .
MSC: 34C41, 40A35 model are 1ntr0(?uced by plotting two- qnd t'hree-dlmensmnal sur.fac.es a.long with
contour simulations. Finally, a conclusion is presented by mentioning important

acquisitions founded in this study.

1. Introduction

Developing of the computational programs and tools, the works on the nonlinear media and applications have
been taken attentions of scientists and experts. Some important models have been submitted to the literature.
Moreover, many methods have been revised or improved for solving these special models. For example, the
generalized Bernoulli sub-ODE method has been studied by B. Zheng [1]. Newly modified Riccati-Bernoulli
equation method has been firstly submitted by X.F. Yang and at al [2]. Hirota method and auxiliary variable,
and so on have been used to find new results [3].

This paper is constructed by the following sections. In Section 2, we give a brief introduction to the powerful
newly improved Bernoulli sub-equation function method (IBSEFM). The complex travelling wave solutions of
the (2+1)-dimensional Date-Jimbo-Kashiwara-Miwa equation (DJKME), which it is defined as

Uyxxxy T 4uxxyux + 2uxxxuy + 6uxyuxx + Uyyy — Uy =0, (D

are been obtained in section 3 [4]. Finally, a comprehensively conclusion are given in section 4.

2. Description of IBSEFM

IBSEFM formed by extending the Bernoulli sub-equation function method [5-16] will be given in this sub-
section. Therefore, we consider the follows.
Step 1. We consider the following partial differential equation;

P(u,uy,uy,uy,...) = 0. 2)
and take the wave transformation;
u(x,y,t) =U(n),n = pux+ay—k). ©)

where U,alpha,k are constants and can be determined later. By substituting Eq.(3), Eq.(2) converts a nonlinear
ordinary differential equation (NODE) as following;

N, U U U",..) =0. 4)

“hmbaskonus @ gmail.com
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Step 2. Considering trial equation of solution in Eq.(4), it can be written as following;

Un) = LoaiF'(n) _ ao+aiF(n)+aF*(n)+...+a.F"(n) 5)
YiLobiFi(m)  bo+biF(n)+b2F2(N)+ ...+ buF™(n)

According to the Bernoulli theory, we can consider the general form of Bernoulli differential equation for F’ as
following;

F' =wF+AFM w+£0,1#0,M cR—{0,1,2}. (6)

where F = F(n) is Bernoulli differential polynomial. Substituting above relations in Eq.(4), it yields us an
equation of polynomial Q(F) ofF as following;

Q(F) = psF’ + ...+ p1F +po = 0. )

According to the balance principle, we can determine the relationship between n, m and M.
Step 3.The coefficients of Q(F) all be zero will yield us an algebraic system of equations;

pi=0,i=0,..,s. (8)

Solving this system, we will specify the values of ag,a,...,a, and by, b1, ..., b,,.
Step 4.When we solve nonlinear Bernoulli differential equation Eq.(2.6), we obtain the following two situations
according to b and d,

A= | =+ e | R ©)

w eW(M—1)n

(E — 1)+ (E + 1)tanh(w(1 — M) 1)
1 —tanh(w(1 —M)1)

F(n):[ :|,w:2.,E€R. (10)

Using a complete discrimination system for polynomial of F , we solve this system with the help of computer
programming and classify the exact solutions to Eq.(4).

3. Implementations of the Method

In this subsection of manuscript, we apply the method to the DJKME.

Example-1 First of all, if we perform travelling wave transformation into the Eq.(1) in the following manner;

M()C,y,l) U(é)vé Hx a#Y*Hkla (11)
where U, o, k are real constants, we get the following nonlinear equation;
d*U dU U d’U
577(5) 4 3 3 4 2 _
U™ +6 + (a” 42k +6 =0. 12
ap ap d§3 dé (a )nu' d€3 apl (déz) ( )

After some simplifications and calculations along with integrations, we can reach the following model

3
a;ﬁ% +3au4(i—g)2+(a3+2k)u3fl—g:0. (13)
For simplicity, if we reconsider in Eq.(13)
V= %7 (14)
we can rewrite Eq.(13) along with some easily calculation as following;
v
au2@+3auv2+(a3+2k)v =0. (15)

With balance principle, we obtain following relationship for m,n and M ;

M +m=n+2. (16)

This resolution procedure is applied and we obtain results as follows;
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Case 1.
If we take M = 3,m =2 and n = 6 in Eq.(16), then, we can write following trial solutions form as;

_ a0—|—a1F+a2F2—|—a3F3+a4F4+a5F5+a6F6 _ T

v by + b\ F + by F? g’ an
dx dv
v _ ¥ Ta
dé w2
and R
&Y av
&= w (18)

where % = wF +AF3,a¢ # 0,by # 0. When we use Eqs.(17,19) in the Eq.(15), we get a system of alge-
braic equations from the coefficients of polynomial of F . By solving this system of equations with the help
of some computational programs such as Mathematica, Matlap and Maple, it yields us the following coefficients;

Case.1.1. For w # A we can consider the coefficients as following;

—(a® 4 2k)by —(a® +2k)by —4y\/(a® +2k)Aby (@ +2k)by
apg = ,ap = ,ady = - )
3au 3au va 3au
_ & 3
s — 4/ (a® +2k)Ab; s = 827 by 44/ (a3 +2k)Ab; (19)
Va Va
) ) (a3 +2k)
= — b = — b = -
as 81 HD1, a6 81 oo, w ZM\/ZZ

Substituting Eq.(19) into Eq.(17) along with Eq.(14), we obtain the following exponential function solution to
Eq.(1) in the following form;

3 BV ;
) = St gan o e 2WAVE | 4hVaVE 12k
Sap Va3 +2k 3a
Va3 12k
e e e .
N7

ity u

40

20

Fig. 1. The 2D and 3D surfaces of Eq.(20) fora=0.1,c=3,d=4,u=0.1,A=k=0.2,y=2,, —15<x < 15,
—15 <t < 15 and t = 0.85 for the 2D graphic.
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100 |

Fig. 2. Contour surfaces of Eq.(20) fora=0.1,c =3,d =4,u =0.1,A =k =0.2,y =2, —280 < x < 280,
—280 <t < 280.

Case.1.2. For w #£ A we can consider the coefficients as following;

m_a b 4ir/(a’ + 2k)Abgy A 4iva® +2kAb; " —iva®+2k
0o—dy =Y, da — ——F~—— ,43 — W=
va Va 2pva
. 3 2
as = 4A (=22 by + ’—W),as — —822ub1,a5 = —8A2ubs, @1

Taking Eq.(21) into Eq.(17) along with Eq.(14), we find the following complex exponential function solution to
Eq.(1);

iV a3 42k i ; 3 Wik .
B0 L AT ey P E oy, A S b Vi e QUi
Va® +2k va Va® +2k

where A4, U, c,a, k are real constant and non-zero.

) D

Fig. 3. The 3D surfaces of Eq.(22) fora=1,c=2,u =3,A=04k=5,y=0.6, -1 <x < 1,0<t < 1
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Fig. 5. Contour surfaces of imaginary part of Eq.(22) fora=1,c=2,u =3,A =0.4,k=5,y=0.6, —280 <
x < 280, —280 <t < 280.
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Fig. 6. Contour surfaces of real part of Eq.(22) fora=1,c=2,u=3,A =0.4,k=5,y=0.6, —280 < x < 280,
—280 <t < 280.
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4. Conclusions

In this paper, we take use of the IBSEFM to obtain several results of DJKME with the help of some computational
programs such as Maple and Mathematica. These travelling wave solutions such as exponential and complex
function solutions have been obtained. Two- and three-dimensional surfaces along with the contour simulations
for both results have been also plotted by the same program. It can be seen that the IBSEFM is a simple,
powerful and original mathematical tool to find the exact solutions of the nonlinear system, and it can be
also extended to solve other nonlinear models, especially higher dimension nonlinear models and the coupled
nonlinear partial differential equations.
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1. Introduction

With the more sophisticated and deeper investigated tools, the studies conducted on the nonlinear evolution
equations (NLEEs) often leads to new findings in applied science. In recent decade, many sophisticated NLEEs
have been submitted literature. In particular, Kundu A. has proposed a higher-order nonlinear system [1]. G.
Zhang and his team have established a new mathematical structure of acoustic wake effect in aerosol acoustic
agglomeration [2]. Another novel model arising in natural gas science and engineering is belong to the R.
Ming and et al [3]. They have newly developed a model for developing the prediction of liquid loading in
horizontal gas wells. Moreover, they have conducted deeper investigation along with case study. Recently, Jun
Bi and his team have presented a new model to determine the thermal conductivity of fine-grained soils [4].
They have studied on a three-parameter model to calculate the thermal conductivity. Thermal conductivity
problems, one of the most important real world problems arising in environment, earth science, and engineering
applications, include vital parameters for mankind. The world has witnessed a giant natural disease being
Tsunami generated by earthquakes in 2011 in Japan. In this sense, Chunga K and Toulkeridis T have presented
a scientific work for the first evidence of tsunami as a major historic event [S]. When such real world problems
are modelled, mankind takes advantage of these diseases by converting it useful one. This is only possible by
investigating more and deeper in real bases. In this sense, all natural problems can be symbolized by using
various NLEEs. Moreover, many tools different studies to obtain the roots and to the better understanding
physical properties such mathematical models have been developed [6-22]. This paper includes the following
sections. We give general properties of Bernoulli sub-equation function method (BSEFM) in section 2. The
complex and exponential travelling wave solutions to the ’S-Integrable’ evolution equation (SIEE), which it is
defined as [23]

Uy — QY Uy + A llpoee = —6a1 €ttty + 10as (Eutty + 2€ 15100 — 3713y, (1)

are obtained in section 3. Finally, a comprehensively conclusion are given in section 4.

2. Description of BSEFM

BSEFM will be given in this sub-section [24, 25]. Therefore, we consider the following steps.
Step 1. We consider the following partial differential equation;

P(u, e, by, ty,...) = 0. 2)

“hmbaskonus @ gmail.com
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and take the wave transformation;
u(x,r) =U(M),n = kx—ct. 3)

where c, k are constants and can be determined later. By substituting Eq.(3), Eq.(2) converts a nonlinear ordinary
differential equation (NODE) as following;

NU, U U"U",..)=0. 4)

Step 2. Considering trial equation of solution in Eq.(4), it can be written as following;
m
U(n) =Y biF'(n) = bo+b1F (1) +b2F*(0) + ...+ buF™ (7). )
i=0

According to the Bernoulli theory, we can consider the general form of Bernoulli differential equation for F’ as
following;

F'=wF4+AFM w+#0,1#0,M c R—{0,1,2}. (6)

where F = F(1). Substituting above relations in Eq.(4), yields an equation of polynomia Q(F) ofF as
following;
Q(F) = psF*+ ...+ p1F +po = 0. 7

According to the balance principle, we can determine the relationship between m and M.
Step 3.Let the coefficients of Q(F) all be zero will yield us an algebraic system of equations;

pi=0,i=0,...,s. ®)

Solving this system, we will specify the values of by, by, ..., b,.
Step 4. When we solve nonlinear Bernoulli differential equation Eq.(6), we obtain the following two situations
according to w and A,
~2 E n
F(n)= {erew(Ml)n} wFEA )
(E —1)+ (E+ L)tanh(w(1—M)1})
1 —tanh(w(1—M)1)

F(n)= [

Using a complete discrimination system for polynomial of F , we solve this system with the help of computer
programming and classify the exact solutions to Eq.(4).

M
} .w=2A,E€R. (10)

3. Application of BSEFM

In this subsection of manuscript, we apply the method to the SIEE.

Example-1 Conducting the travelling wave transformation into the Eq.(1) in the following manner;

u(x,t) =U(§),& = kx —ct, an
where c, k are real constants, it can be obtained the following nonlinear equation;
AU du a’U
577(5 3 3
azk U( ) —alk dig’ +6018kU% — 10a2£k UTés
au d*U au  dU
—20a2ek> —— = +30ake’U* — — c— =0. 12
ap dE déz + 30ay dE cdé (12)

When we integrate Eq.(12) along with & and getting to the zero of integration constant, we can find the following
model

d*U d*U au
akPU® — a1k3d—§2 - 10a28k3Ud—§2 — 5a28k3(%)2 + 10a2ke? U3 + 3a1keU? —cU =0.  (13)

With the help of balance, it can be written the following relationship for m and M ;

2M = m+2. (14)
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Case 1.
If we take M = 3 and m = 4 then, we can write the following trial solution form as;

U = b+ biF 4+ byF? 4+ b3F> + by F*
du
¢

5)
‘v
dé4
where % =wF + AF?,by # 0. When we use Eqs.(15) in the Eq.(13), we get a system of algebraic equations

from the coefficients of polynomial of F' . By solving this system of equations with the help of some computa-
tional programs such as Mathematica, Matlap and Maple, it yields us the following coefficients;

Case.1.1. For w # A we can consider the coefficients as following;

—(15 30 —80iv/10cA+/b —200
by = %m,bl =0,by = MJH ) = #’
[475) 13 \/gealf 39a7
H
L 320000c°A%a; —39iV/3a} {16
- 4 - 3
P leg 400y/T0ca]
Substituting Eq.(16) into Eq.(15), we obtain the following new complex exponential function solution to Eq.(1);
a(—15—=+30) a 2400cA
B T ;
€ay €ay s (heet) 39iv3a 2
4000cA + 230l 0e0
a3
(kx—ct) 39i\/§al%
280000c%A%a3 3 5
\ ——%—@1(400mclaf +117iEale ~ 20eVaf )72 17

aor,

Fig. 1. The 3D surfaces of Eq.(17) fora; =2,6 = —0.2,a0 =0.3,c = 04,1 =001,E=2, -2 <x <2,
0<r<l1.
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Fig. 2. The 2D surfaces of Eq.(17) fora; = 2,6 = —0.2,a, =0.3,c =0.4,A =0.01,E =2, = 0.85, -8 <
x < 8.

Fig. 3. Contour surfaces of Eq.(17) fora; =2,6 = —0.2,a; = 0.3,c = 0.4,A = 0.01,E =2, —80 < x < 80,
—80 < r < 80.
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Fig. 4. Contour surfaces of combination of both sides of Eq.(17) fora; =2,6 = —0.2,a, =0.3,c =0.4,1 =
0.01,E =2, —-80 < x < 80, —80 < r < 80.



Case.1.2. For w # A we can consider another coefficients as following;

—(15++/30 80iv/10cA —200
by = %,bl =0,by = MJ’S =0,k= #7
Ear 13\/§8a17 39(11
5
320000c212a3 39iv3a?
by = ol S iv/3a; - (18)
181eg, 400\/10ca;

Substituting Eq.(18) into Eq.(15), we obtain the following another new complex exponential function solution
to Eq.(1);

et 39i\/§a1%
2808000iv/30cEAas 4 -
IC H2
wo(,1) = oot (~15 /30 + iV30cEAajaj e : o
100ea, —
(kx—ct) 391\/§al S

W

3 3
(117iEa} +400iv/30cAaj e 200e/T007 )2

Fig. 5. The 3D graphs of Eq.(19) fora; =2, =1,a, =02,c=04,A=0.1,E= -2, -2<x<2,-2<t<2.
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Fig. 6. The 2D graphs of Eq.(19) fora; =2,e =1,a0=0.2,c=0.4,A =0.1,E=-2,1 =0.85, — 12 <x < 12.
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Fig. 7. The Contour graphs of Eq.(19) fora; =2,e = 1,ap =0.2,c =04,A =0.1,E = -2, —18 < x < 18,
—18 <t < 18.
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Fig. 8. Contour surfaces of combination of both sides of Eq.(19) fora; = 2,6 = 1,ap =0.2,c = 04,1 =
0.LE=-2,—-18<x< 18, —18 <t < 18.

4. Conclusions

In this paper, we have applied the BSEFM into the SIEE. Several complex travelling wave solutions have
been obtained. Two- and three-dimensional surfaces along with the contour simulations for both results have
been also plotted by using computational programs such as Maple and Mathematica. Contour surfaces of
combination of both sides of results have been also drawn. These solutions have been newly presented to

the literature. To the best of our knowledge, the application of BSEFM to the SIEE has been not submitted
beforehand.
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Keywords: Abstract: In this study, the definition of suborbital graphs of the type
Suborbital Graphs, a bM ) o ) . ) )
Basic Congruence Groups, o d ) its transitive and invariant state on the set of generalized rational

Transitive and Ing@giant; numbers, basic congruence groups, number of basic congruence groups and some

of its other features have been tried to be examined with the help of definitions

and theories of basic graph theories. T'y(n) = {< CCZ 2 ) €T : ¢ =0(modn)}

is connected to the congruential basis n and I'o(L,M) = {( caL bz/[ ) el:

a,b,c,d € Z,ad —bc(LM) = 1} is connected to L. Furthermore, it has been shown
that T'o (L, M) moves on Q in an imprimitive way, thus, by defining the G-invariant
equivalence relation, a different equation relation on I'g(L, M) is defined which is
different from universal and identity equivalence relations.

1. Introduction and Preliminaries

az+b

In graph theory,I' = {F : z — €57

2a,b,c,d € Z,ad — bc = 1} is defined as a subgroup of modular group.

More specifically, this subgroup can be written as I' = {( Z Z

subgroup moves on transitively on generalized rational numbers (@ = QU0). For example, If ¢ and % €eQ

are taken as 6(%) = %, you get ¢ € I'. Because, for y,¢ €T,

from the equation of y(e0)=% = co=y~!(£) and (p(oo):% = oy! (%):g
cyou get (@y ') ¢=5 = o(£)=7 .

Then ¢ € Q in reduced form, itis (a,c) = 1 and for x,y € Z, ax —cy = 1.

So, itis g = (Z §>€Fandg(oo): <ccl ;C><(]) >: < i > . In other words, % orbits on e and I

> ta,b,c,d € Z,ad —bc = 1} . And this

moves transitively on Q.

Any point on I' has infinite periods. Suppose that, Q = 2 € T equals to Q for Q(e0) = oo,

~soae= (¢ ) (0)=(¢)=(o)

= a =1, ¢ =0. From this definition, we getdetQ =1,ad —bc=1=d =1,Vb € Z.
So, itis Q = < Z b ) = ( Lo ) €l CI,Vb e Z. Thus, I'. is a group with infinite periods produced

d 0 1
1 1
by<01>.

*gokcan4385@gmail.com
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Basic congruence subgroup for I is defined by I'(n) = {( i Z sa=d=1,b=c=0}. In addition to this,
some the other subgroups containing the basic congruence subgroup is defined in the following way.
l"l(n):{(z S)EFZaEdEl,CEO(modVL)}

a b
Fo(n):{( ¢ d )eF:CEO(modn)}

a b _
) ={ e d €I': b =0(modn)}

a b

IH(n) {( e d ) €l:b=c=0(modn)}

Among these equivalence groups, there is an order as I'(n) < I'i(n) < I') < Ty(n)(I'°(n)).The number of
basic congruence groups is defined by ¥(n) = [ (1+ %) For Vo € Q and g, g/; "~" equivalence relation is
well-defined by g(o) ~ g () < ¢ € gH.

Assume that I'y(n) = @ b €T :c=0(modn)} is an equivalence subgroup and it is v,yw € Q, g =
c d q group

(Z :)g':(;c I)erzwzg(fm):g(? :)(w)andw:g(m):g’<;‘ I)@o).

vawe g g € H=Ty(n)

-1 _ * * iy ES * Xk . * * |
J <—c a)ég g<—c a)(y *)(ay—cx *)GHFO(n)

ay — cx = 0(modn).
2. Main Results

a b

We have given some features of I' = { ( ¢ d ) a,b,c,d € Z,ad — bc = 1} in the introduction section. In

this section, the same features will investigated for suborbital graphs of the type I'o(L,M) = ( Ccz bf;[ )

2.1. Preposition

a bM

Let Ty(L,M) = < el d

) be a suborbital graph.
1. I'o(L, M) moves transitively on Q,
2. Any point has infinite periods in T (L, M).

Proof:(1.) If it is - and % €Qaso(g)= %, itequals to o € To(L,M).

As for 7,¢ € Ljitis y(o0)=4 = co=y~(4) and @(c0)=2 = @y~ 1( &)=L

(@r )=t = o(p)="" .
Then we get 7 € @ in redeuced form, (a,cL) = 1 and for 3x,y € Z, ax— cLy = 1.

[ a x [ a x 1Y [ a 4 bt on e
Sog< oLy ) €To(L,M) and g( )< . ) ( 0 >< L > < orbit on oo and I'g (L, M) moves

~

on transitively on Q.
a bM

(2.) Assume that Q = oL d € I'y(L,M) and Q for Q(e0) = oo and similarly, o = § = Q(0) =

(& 3)(o)=(a)=(o)

= a =1, cL =0. From this definition, we get detQ =1, ad —bc(LM) =1=-d =1 and Vb € Z.

Soitis Q= < c‘z b?l/[ ) = ( (]) bjlw ) €Tlw(L,M) CTy(L,M),Vb € Z. Thus, I'w(L,M) is a group with
infinite periods produced by (1) }
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2.2. Definition

To(L,M) = {( caL bg/l ) el:a,b,c,d,L,M € Z,ad — bc(LM) = 1} equivalence obtained from I'(L,M) =

cL d
following:

rL,m) = {( a bM ) el(L,M):a,b,c,d, LM € Z,ad —bc(LM) = 1,bM = 0(modM) }

{( a bM ) €T :a,b,c,d, LM € Z,ad — bc(LM) = 1}.In addition to, we can write equivalences in the

cL d
IY(L,M) = {( CLZ bj‘l/[ ) el(L,M) :a,b,c,d,L,M € Z,ad — bc(LM) = 1,bM = 0(modM),cL = 0(modL)}
Among these equivalence groups have I'(n) < I'(L,M) < T9(L,M) < To(L,M) <T or I'(n) < T(L,M) <
TQ(L,M) <T°(L,M) <T.

2.3. Preposition

Let number of basic congruence groups of I'o(L, M) be ¥ (L, M).

W(L,M)=|T": To(L,M)| = LTT; (1+3).

2.4. Example

Fo(3,7)={< 1113 1; ) €To(L,M):11,1,2,3,7 € Z,11.2—1.1(7.3) = 1,1.3= 0(mod3) } ¥(3,7) = 8.

Solution: \¥(3,7)=|I": To(3,7)| = 3115 (1 + 3)

=3T3+ %)
=3(1+1)(14+5)=325=8

2.5. Preposition

Let I'g(L,M) be an suborbital graph and L, M are prime numbers.
[T To(L,M)| =[To(L,M) : TY(L,M)|= L=1+ ;- and M =1+ 115
a bM

oL d > el:a,b,c,d,L,M € Z,ad —bc(LM) = 1} and

Proof. Let I'o(L,M) = { (

IY(L,M)= {( c‘z bfi‘/[ ) e(L,M):a,b,c,d, LM € Z,ad — bc(LM) = 1,bM = 0(modM ), cL = 0(modL)}.
In the ¥(L,M)=|T": T(L,M)|, the equality depend on L but we let in the ¥(L,M)=|T1 5 : T)(L,M)| depend
only M, because cL is fixed on both sides of the equation.

[T+ To(L,M)| =|To(L,M) : TH(L,M)|

LTTp (14 5)=MIT (1+ 1)

Then K and M and prime pe {1,L}, ke {1,M}.

L(1+ ) (14 1) =M (1+1) (1 + )

L2.(14+4)=M2.(1+ )

L(1+4)=M(1+7)

L_lty
M_l+{
L=1+andM=1++
L=lt+g=1+r=1+ =1+ —r— =1+ %
L 1+ Hﬁ Hﬁ
T T
M=1+g=1+ =1+t =1+ =1+
M 1+ H’ﬁr |+1+%
T T
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2.6. Preposition

ForVn € N, To(L,M) <To(L,M) <Tandn> 1, [(L,M) < To(L,M) <T. So I'(L,M) moves as impritive
on Q.
Proof. We have to define a equivalence relation which is different from universal and identity relations to show

a bM ) eT:a,b,c,d,L,M € Z,ad —be(LM) = 1,cL =

that you move as impritive. Let Ty(L,M) = {( N R4

0(modL)} is an congruence subgroup and v,w € Q equals to v = g(e0) = ( C‘z : ) (o) and w = g (c0) =

X ok ’
(y . ),forg,g eTo(L,M).

* *
—cL a

-1/ * * X  *x . * * B B _
¢ g_<_CL a)(y *)_(ay—ch *)EH_FO(L’M)’CW cLx = 0(modL).
X

ay —cLx =0(modL) = ay = cLx = [ =

Then v~ w< g 'g € H=Ty(L,M) and g~ '=

[l

a -~

a X
L L y

~ a ~ X
V~W<:>CL~Ly.

3. Conclution

Transitive and invariant state, basic congruence groups, number of basic congruence groups and some of its
other features of I are investigated for I'g(L,M) and are obtained the same conclutions. The conclutions of
['o(L,M) can be examined for (L, M) and I)(L, M). In addition to this, continuous fractions are obtained in
the 4.5 Preposition.From the definition of continuous fraction, we get Fibonacci quadtaric equation.
L:1+ﬁ:1+%:1+%zw

1+ +1 L+1
L= o 24 L=2L+1=1*-L-1=0
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1. Introduction and Background

The concept of convergence of real sequences has been extended to statistical convergence independently by
Fast [10] and Schoenberg [31]. The concept of ordinary convergence of a sequence of fuzzy numbers was
firstly introduced by Matloka [14] and proved some basic theorems for sequences of fuzzy numbers. Nanda
[18] studied the sequences of fuzzy numbers and showed that the set of all convergent sequences of fuzzy
numbers form a complete metric space. Sencimen and Pehlivan [32] introduced the notions of statistically
convergent sequence and statistically Cauchy sequence in a fuzzy normed linear space. Reddy and Srinivas [25]
studied statistical convergence in fuzzy n-normed linear spaces. Tiirkmen and Cinar [34] presented analogues in
fuzz normed linear spaces of the results given by Fridy and Orhan [13] and Ttirkmen and Diindar [37] studied
lacunary statistical convergence of double sequences in fuzzy normed linear spaces. Recently, Savas [29, 30]
studied on I -lacunary statistical convergence of weight g of fuzzy numbers and on lacunary p-summable
convergence of weight g for fuzzy numbers via ideal.

Fuzzy sets are considered with respect to a nonempty base set X of elements of interest. The essential idea is that
each element x € X is assigned a membership grade u(x) taking values in [0, 1], with u(x) = O corresponding to
nonmembership, 0 < u(x) < 1 to partial membership, and u(x) = 1 to full membership. According to Zadeh
[38], a fuzzy subset of X is a nonempty subset { (x,u(x)) : x € X} of X x [0, 1] for some function u : X — [0, 1].
The function u itself is often used for the fuzzy set.

A fuzzy set u on R is called a fuzzy number if it has the following properties:

1. u is normal, that is, there exists an xo € R such that u(xp) = 1;

2. u is fuzzy convex, that is, forx,y € Rand 0 <A <1, u(Ax+ (1 —A)y) > min[u(x),u(y)];

3. u is upper semicontinuous;

4. suppu = cl{x € R: u(x) > 0}, or denoted by [u]o, is compact.

Now, we recall the basic definitions and concepts [1, 2, 4, 6-13, 15-17, 20-24, 26-28, 32-36].

Let L(R) be set of all fuzzy numbers. If u € L(R) and u (1) = 0 for # < 0, then u is called a non-negative fuzzy
number. We write L*(R) by the set of all non-negative fuzzy numbers. We can say that u € L*(R) iff uy, > 0
for each o € [0,1]. Clearly we have 0 € L(R). For u € L(R), the o level set of u is defined by

], = {xeR:ulx)>a}, if ae(0,1]
o = suppu, if 0 =0.

A partial order < on L(R) is defined by u < v if uy < vy and uf; <v} forall a € [0,1].

“Presented by Muhammed Recai Tiirkmen, mrtmath @ gmail.com
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Arithmetic operation for 7 € R, ®,5,® and @ on L(R) x L(IR) are defined by
(V) (1) = Supeg {u(s) Av(t—s)t (W) (1) = supyeg {u(s) A (s— 1)},
(4 v) (1) = Supac o0 {1 (5) Av(t/s)} and (u @) (1) = supyes {u (51) A (5)}.
For k € RT, ku is defined as ku (t) = u(¢/k) and Ou () = 0, ¢t € R.

Some arithmetic operations for oc—level sets are defined as follows:

u,v € L(R) and [u], = [ug,u] and [v], = [vg,vE], o € (0,1]. Then,

@ v)y = [ug +vg,ug +vgl,

S V] = g — v, ug —vql,

[uOV], = Uy vy, ug-vy] and

[fou],= L L] uz>o0.

For u,v € L(R), the supremum metric on L(R) defined as

D(u,v) = sup max{|ug —vy|,|ug —vgl|}-
0<a<l1
It is known that D is a metric on L(R) and (L(R), D) is a complete metric space.
A sequence x = (x) of fuzzy numbers is said to be convergent to the fuzzy number xy, if for every € > 0
there exists a positive integer ko such that D (x,xo) < € for k > ko and a sequence x = (x;) of fuzzy numbers
convergens to levelwise to xg iff ]}grolo (X&) o = [x0], and ,}EE, [e]q = [0l where [xi], = [(x)y - (xk) s ] and

ol = [(%0) g » (x0) & ], for every e € (0, 1).

Let X be a vector space over R, ||.|| : X — L* (R) and the mappings L; R (respectively, left norm and right norm)
:[0,1] x [0, 1] — [0, 1] be symetric, nondecreasing in both arguments and satisfy L(0,0) =0 and R(1,1) = 1.
The quadruple (X, ||.||,L,R) is called fuzzy normed linear space (briefly (X, ||.||) FNS) and ||.|| a fuzzy norm
if the following axioms are satisfied

1. ||lx|| = 0 iff x = 0,
2. ||rx|| = |r|@||x|| forx € X, r e R,

3. Forallx,y e X
@) |lx+y[l (s +1) = L(|lx] (5), [[y[| () , whenever s < lx[|, ,t <[]y]l; and s+7 < |x+yl,,
() [lx+yll (s+2) < R(|lxl[ (s), [[y]| (), whenever s > lx[|; 2 > [|y]l; and s +7 > [x+yl; -

Let (X, |.||-) be an ordinary normed linear space. Then, a fuzzy norm ||.|| on X can be obtained by

0 if 0<r<al|x||c or 1>b|x||c
t
Ixl()=4 T=ae ~T-a allxllc<t<|lxl¢c
- b
(hfl)i\xHC +5o7 lIxllc<t<bllx]lc

where ||x|| is the ordinary norm of x (#0), 0 <a < 1 and 1 < b < c. For x = 0, define ||x|| = 0. Hence,
(X, |I-I) is a fuzzy normed linear space.

Let us consider the topological structure of an FNS (X,]|.]|]). For any € >0, € [0,1] and x € X, the (g, &) —
neighborhood of x is the set A5 (€,@) = {y € X : |[x—y||; < €}.

Let (X,]|.||) be an FNS. A sequence (x,),_; in X is convergent to x € X with respect to the fuzzy norm on X

and we denote by x, @{x, provided that (D) — lim,_ ||x, — x|| = 0; i.e., for every & > 0 there is an N (¢) € N
such that D (||x,1 —x]| ,6) < g forall n > N (€). This means that for every € > 0 there is an N (&) € N such that
foralln > N (€), supgeo 1) [|1Xn —x|| & = —xllg <e.

Let (X, ||.||) be an FNS. A sequence (x;) in X is statistically convergent to L € X with respect to the fuzzy norm
on X and we denote by x, = x, provided that for each € > 0, we have § ({k € N: D (|lx¢ —L||,0) > ¢}) =

This implies that for each € > 0, the set
e)={keN: e —L||g > e}

has natural density zero; namely, for each € > 0, ||x; — L||j < ¢ for almost all k.

Let n € N and let X be a real linear space of dimension d > n. A real valued function |[|-,-,...,-|| on
X x X x .-+ x X satisfying the following conditions:

(S ——

n
Ny @ ||x1,x2, ..., X, || = 0 if and only if x1,x2, ..., x, are linearly dependent,

nNy : ||x1,x2, ..., %, is invariant under any permutation of xj,x2, ..., X,
nN3 : |laxy,xz, ... x| = |ot] ||x1,%2, ..., X, || for all & € R,
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ANy ||y + 2,52, s Xn || <95 %25 Xl + ||z, %2, -+, X0 || for all y,z,x2,...,x, € X, then the function |-, -,...,-|| is
called an n—norm on X and pair (X, ||-,,...,-||) is called n—normed space.

Let X be a real linear space of dimension d, where 2 < d < . Let |-, -, ...,|| : X" — L* (R) and the mappings
L; R (respectively, left norm and right norm) : [0, 1] x [0, 1] — [0, 1] be symetric, nondecreasing in both arguments
and satisfy L(0,0) =0 and R(1,1) = 1 then the quadruple (X, |-,-,...,-||,L,R) is called fuzzy n—normed linear
space (briefly (X, ||-,-,...,-||) FaNS) and ||-,-,...,|| a fuzzy n—norm if the following axioms are satisfied for
every y,x1,x2,...,x, € X and s, € R

FnNy 2 ||x1,x2, ..., X, || = 0 if and only if x,x7, ...,x, are linearly dependent vectors,

SnNy @ ||x1,x2, ..., x,|| is invariant under any permutation of x1,x, ..., X,

SaN3 |oxy,x, . X || = | 0] X1, X2, ..., x| for all @ € R,

faNg 2 |lxr +y,x0, x| (s+1) > L(||x1,22, ..., %] (5), ||y, %2, ..., Xa || (£)) Whenever s < ||x1,x2,....%,]|] , <
v, 22, ..., xnlly and s+ < ||x1 +y,22, ..., %||{ »

fnNs : Hxl +2/,x2,...,xn|| (s+t) < R(Hxhx%:'vxnu (S)a||yax2a~-~aan (t)) whenever s > H)ﬁ],Xg,...,an;, t+2
Iy, 22, ..., xn|l; and s+ > ||x1 +y,x2,...,x, ||, Where [||x1,x2,....%,]|]4 = [||x1,xQ,...,ana , ||x1,x2,...,x,,||a}

for x1,x2,...,x, € X,0 < o <1 and iI[lf | lX1,%2,...,%,]| > 0. Hence the norm ||-,-,...,-|| is called fuzzy
acl0,1

n—norm on X and pair (X, ||-,-,...,-||) is called fuzzy n—normed space.

Let (X,],-,...,||) be fuzzy n—normed space. A sequence {x;} in X is said to be convergent to an element

x € X with respect to the fuzzy n—norm on X if for every € > 0 and for every 25,z3,...,2, # 0, 22,23, ...,2n € X,
3 a number N = N(¢g,22,23, -.-,2n) such that D (||xk —X,22,23; -5 Zn| ,5) < & Yk > N or equivalently (D) —
]}ilgo|\xk—x,z2,z3,...,zn|| =0.

Let (X,]|,-,...,"||) be fuzzy n—normed space. A sequence {x;} in X is said to be statistically convergent to
an element x € X with respect to the fuzzy n—norm on X if for every € > 0 and for every 25,23, ...,2, # 0,
22,23,...,2n € X, we have 8 ({k eN:D (||xk —X,22,23, -5 Zn| ,6) > 8}) =0.

By a lacunary sequence we mean an increasing integer sequence 6 = {k,} such that ko =0 and h, =k, —k,_| —
o as r — oo. The intervals determined by 6 will be denoted by I, = (k,—1,k;].

Let (X,]|.||) be an FNS and 6 = {k,} be lacunary sequence. A sequence x = (x )N in X is said to be lacunary
summable with respect to fuzzy norm on X if there is an L € X such that

1 ~
rharghi (ZD(ka—L,O)) =0.

r \kel,

(

. | No)pn
In this case, we can write xy — L((Ng)py) O x4 — L and

(Ng)FN={X=(xk)Z}LII}m r (%,D(ka—um)) =0,for someL}.

A sequence x = (x;) in X is said to be lacunary statistically convergent or FSg—convergent to L € X with
respect to fuzzy norm on X if for each € > 0

1 -
}Ln}chfr\{kEI,:D(||xk—L\|,0) >e}|=0

. . FS
where |A| denotes the number of elements of the set A C N. In this case, we write x; — L or x; — L(FSg) or
FSg — limy_,..x;, = L . This implies that for each & > 0, the set K (€) = {k € I, : |[x, — L||; > &} has natural
density zero, namely, for each € > 0, ||x; — L||ar < g, for almost all k.

2. Main Results

In this section, we introduce the concepts of lacunary summable and lacunary statistically convergence fuzzy
n—normed spaces. Also, we investigate some properties and relationships between these concepts.
Throughout the paper, we consider (X, ||, ...,-||) be an FnNS and 6 = (k,) be a lacunary sequence.

Definition 2.1 A sequence x = (x;,;)men in X is said to be lacunary summable with respect to fuzzy n—norm
on X if there is an L € X such that

1 -
,ILH}Q;T, (Z D(|xm_L7Z17Z2»~~7Zn1“70)) =0.

mel,

N,
In this case, we write x,, — L((Ng) g,x) OF Xim Mo)ren 1 and
(No) oy = { (xm) : rlgroloh%( ZI D(||xm —L,z1,22,-.,20—1][,0)) = O, for some L}
mely
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Definition 2.2 A sequence x = (x,,) in X is said to be lacunary statistically convergent or FnSg—convergent to
L € X with respect to fuzzy n—norm on X if for each € >0

hm*HmeI D (|n —L,z1,22, -+, 201]],0) > €}| = @1

r—o0

In this case, we write Xm nJ L or Xy — L(FnSg) or FnSg — limy,_seX,, = L . This implies that, for each
€>0,theset K (e {m €l ||xm—L,21,225 s Zu 1||0 > 8} has natural density zero, namely, for each € > 0,

lem — Ly 21,225y 201 Ho < &g, for almost all m.
A useful interpretation of the above definition is the following;
X 28 [ % FnSp —1im ||t — L,21,22, ... 2u1 ||} = 0.
Note that FSg, — lim ||x,, — L,21,22, .-,20—1]|q = O implies that
FnSg —1lim ||x,, — L,21,22, .+, 2n-1||y = FnSg —lim ||x,, — L, 21,22, -,20-1]|5; = 0,
for each a € [0, 1], since
0 < Jxm — Ly 21,22 -y 2n—1ll g < %m — L121,225 s Zn—1llgs < 1¥m — L,21,225 - 201 l¢

holds for every m € N and for each o € [0,1] .

The set of all lacunary statistically convergent sequence with respect to fuzzy norm on X will be denoted by
FnSg = {x: for some L, FnSy —limx=L}.

Theorem 2.3 We have the following:

(i) X — L((No) ppy) = Xm — L(FnSp).

(ii) (Ng) p,y s a proper subset of FnSg.

Proof. (i) If x,, — L((Ng) g, )- then for given € > 0
Z D(”Xm _L7Z17Z27~"7Zn71H 76)

mel,
2 Z D(me_L,Zl7Z2,...,Zn71||,6)
mel,
D(llxm—Lz1 22,2n-11,0)>€
> E. |{m el :D(me —L,z1,20, ...7Zn,1|| ,()) > 8}‘ .

Therefore, we have

hm*HmGI D(me L,z1,22, 520 1” 0)>£}|_0

F—yoo

This implies that x,, — L (FnSg) .
(ii) In order to indicate that the inclusion (Ng) v C FnSp in (i) is proper, let a lacunary sequence 6 be given
and define a sequence x = (x,) as follows:

ifk,—1 <m<k—1+ [\/hr
Xm = r=1,2,...
0 otherwise.

Note that, x is not bounded. We have, for every € > 0 and for each x € X,

1 -
7 |{m S Ir:D(me—0,Z1,zz,...,zn,1|\ ,0) > £}|
y

= [\2}7’] —0, as r— oo,

That is, x,, — 0(FnSg). On the other hand

1 ~ 1
]’lf Z D<||xm_O7ZI7Z27-~-7Zn—1|| 70) = hf Z H-xmaZhZZa aZn—IHS
' mel, mely
_ 1 W] (VA +1)
hy 2
— 1 #0
) .
Hence, x,, - 0((No) ppy)- O
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Theorem 2.4 Let 0 be a lacunary sequence. Then, x = (X,) € Lo and X, — L(FnSg) = xm — L((Ng) ppy)-

Proof. Suppose that x € L., and x,, — L(FnSp).
Then, we say that D (||xm —L,21,22, s Zn—1]| ,6) < M for all m. Given € > 0, we get

1 ~
_ ZD(H)Cm*L,ZhZZ,---,Zn—I I ,0)

' mel,
1 ~
_ ™ Z D(me—L,Z17Z2,---,Zn—1||70)

r mel,
D(|ltm—L.z1,22,.--2n-1.0) >€
1 ~

+h7 Z D(||xm—L,Z17Z2>-~-,Zn—1||»O)

r mel,

D( llxm—Liz1,22, 5201 :6) <&

M -
< o {me L :D(|lxn—L,z1,22,-...,20-1]],0) > €}| +e.

Hence, x,, — L((No) gy )- O
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1. Introduction and Background

The concept of convergence of a sequence of real numbers has been extended to statistical convergence
independently by Fast [9] and Schoenberg [32]. A lot of developments have been made in this area after the
works of Salét [28] and Fridy [11]. In general, statistically convergent sequences satisfy many of the properties
of ordinary convergent sequences in metric spaces [9, 11, 26]. The idea of .#-convergence was introduced
by Kostyrko et al. [15] as a generalization of statistical convergence which is based on the structure of the
ideal .# of subset of the set of natural numbers N. Nuray and Ruckle [22] indepedently introduced the same
with another name generalized statistical convergence. Kostyrko et al. [16] gave some of basic properties of
#-convergence and dealt with extremal .#-limit points. A lot of developments have been made in this area
after the works of [17, 27, 34].

The concept of ordinary convergence of a sequence of fuzzy numbers was firstly introduced by Matloka
[19] and proved some basic theorems for sequences of fuzzy numbers. Nanda [21] studied the sequences of
fuzzy numbers and showed that the set of all convergent sequences of fuzzy numbers form a complete metric
space. Sencimen and Pehlivan [33] introduced the notions of statistically convergent sequence and statistically
Cauchy sequence in a fuzzy normed linear space. Hazarika [13] studied the concepts of .#-convergence, .¥ *-
convergence and .#-Cauchy sequence in a fuzzy normed linear space. Tiirkmen and Cinar [35] studied lacunary
statistical convergence in fuzzy normed linear spaces. Recently, Tiirkmen and Diindar [37] studied lacunary
statistical convergence of double sequences and Savag [30, 31] studied on I-lacunary statistical convergence of
weight g of fuzzy numbers and on lacunary p-summable convergence of weight g for fuzzy numbers via ideal.
In this paper, we introduce and study the concepts of lacunary .# —convergence, lacunary .¥*— convergence
with respect to fuzzy norm where .# denotes the ideal of subsets of N. Also, we study some properties and
relations of them.

Now, we recall the concept of ideal, convergence, statistical convergence, ideal convergence, lacunary conver-
gence, fuzzy normed and some basic definitions (see [1-12, 14, 18, 20, 22-26, 28-30, 33, 35-38])

Fuzzy sets are considered with respect to a nonempty base set X of elements of interest. The essential idea is that
each element x € X is assigned a membership grade u(x) taking values in [0, 1], with u(x) = 0 corresponding to
nonmembership, 0 < u(x) < 1 to partial membership, and u(x) = 1 to full membership.

According to Zadeh a fuzzy subset of X is a nonempty subset { (x,u(x)) : x € X} of X x [0, 1] for some function
u:X — [0, 1]. The function u itself is often used for the fuzzy set.

A fuzzy set u on R is called a fuzzy number if it has the following properties:

i) u is normal, that is, there exists an xo € R such that u(xp) = 1;
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ii) u is fuzzy convex, that is, for x,y € Rand 0 < A < 1,
u(Ax+(1—A)y) > minfu(x),u(y)];

iii) u is upper semicontinuous;

iv) suppu = cl{x € R : u(x) > 0}, or denoted by [u]o, is compact.

Let L(R) be set of all fuzzy numbers. If u € L(R) and u (1) = 0 for 7 < 0, then u is called a non-negative fuzzy
number. We have written L*(R) by the set of all non-negative fuzzy numbers. We can say that u € L*(R) if and
only if ug > 0 for each o € [0,1]. Clearly we have 0 € L(R). For u € L(R), the o level set of u is defined by

), = {xeR:ulx)>a}, ifae(0,1]
o = suppu, ifoa =0.

Some arithmetic operations for —level sets are defined as follows: u,v € L(R) and [u], = [uy,uf;] and
Mg = [vgovil, @ € (0,1]. Then

[uev]g = ug +ve g +vals [WSVlg = lug — v, ug —vel
[uOV], = lug vy, ug-v] . [i@u]a = [%,Mf} g > 0.
For u,v € L(R), the supremum metric on L(R) is defined as

D(u,v) = sup max {|uy —vg
0<a<l

ug -}

)

It is known that D is a metric on L(R), and (L(R), D) is a complete metric space. A sequence x = (x;) of fuzzy
numbers is said to be convergent to the fuzzy number xo if for every € > 0, there exists a positive integer ko
such that D (x¢,xo) < € for k > ko. And a sequence x = (x;) of fuzzy numbers convergens to levelwise to x, if
and only if lim [xi]o, = [xo], and lim [ g, = [x0]¢, where [xi] o, = [(%k)g » (¥k)a] and [x0], = [(x0)y » (0) ]
for every o € (0,1).

The statistical converge of fuzzy number defined as follows;

A sequence X = (X;) of fuzzy numbers is said to be statistically convergent to fuzzy numbers Xj if every € > 0,

1 =
lim —[{k <n:d (X, Xo) > €} =0.

Later, many mathematicians studied statistical convergence of fuzzy numbers and extended to fuzzy normed
spaces.

Let X be a vector space over R, let ||.|| : X — L*(R) and the mappings L;R (respectively, left norm and
right norm ) : [0, 1] x [0, 1] — [0, 1] be symetric, nondecreasing in both arguments and satisfy L(0,0) = 0 and
R(1,1) = L.

The quadruple (X, ||.||,L,R) is called fuzzy normed linear space (briefly (X, ||.||) FNS) and ||.|| a fuzzy norm if
the following axioms are satisfied

1) [|x|| =0iffx =6,

2) [|rx|| = |r| @ ||x]| forx € X, r € R,

3) Forall x,y € X

a) [lx+yl| (s +2) = L(|[x[| (s), [y]| ()) , whenever s < lx[l, ¢ < |ly[l; and s +7 <{lx+yl; ,

b) [lx+yl[(s+2) < R(llxl| (s),[ly]| (), whenever s > x|}, ,z > [|yl][,; and s+7 > [x+y]; .

Let (X, ||.||c) be an ordinary normed linear space. Then a fuzzy norm ||.|| on X can be obtained

0 if 0<t<al|x||c or >b||x||c
'
0= T4 alirle<r<lillc (1.1)
(hfli)hxuc 51 lIxllc<t<bllx]c

where ||x||- is the ordinary norm of x (# 0),

0<a<1land 1 <b < oeo. Forx= 0, define ||x|| =0.

Hence, (X, ||.||) is a fuzzy normed linear space. Sengimen has defined convergence in fuzzy normed spaces as
follows;

Let (X,]|.||) be an fuzzy normed linear space. A sequence (x,), _; in X is convergent to x € X with respect to

the fuzzy norm on X and we denote by x;, N x, provided that (D) — lim |x, — x|| = 0; i.e. for every & > 0 there
n—soo

is an N (g) € N such that D (Hx,, —x|| ,6) < g for all n > N (€). This means that for every € > 0 there is an

N (&) € N such that
sup [y — x| g = [lxn —xllg <&
ae0,1]
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foralln > N (g).

Let (X,]|.]|) be an FNS. A sequence (x;) in X is statistically convergent to L € X with respect to the fuzzy norm
on X and we denote by x, -3 x, provided that for each & > 0, we have & ({keN:D(|lxx—L|,0) > €}) =0.
This implies that for each &€ > 0, the set K (¢) = {k € N: ||x; — L||§ > €} has natural density zero; namely, for
each € >0, [[x¢ — L||g < € for almost all k.

By a lacunary sequence we mean an increasing integer sequence 60 = {k, } such that ko =0 and h, =k, —k,_ —
oo as  — oo, The intervals determined by 6 will be denoted by I, = (k,—1,k;].

Let (X,]|.||) be an FNS and 6 = {k,} be lacunary sequence. A sequence x = (X )ren in X is said to be lacunary
summable with respect to fuzzy norm on X if there is an L € X such that

i =l ~
rlgrolch—r (kEZI:rD(ka—Lf,O)) =0.

(

. . No)rn
In this case, we can write x; — L((Ng)py) or x, — Land

(No)py = {x = (x) hmhi, <Z D (|l —L|| ,6)) =0, for someL}.

e kel

A sequence x = (x) in X is said to be lacunary statistically convergent or F'Sg—convergent to L € X with
respect to fuzzy norm on X if for each € > 0

1imhi\{kelr:D(||xk—L||,6) >e}|[=0
r

r—roo

where |A| denotes the number of elements of the set A C N. In this case, we write x; ﬂ Lorx; — L(FSg) or
FSg —limy_,ox; = L . This implies that for each € > 0, the set K (¢) = {k € I, : ||xx — L||§ > €} has natural
density zero, namely, for each € > 0, ||x; — L||g < g, for almost all k.

Let X # 0. A class .# of subsets of X is said to be an ideal in X provided:

()0 € .7, (ii)A,B € .7 implies AUB € .7 ,(iii) A € .7, B C A implies B € .7.

& is called a nontrivial ideal if X ¢ .#. A nontrivial ideal .# in X is called admissible if {x} € .# for each
xeX.

Let X # (0. A non empty class .% of subsets of X is said to be a filter in X provided:

) 0& .7, (i) A,Be.Z impliesANB € .7, (ii))A € .%,A C Bimplies B € ..

Let . is a nontrivial ideal in X, X # 0, then the class % (#) = {M C X : (3A € #)(M = X\A)} is a filter on
X, called the filter associated with .#.

Let (X,].]|) be fuzzy normed space. A sequence x = (x;;)men in X is said to be .# — convergent to L € X with
respect to fuzzy norm on X if for each & > 0, the set A (¢) = {m € N : ||x,, —L||§ > &} belongs to .#. In this

case, we write x, £% I . The element L is called the .# —limit of (%) in X.
A sequence (x,,) in X is said to be .#* convergent to L in X with respect to the fuzzy norm on X if there exists a
set MEF(I),M={t:t1 <thp<---}C Nsuchthat}}im ||, — L|| = 0.

—300

2. Main Result

In this section, we gave the definition of lacunary .# —convergence and definition of lacunary .# —Cauchy in
fuzzy normed spaces. Also, we investigate some properties these concepts.
Throughout the paper, we let (X, ||.||) be an FNS and .# C 2 be an admissible ideal.

Definition 2.1 A sequence x = (x;;)men in X is said to be lacunary .# —convergent to L; € X with respect to

fuzzy norm on X if for each € > 0, the set {r eN: hL Y. D (|lxn—Li[,0) > 8} belongs to .#. In this case,
" mel,

. 57 . . ..
we write X, ] Ly or x,; — Ly (F%) or F.%g — limx,, = L . The element L; is called the F.%g—limit of
m—oo
(%) in X.

Lemma 2.2 Let (X, ||.||) be a fuzzy normed space, and x = (x,) be a sequence in X . Then, for every € > 0, the
following statements are equivalent.
a) F Iy — lim x, =L,

m—soo

b {renid ¥ bn-wlize}es,

meJ,
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c) {rEN: LY xm—Lill§ <£} EF(Y)
rmEJ,
d)F Iy — lim |x,, —Ly||g =0
m—yoo

Theorem 2.3 Ler (X,|.||) be a fuzzy normed space. If a sequence x = (x,,) in X is lacunary .¥ —convergent
with respect to fuzzy norm on X, then F %9 — limx is unique.

Proof. Suppose that F.%g —limx = L; and F .#p — limx = L,. Then for any € > 0, define the following sets;

A1 = reN: /’TZ ||xm LIHO 72
"' meld,

E

Ay = reN: FZ me LZHO Z3
" med,

Since F %y —limx = L and F.%g — limx = L, using Lemma 2.2, we have A| € .# and A; € . for all € > 0.
Now, let A3 = Aj UA,. Then A3 € .#. This implies that its complement (A3) is a non-empty set in F (.%).
Now, if 7 € (A3)¢, then we have

i Z o —Lill§ < = and — Z otm — La|lg < E

" meJ, ’ meJ,

Now, clearly, we will get a p € N such that

+
o =Lally < - X lon—Lall§ < 5 and ey =L < - % llom—Lallf < 3.
"' meld, "' meld,
Then, we have ||L; fLZH[)" < Hx,, —L ||(J)r + ||x,, szHg <€
Since & > 0 is arbitrary, we have ||L; — L, ||j = 0 which implies that L; = L,. Therefore, we conclude that
F %5 — limx is unique. O

Theorem 2.4 Let (X, ||.||) be a fuzzy normed space and (x,) , (ym) be two sequences in X. Then,
i) If F .99 —limx,, = Ly and F %y —limy,, = L, then F %y — im (x,, Fym) = L1 F L2;
ii) If F %y — limx,, = L, then F %y —limcx,, = cL; for c € R—{0}.

Proof. i) We shall prove, if F.%y —limx,, = L, and F %y — limy,, = L, then F.%g — lim (X, + ym) = L + Lo,
only. The proof of the other part follows similarly. For any € > 0, define the following sets;

A = {FGN ],TZHX'" L]”O_z}

"' mel,

1 £
A = {FGNihZ |ym—L2||§22}7

"' mel,

Since F %y — limx,, = L| and F %y — limy,, = L, using Lemma 2.2, we have A| € . and A; € .¢ for all
£>0.

Now, let A3 = A; UA;. Then A3 € .#. This implies that its complement (A3)¢ is a non-empty set in F (.%). We
claim that

1
(A3)C C {rEN: W Z ||xm—L1+ym—L2||aL < 8}.

"' meld,

Let r € (A3)°, then we have

- Z l[%m — Li[|g < —and— Z [ym — Lal§ <<

’me], rmEJr 2
Now, we will get a p € N such that
b =Ll < Z o —Lillg < 5 and [l ~Lal] < Z bm = Lally <

mEJr mEJ,

Then, we have pr —Li+yp —LZHS < pr —Llug + pr —LgHg <€
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Hence,

. 1
(A3)‘ C {rEN: W Z ||)Cm—L1—‘y-ym—LzH(J)r < 8}.

"' meld,

Since (A3) € F(¥), so {rEN: h% y ||(xm+ym)—(L1+L2)||§>£} €7

meJ,
Therefore F.%y — lim (x,,, + y) = L1 + Ls.
ii) Let F %y — limx,, = L;. Then, for each € > 0 and ¢ € R— {0}, we define the following set

1 = \£
Alz{reN:hZ me_LIHO <|C|}

"' med,

SoA; € F(#).Let r € A then we have

1 €
- ||xm*L1||3_ & —
e, B
le| + €
— ) lxm—Lillyg < le|.—
& IPn =Ll "

1
h*ZMHXm*LIHS_ < &

"'meld,

1
h—ZHc.xm—c.LlH;{ < &

" mel,
Hence,
1
AjCqreN: — Z l|cxm —cLi|lg < €
hr melJ,
and
1
reN: — ¥ |cxm —cLi|lg < €p EF(F).
h’mGJr
Hence F.%y —limcx,, = cLq. O

Definition 2.5 Let (X, ||.||) be a fuzzy normed space. A sequence x = (x;,;) in X is said to be F.#y—Cauchy
sequence with respect to the fuzzy norm if, for every € > 0, there exists n € N satisfying

1
{reN:h Z |xm—xn||g<£}EF(ﬂ).

" mel,
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1. Introduction and Preliminaries

Throughout the paper N and R denote the set of all positive integers and the set of all real numbers, respectively.
The concept of convergence of a sequence of real numbers has been extended to statistical convergence
independently by Fast [14] and Schoenberg [41]. A lot of developments have been made in this area after the
various studies of researchers [14, 16, 26, 33].

The idea of I-convergence was introduced by Kostyrko et al. [19] as a generalization of statistical convergence
which is based on the structure of the ideal 7 of subset of the set of natural numbers N. Das et al. [5] introduced
the concept of I-convergence of double sequences in a metric space and studied some properties of this
convergence. A lot of developments have been made in this area after the works of [6, 20, 21, 29, 35, 43].
The concept of ordinary convergence of a sequence of fuzzy numbers was firstly introduced by Matloka [23]
and proved some basic theorems for sequences of fuzzy numbers. Nanda [28] studied the sequences of fuzzy
numbers and showed that the set of all convergent sequences of fuzzy numbers form a complete metric space.
Sencimen and Pehlivan [40] introduced the notions of statistically convergent sequence and statistically Cauchy
sequence in a fuzzy normed linear space. Hazarika [17] studied the concepts of /-convergence, I*-convergence
and /-Cauchy sequence in a fuzzy normed linear space. Diindar and Talo [11, 12] introduced the concepts of
I-convergence, I5-convergence, I>-Cauchy sequence for double sequences of fuzzy numbers and studied some
properties and relations of them. Hazarika and Kumar introduced the notion of />-convergent and /,-Cauchy
double sequences in a fuzzy normed linear space. A lot of developments have been made in this area after the
various studies of researchers [25, 38, 39, 44, 45, 47].

Now, we recall the concept of ideal, convergence, statistical convergence, ideal convergence of sequence, double
sequence and fuzzy normed and some basic definitions (see [1-3, 7-11, 13-16, 24-27, 29-33, 36, 37, 40, 44—
46])

Fuzzy sets are considered with respect to a nonempty base set X of elements of interest. The essential idea is that
each element x € X is assigned a membership grade u(x) taking values in [0, 1], with u(x) = 0 corresponding to
nonmembership, 0 < u(x) < 1 to partial membership, and u(x) = 1 to full membership. According to Zadeh
[48], a fuzzy subset of X is a nonempty subset {(x,u(x)) : x € X} of X x [0, 1] for some function u : X — [0, 1].
The function u itself is often used for the fuzzy set.

A fuzzy set u on R is called a fuzzy number if it has the following properties:

1. u is normal, that is, there exists an xo € R such that u(xp) = 1;
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2. u is fuzzy convex, that is, forx,y € Rand 0 <A <1, u(Ax+ (1 —A)y) > min[u(x),u(y)];
3. u is upper semicontinuous;
4. suppu = cl{x € R: u(x) > 0}, or denoted by [u]o, is compact.
Let L(RR) be set of all fuzzy numbers. If u € L(R) and u(¢) = 0 for t < 0, then u is called a non-negative fuzzy
number. We write L*(IR) by the set of all non-negative fuzzy numbers. We can say that u € L*(R) iff u, >0
for each o € [0,1]. Clearly we have 0 € L(R). For u € L(R), the o level set of u is defined by

1] :{ {xeR:ulx)>a}, if ae(0,1]

o suppu, if a=0.

A partial order < on L(R) is defined by u < v if uy, < v, and uj, < v, forall a € [0,1].
Arithmetic operation for r € R, ®,5,® and @ on L(R) x L(R) are defined by
(u@v) (1) = sup,er {u(s) Av(r—s)}, (S ) (t) = supyeg {u(s) Av(s—1)},
(u©V) (1) = sup;eg 20 {u(s) Av(1/s)} and (u@v) (1) = sup,cg {u(st) Av(s)}.
For k € RT, ku is defined as ku (t) = u(t/k) and Ou(t) = 0, € R.
Some arithmetic operations for oc—level sets are defined as follows:
u,v e L(R) and [u], = [ug,ug] and [v], = [vg,vg], & € (0,1]. Then,
]y = [ug +vg,ug +val, WOV]g = [ug — Vv, ug —val,
O], = g Vg, ugvg) and [Tou], = é,%} Ly > 0.
For u,v € L(R), the supremum metric on L(R) defined as

D (u,v) :Oigglmaxﬂu&7v5|,|u37v$|}.

It is known that D is a metric on L(R) and (L(R), D) is a complete metric space.

A sequence x = (x) of fuzzy numbers is said to be convergent to the fuzzy number x, if for every € > 0
there exists a positive integer ko such that D (x;,xo) < € for k > ko and a sequence x = (x;) of fuzzy numbers
convergens to levelwise to xg iff 1}1_{130 %] = [%0], and ,}5‘30 [te]q = [xolg» where [xi]o = [(xk)g » (%) ] and

[x0]q = [(x0) g » (x0) & |- for every o € (0, 1).

Let X be a vector space over R, ||.|| : X — L* (R) and the mappings L; R (respectively, left norm and right norm)
:10,1] x [0,1] — [0, 1] be symetric, nondecreasing in both arguments and satisfy L (0,0) = 0 and R(1,1) = 1.
The quadruple XN, L,R) is called fuzzy normed linear space
(briefly (X,]|.]]) FNS) and ||.|| a fuzzy norm if the following axioms are satisfied:

1. x| =0iffx=0,
2. ||rx|]| = |r|@|x|| forx € X, r e R,

3. Forallx,y e X
@) [|x+ [l (s+1)
(b) [lx+yl[ (s +1)

L (x| (). I (1)) . whenever s < [lx|[; .t < [y} and s+ < o+l
R (Il ). Y] () . whenever s > [lxl[;.¢ > [lylI7 and s+1 > [+ 3]l

IN IV

Let (X, ||.]|) be an ordinary normed linear space. Then, a fuzzy norm ||.|| on X can be obtained by

0, if0 <t <alx|corz>b|x|c
X[ (1) =4 ="~ Toa alxlle <1 < |xlc
= b
T T I¥lle < < bl

where x| is the ordinary norm of x (#0),0 < a < 1 and 1 < b < . For x = 0, define ||x|| = 0. Hence,
(X, |I-I) is a fuzzy normed linear space.
Let us consider the topological structure of an FNS (X, ||.]|). For any € >0, € [0,1] and x € X, the (g, ) —
neighborhood of x is the set A5 (€,@) = {y € X : |x—y||; < €}.
Let (X,]|.||) be an FNS. A sequence (x,),_; in X is convergent to x € X with respect to the fuzzy norm on X
and we denote by x, gvx’ provided that (D) — lim,_,« ||x, —x|| = 0; i.e., for every & > 0 there is an N (¢) € N
such that D (||x,Z — x| ,6) < g forall n > N (g). This means that for every € > 0 there is an N (&) € N such that
foralln > N(e), sup |lx, —x||} =[x, — x|l <e.

ae0,1]
Let (X, |.||) be an FNS. A sequence (x;) in X is statistically convergent to L € X with respect to the fuzzy norm

on X and we denote by x, -3 x, provided that for each & > 0, we have & ({keN:D(|lxx—L|,0) > €}) =0.
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This implies that for each € > 0, the set K (¢) = {k € N: ||x; —L||§ > €} has natural density zero; namely, for
each € > 0, |[x¢ — L||g < € for almost all k.
Let (X, ]|.|]) be an FNS. Then a double sequence (x ) is said to be convergent to x € X with respect to the fuzzy

,6) <e, forall jk>N.

norm on X if for every € > 0 there exist a number N = N (€) such that D (ijk —x|

. . FN, . .
In this case, we write xj; — x. This means that, for every € > 0 there exist a number N = N (€) such that

g . FN .
sup ijk —xH; = ||xjk —xH(J)r < g, for all j,k > N. In terms of neighnorhoods, we have x;; — x provided
1]

that for any € > 0, there exists a number N = N (&) such that xj; € .45 (€,0), whenever j,k > N.

Let X # 0. A class I of subsets of X is said to be an ideal in X provided:

()0el (i) A,BeclimpliesAUB € I,(iii)A €1, B C A implies B € I.

I is called a nontrivial ideal if X ¢ I. A nontrivial ideal  in X is called admissible if {x} € I for each x € X.

A nontrivial ideal I, of N x N is called strongly admissible if {i} x N and N x {i} belong to I, for each i € N. It
is evident that a strongly admissible ideal is also admissible. Throughout the paper we take I, as a strongly
admissible ideal in N x N.

Let 1Y = {A C Nx N: (3m(A), (i, j) > m(A) = (i, j) € A)}. Then I} is a nontrivial strongly admissible ideal
and clearly an ideal I, is strongly admissible if and only if Ig Ch.

Let X # 0. A non empty class .# of subsets of X is said to be a filter in X provided:

) 0¢ .7, (i) A,Be.Z impliesANB € .7, (ii) A € .%,A C Bimplies B € ..

Let / is a nontrivial ideal in X, X # 0, then the class # (I) ={M C X : (3A € I)(M =X\A)} is a filter on X,
called the filter associated with /.

Let (X, p) be a linear metric space and I, C 2N be a strongly admissible ideal. A double sequence x = (X,
in X is said to be I,-convergent to L € X, if for any € > 0 we have A(€) = {(m,n) e NXN: p(xpn,L) > €} €

and we write [, — lim x,,, = L.
m,n—oo

If I is a strongly admissible ideal on N x N, then usual convergence implies /;-convergence.

Let (X,].||) be fuzzy normed space. A sequence x = (x,;)men in X is said to be I— convergent to L € X with
respect to fuzzy norm on X if for each € > 0, the set A (¢) = {m € N : |[x,, — L[| > €} belongs to /. In this
case, we write x,, — L . The element L is called the /—limit of (xp) in X.

Let (X, ||.||) be fuzzy normed space. A double sequence x = (Xyun) (nn)enxn in X is said to be I, — convergent to
Ly € X with respect to fuzzy norm on X if for each & > 0, the set A (€) = { (m,n) € Nx N : [|xu — L1 ||g > €}

; ; FI . |
belongs to I». In this case, we write X,;; — L Of Xy — L1 (FL) or FI, — lim X,,, = L . The element L; is
m,n—oo

called the F I, —limit of (x;,) in X.In terms of neighborhoods, we have x,, ﬂ) L1 provided that for each € > 0,
{(m,n) e NxN:x,, ¢ M7, (€,0)} € L.

A useful interpretation of the above definition is the following;

Xmn - Ly < Fh— lim |xm, _LIH(J)r =0.
m,n—soo
Note that FIl, — 1lim |[x,, — L1 || = O implies that
m,n—reo

Fh —lim ||y, — L1 ||y = FSg, — lim || — L1 || =0,

for each o € [0, 1], since
0 < [|2mn _L1||; < ||Xmn _LIHJr < |%mn _LIHS

holds for every m,n € N and for each a € [0, 1] .

Let / be an admissible ideal of N x N and (X, ||.||) be a fuzzy normed space. A double sequence x = (X, in
X is said to be I,— Cauchy with respect to the fuzzy norm on X if for each € > 0, there exists integers p = p(€)
and g = ¢ (€) such that the set

{(m,n) ENXN: || xmn —xMH(J)r > 8}

belongs to 1.

We say that an admissible ideal I, C 2M*N satisfies the property (AP2), if for every countable family of
mutually disjoint sets {A},Az,...} belonging to I, there exists a countable family of sets {B1,Ba, ...} such that
AjNB; € D, ie., A;NB; is included in the finite union of rows and columns in N x N for each j € N and
B= U;-c':l Bj € I, (hence B € I, for each j € N).

Lemma 1.1 Let {P,} | be a countable collection of subsets of N x N such that P; € F () for each i, where
F (D) is a filter associated with a strongly admissible ideal I, with the property (AP,). Then there exists a set
P C N x N such that P € F (I;) and the set P\P, is finite for all i.
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2. Main Results

In this section, we give some theorem for I,-convergence and /;-Cauchy for double sequences in fuzzy normed
spaces and study some properties.

Theorem 2.1 Let I, be a admissible ideal. If a double sequence (xm,) in X is L—convergent to Ly, then L,
determined uniquely.

Proof. Let (xp;,) be any double sequence and suppose that FI, — lim x,,, = L; and Fl, — lim X, = Ly,
m,n—oo m,n—oo

where L # L,. Since L| # L,, we may suppose that L; > L,. Select € = %, so that the neighborhoods
(L1 —€&,L1+¢€)and (L, — €,Ly + €) of L; and L, respectively are disjoints. Since L; and L, both are I, —limit
of the sequence (x,,,,), therefore, both the sets

A(e) = {(m,n) e NXN: ||xpm — Ly ||§ > €}

and
B(g) — {(m,]’l) eNxN: ||xmn_L2||a_ > 8}

belongs to 1.
This implies that the sets
A¢(g) = {(m,n) ENXN: [[xm —L1||g < 8}

and

B(e) = {(m,n) €NxN: ||xm,,—L2||g < 8}

belongs to F (I). Since F (1) is a filter on N x N therefore A° (¢) N B° (&) is a non empty set in F (I2). In this
way we obtain a contradiction to the fact that the neighborhoods (L; —&,L; +¢€) and (L, — €,L, +€) of L; and
L, respectively are disjoints. Hence we have L1 = L. L

Theorem 2.2 Let I, be a admissible ideal, (Xmy,) be a double sequence on X and Ly € X. Then FP — ligl Xy =
m,n—oo

Li=FbL— lim x,,=L,.
m,n—oo

Proof. Let FP— lim x,,, =L;.For & >0 there exists a positive integer ko = ko (&) such that ||x,,, — L; Hg <€

m,n—oo
whenever m,n > ko. This implies that the set

A(e) = {(mn) ENXN:|xum—Li||§ > ¢}
C (Nx{1,2,3,.ko— 1) U{1,2,3, ... .ko — 1} x N).

Sincel, is a admissible ideal, then
(Nx{1,2,3,...ko— 1} U({1,2,3,..;ko— 1} xN) e I,

and so A (€) € L. Hence, we have FI, — lim x,,, = L; O
m,n—yoo

Theorem 2.3 Let I, be an admissible ideal and (X, ||.||) be a fuzzy normed space. Then a double sequence
(Xmn) is L-convergent if and only if it is I,-Cauchy double sequence.

Proof. Let x,y, — Ly (FI,). Then for each € > 0, we have
A(g) = {(m,n) € NxN: ||xsy — L ||§ > €} belongs to L.

Since I is an admissible ideal, there exist an (mg,n9) € N x N such that (mg,no) ¢ A (€).
Let Ay (g) = {(m,n) e NxN: |[x,, — L1 ||g > 2€}. Since ||.||; being a norm in usual sense, we get

||xmn —Ll ”g + meoﬂo —L1 Ha_ > Han _x’"O”OHS_ .

We observe that if (m,n) € A;(€), then || X, — L ||a' + meono —L ||(J)r > 2¢.
On the other hand since (mg,ng) ¢ A (€), we have

me()lio _Ll ||;_ <E.

So we can conclude that |[x,,, — L1 || > €, hence (m,n) € A(g). This implies that A; (¢) C A (€), for each
€ > 0. This gives A (&) € I,. This show that (x,,,) is an I, —Cauchy sequence.
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Assume that (x,,;,) is I, —Cauchy double sequence. We prove that (x,,,) is [ —convergent. To this effect, let (&)
be a strictly decreasing sequence of numbers converging to zero. Since (x,,,) is I, —Cauchy double sequence,
there exist two strictly increasing sequences (iy) and (j;) of positive integers such that

Aley) = {(m,n) €NXN: X —Xi,,j,,H:; > Sd} € 12,(d eN).
This implies that
0+ {(m,n) €N XN [ — 51,5 ||¢ < ed} €F(b),(deN). @.1)

Let d and ¢ be two positive integers such that d # c. By (2.1), both the sets

D(gg) = {(m,n) eNxN: ||an—xidj,,H§ < gd} and
Cle) = {(m7n) €NxN: men _xicjci 0+ < sc} are non empty sets in F' (). Since F (I7) is a filter on N x N,

therefore

0+£D(e))NC(e) € F (D).

Thus for each pair d and ¢ of positive integers with d # ¢, we can select a pair (n4.,n4.) € N x N such that

+
o 65 B

medc"dc ~Xigjg H(—;_ < & and medc”dc — Xic je
It follows that

;<Q+Q%0

+ +
0 S H'xmdc"dc _xidjd HO + medcndc _xicjc

Hxidjd B ‘xicjc

as d,c — 0. This implies that (xi lf d), d € N is a Cauchy double sequence. Thus the sequence (x,-djd) converges
to a finite limit L (say).i.e.,
lim Xigje =L1.
d,c—o0

Also, we have €; — 0 as d — oo, so for each € > 0 we can choose the positive integers dg such that

€ £
€4, < = and |x,-djd —L; H; < 5 for d > d. 2.2)

2

Next we prove that the set A (€)= {(m,n) € Nx N ||x,; —Li[|§ > €} is contained in A(gy,). Let (m,n) €
A (€), then we have

0

L + +
€ < ”xmn —L ”0 < men _xidojdo 0 + xidojdo — L HO
+ €
< o s +3
. . . 8 + +
by (2.2). This implies that 5 < men = Xigo jay 0 and therefore by first half of (2.2) we have g;, < me,, = Xigy jay
This implies that (m,n) € A (&g, ) and therefore A (€) is contained in A (€4, ) . Since A (€4, ) belongs to I therefore
A (€) belongs to I,. This proves that (x,,,) is I, —convergent to L;. O
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1. Introduction and Preliminaries

The concept of convergence of real sequences has been extended to statistical convergence independently
by Fast [7] and Schoenberg [24]. This concept was extended to the double sequences by Mursaleen and
Edely [14]. The concept of ordinary convergence of a sequence of fuzzy numbers was firstly introduced by
Matloka [11] and proved some basic theorems for sequences of fuzzy numbers. Mohiuddine et al. [13] studied
Statistical convergence of double sequences in fuzzy normed spaces. Recently, Tiirkmen and Cinar [27] studied
A —statistical convergence in fuzzy normed linear spaces.

The concept of A — statistical convergence was defined by Mursaleen[15] as follows.

Let A = (A4,) be a non-decreasing sequence of positive real numbers tending to co such that 4,11 < 4, + 1,
A1 = 1. The set of all such sequences will be denoted by A. A sequence x = (x;) is said to be A — statistically
convergent or S) — convergent to L if for every € > 0

1
1 [ M — > =
r}l—{r‘}o;l,n Hkel,:|xx—L|>e}| =0,

where I, = [n — A, + 1,n]. In this case, we have written S; —limx = L or x; — L(S, ) and
S)y={x:3LeR, S —limx=L}.

Now, we recall the concept of statistical convergence, double sequence, fuzzy normed spaces and some basic
definitions (see [1, 5, 7-9, 12-14, 17-19, 21-23, 25-29])

Fuzzy sets are considered with respect to a nonempty base set X of elements of interest. The essential idea is that
each element x € X is assigned a membership grade u(x) taking values in [0, 1], with u(x) = O corresponding to
nonmembership, 0 < u(x) < 1 to partial membership, and u(x) = 1 to full membership.

According to Zadeh a fuzzy subset of X is a nonempty subset { (x,u(x)) : x € X} of X x [0, 1] for some function
u:X — [0, 1]. The function u itself is often used for the fuzzy set.

A fuzzy set u on R is called a fuzzy number if it has the following properties:

i) u is normal, that is, there exists an xo € R such that u(xp) = 1;

ii) u is fuzzy convex, that is, for x,y e Rand 0 < A < 1,

u(Ax+ (1 =2)y) = minfu(x), u(y)];

iii) u is upper semicontinuous;
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iv) suppu = cl{x € R : u(x) > 0}, or denoted by [u]o, is compact.

Let L(R) be set of all fuzzy numbers. If u € L(R) and u(z) = 0 for t < 0, then u is called a non-negative fuzzy
number. We have written L*(R) by the set of all non-negative fuzzy numbers. We can say that u € L*(R) if and
only if uy > 0 for each a € [0,1]. Clearly we have 0 € L(R). For u € L(R), the & level set of u is defined by

W, — {xeR:ulx)>a}, ifae(0,]1]
o = suppu, ifoa =0.

Some arithmetic operations for or—level sets are defined as follows: u,v € L(R) and [u], = [uy,uf] and
Vg = Va,va], @ € (0,1]. Then

(U ®V]g = [g + Ve ug +va] WSV = lug — Ve, g — Vel

oV, = g vg,ufve] [Tou], = [i,%} uy >0

For u,v € L(R), the supremum metric on L(R) is defined as

D(u,v) = sup max{|ug —vg|,|ugi —vg|}-

0<a<l

4

It is known that D is a metric on L(R), and (L(R),D) is a complete metric space. A sequence x = (x;) of fuzzy
numbers is said to be convergent to the fuzzy number x if for every € > 0, there exists a positive integer kg
such that D (xg,xo) < € for k > ko. And a sequence x = (x;) of fuzzy numbers convergens to levelwise to x, if
and only if lim [x4] 4 = [¥0], and Jim (k) = ol where [xi], = [(%k)g » () & ] and [xo]g = [(x0) g , (x0) ¢ ]
for every o € (0,1).

The statistical converge of fuzzy number defined Savas is as follows;

A sequence X = (X;) of fuzzy numbers is said to be A — statistically convergent to fuzzy numbers X if every
>0

1
n n

Later, many mathematicians studied statistical convergence of fuzzy numbers.

Let X be a vector space over R, let ||.|| : X — L*(R) and the mappings L;R (respectively, left norm and
right norm ) : [0, 1] x [0,1] — [0, 1] be symetric, nondecreasing in both arguments and satisfy L (0,0) = 0 and
R(1,1) = 1.

The quadruple (X, ||.||,L,R) is called fuzzy normed linear space (briefly (X, ||.||) FNS) and ||.|| a fuzzy norm if
the following axioms are satisfied

1) [|x]| =0iff x =6,

2) |lrx|| = |r| @ ||x|| forx € X, r € R,

3) Forallx,y € X

a) [|x+yl (s+2) = L(|lxl| (s), Iyl ()) , whenever s < [|x]|, ,¢ < lyl[; and s+ <|[lx+yl[; ,

b) [lx+y[l (s +2) < R([lx]| (s), Iyl (+)), whenever s > [lx[|; ,z > [[y[l; and s+7 > [x+yl|; .

Let (X, ||.||c) be an ordinary normed linear space. Then a fuzzy norm ||.|| on X can be obtained

0 if 0<t<alx||c or +>b|x[|¢
Il (=3 e~ T allxlle<r<|xlic (1.1)
—t b
Tl T 5T el e <t<blxllc

where |x||- is the ordinary norm of x (# 6),

0<a<1land1<b < co. Forx= 6, define ||x|| =0.

Hence, (X, ||.||) is a fuzzy normed linear space. Sen¢imen has defined convergence in fuzzy normed spaces as
follows;

Let (X,]|.||) be an fuzzy normed linear space. A sequence (x,), _; in X is convergent to x € X with respect to

the fuzzy norm on X and we denote by x, N x, provided that (D) — lim |x, — x|| = 0; i.e. for every & > 0 there
n—soo

is an N (g) € N such that D (Hx,, —x|| ,6) < € for all n > N (€). This means that for every € > 0 there is an

N (€) € N such that
sup ||x, —x||; =[x _)CH(J)r <€
ae(0,1]

foralln > N (g).
Let (X,]|-||) be an fuzzy normed space and A € A. A sequence x = (x;) in X is said to be A —statistically
convergent to L € X with respect to fuzzy norm on X or F'S) —convergent if for each € > 0

tim [ {k € 1y D (s~ L],0) > e} =0,
n

n—soo
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A double sequence x = (x jk) is said to be statistically convergent to the number / if for each € > 0,
52({(j,k) cj<mand k <n, ’xjk—lf > 8}) =0.
In this case, we write Sy — liijk =1.
Js

Let (X, ||.||) be a fuzzy normed space. Then a double sequence (x jk) is said to be convergent to x € X with

: FN_ . .
respect to the fuzzy norm on X and we write xj; — x if for every € > 0 there exist a number N = N (€) such
that

D(ijk—x

Let (X, ||.|[) be an fuzzy normed space. A double sequence (x) is said to be statistically convergent to x € X
with respect to the fuzzy norm on X if for every € > 0,

,6) < g, forall j,k>N.

& ({(j’k) € NxN:D(||xj —x]|,0) > 8}) = 0.

This implies that, for each € > 0 the set K (¢) = {(j,k) eENXN: ijk —ng > 8} has naturaly density zero;

. . d . FS
namely, for each € > 0 ijk fog < & for almost all j, k. In this case, we write F'S; — limx j; = x or x i X.

Let Yy = (%) and p = (U,) be two non-decreasing sequences of positive real numbers each tending to oo and
such that

Ym+1, 1 =1and
‘U.r-i-l, i =1

’}/m+l

<
Hr+1 <

Letly, = [m—Yu+1,m|and J, = [r—pu, +1,7].
For any set K C N x N, the number

H{(k,D): (k1) € KNy x J, }|

mr

is said to be the A —double density of K, provided the limit exists, where A, = Y Ly

We now ready to define the A —statistical convergence for double sequneces.

A double sequence x = (xy) in X is said to be A —statistically convergent to L € X or S —convergent if for each
e>0

1
P— lim — [{(k,]) € Ly xJ, : |xuy —L| > €}| =0.

m,r—oo lmr

SZ
In this case, we write xy — L or xg; — L (Si) or Si —limxy; = L. Throughout the paper, we will denote
Amr = Yy and the collection of such sequences will be denoted by Az. Also we will get I, = [m— ¥, + 1,m]
and J, = [r—uw,+ 1,7]

2. Main Result

In this section, we define A —statistically convergent for double sequence and A —statistically Cauchy for double
sequences in fuzzy normed linear spaces. We also obtained some basic properties of this notion in fuzzy normed
spaces.

Definition 2.1 Let (X,||-||) be a fuzzy normed space. A double sequence x = (xg) in X is said to be
A —statistically convergent to L € X with respect to fuzzy norm on X or F Si —convergent if for each € > 0

. 1
lim
m,r—oo ﬂmr

|{(k,1) € Iy x Jy : D (||xiy — L|| ,0) > €}| =0,

FS2
So, we have written xy, — L or xyy — L(FS3) or FS3 —limxy; = L. This implies that for each € > 0, the set

K(e)={(k,]) €Ly xJ,: |xu—L|g > €}

has a natural density zero, namely, for each € > 0, ||x;; — L||¢ < € for almost all k and /.
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In this case, we have written F S%L —1limx = L . The set of all A —statistically convergent sequence with respect
to fuzzy norm on X will be denoted by FS3 and FS; = {x = (x) : 3L,FS5 —limx =L} . In this case, we have
written throughout the paper (xy;) is FS5 —convergent to L € X means that (xy) is A —statistically convergent
to L € X with respect to the fuzzy norm on X.
If ¥, = m and , = r for all m, r then the space FS5 (X) is reduced to the space F'S; (X) and since &, (K) < &7 (K)
we have FS3 (X) C FS$>(X).
Lemma 2.2 Let (X,||||) be a fuzzy normed space and x = (xy;) be a double sequence in X. Then for each
€ >0, the following statements are equivalent:

) FS2 — li =L.
(i) FS3 leanxkl
(ii) 82 ({(k,1) = (k,1) € Iy x Jy, | — LIlg > €}) =0
(iii) 87 ({ (k,1) : (k,1) € Ly x . |lxi — L||g < €}) =1

jii)FS% — 1i —L|jg=0
(i) F Sy — Jim lxa —Lllo
Theorem 2.3 Let (X, ||-||) be a fuzzy normed space and A € Ay. If a sequence (xy) is a F Sﬁ—convergent, then

FS%L —limit is unique.

Proof. Suppose that FS7 —limx = L; and FS} —limxy = L, and L, —L; = 2¢ > 0. We define the following
sets as A (&) = {(k,]) € Ly x J, : |xu —Li||g > £} and B(e) = {(k,]) € Ly x J, : ||y — La|lg > £} . So that
87 (A(g)) =0 and &7 (B(g)) = 0. It follows that, there are k € I,,,/ € J, such that ||xy — L, e < % and
|[x1 — Lo < £. Further, for these k and ! we have

2e = Ly~ Lillg < I —Lallg + Il —Lillg <€
which is a contradiction. This completes the proof. O

The next theorem gives the algebraic characterization of A —statistical convergence on fuzzy normed spaces.

FS2 FS2
Theorem 2.4 Let (x;) and (yi;) be sequences in fuzzy normed space (X, ||-||) such that xiy — Ly and yig ¥ Ly
and A € Ay where Ly,L, € X. Then we have

) FS2
i) (ot +yu) = Li+Lo,

Fs?
ii) txy —$ tLy (1 €R),
Theorem 2.5 Let (X, ||-||) be a fuzzy normed space. If a double sequence x = (xy;) is convergent to L with
respect to fuzzy norm on X then it is F S%L — convergent to L .
Proof. Let xi; -3 L. Then for every € > 0, there is a couple (ko, /o) € N x N such that D (llxr — L||,0) > € for
all k > kgy,l > lp. Hence the set

{(k7l) : k € Imal € Jra D (”xkl _L” 76) Z 8}

has natural density zero that is ' Sﬁ —limxy = L. ]

Definition 2.6 Let (X,||-||) be a fuzzy normed space. A sequence (xy;) in X is A —statistically Cauchy with
respect to the fuzzy norm on X provided that for every € > 0, there exist a positive integers ¢ and v such that for
all k,p >t andl,g > v, such that

83 { (k1) € I x I, : [|xia = [ > £} =0.

In the sequel, (xy) is FS; —Cauchy means that (xy ) is A —statistically Cauchy with respect to the fuzzy norm
onX.

Theorem 2.7 Let (X, ||-||) be a fuzzy normed space and (xy;) be a double sequence in X. In (X, ||-||), Every
F Sﬁ —convergent sequence is also an F Sﬁ —Cauchy with respect to the fuzzy norm on X.

Fs?
Proof. Let x;; —% L and & > 0. Then we have |x; —L||J < €/2 for a.a.k and I. Choose a positive integers
t < pand v < g such that prq —LHS < &/2.Now, ||-||§ being a norm in the usual sense, we get

Hm—qum = H(xkl_L)‘f'(x_qu)Hg
< o= Lllg + xpg — Llly
< g/2+¢€/2<e¢
forall k,p >t and [,q > v. This shows that (xz) is FSi— Cauchy. O
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1. Introduction and Preliminaries

Throughout this presentation, we suppose that <7 is a real Banach algebra where the multiplicative unit and the
null vector will be denoted by e and 6, respectively.

Definition 1.1 (The Spectral Radius) The spectral radius of a € A is given by
1
— 1i ni||l»
p(a) = lim [ja"|[*.

Note that if p(a) < 1, then e — a is invertible (see [6]) and the inverse of e — a is given by
(e—a)fl:Zai. (1.1)

Definition 1.2 (Cone) Let P be a subset of <7 such that {0,e} C P. P is called a cone of .« if the following
conditions hold:

(cl) Pis closed;
(c2) AP+ uP C P for all non-negative real numbers A and [;
(c3) PPCPand PN(—P) = 6.

A cone P with intP # 0 is called a solid cone where infP indicates the interior of P.

Definition 1.3 (Normal Cone) To each cone P of .o/ there corresponds a partial ordering < on .« defined by
x < yiff y—x € P. By x < y we understand that x <y but x # y, while x < y stands for y — x € intP. If there
exists a positive real number K such that for all x,y € &7

6 <x <y implies |lx]| <K [y||. (1.2)

then a cone P is called normal. The least of K’s with the above condition is called the normal constant of P.

Definition 1.4 (Xu and Radenovic-2014, see [3])) A sequence {u,} in P is said to be a c-sequence if for each
¢ > 0 there exists ng € N such that u,, < ¢ for n > ny.

*Prensented by Muttalip Ozavsar, mozavsar @yildiz.edu.tr
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Lemma 1.5 (Xu and Radenovic-2014, see [3]) If {u,} and {v,} are two c-sequences in P, then {ou, + Bv, }
is also a c-sequence for positive real numbers o and f3.

Lemma 1.6 (Xu and Radenovic-2014, see [3]) Let k € P. If {u,} is a c-sequence in P, then {ku,} is also a
c-sequence in P.

Lemma 1.7 (Xu and Radenovic-2014, see [3]) Letu € of. Foreachc¢>> 0 if 0 [u < c, thenu = 6.

Lemma 1.8 (Xu and Radenovic-2014, see [3]) Let {u,} be a sequence in P. Then the following items are
equivalent:

(i) {un} is a c-sequence.
(ii) For each ¢ > 0 there is ng € N such that u,, < ¢ whenever n > ny.

(iii) For each ¢ > 0O there is ny € N such that u, < ¢ whenever n > n.

Lemma 1.9 (Huang and Radenovic-2015, see [4]) Let h € P with p(h) < 1. Then {u,} with u, = h" is a
c-sequence.

Lemma 1.10 (Ozavsar-2018 (see[5]) Let k € P such that r(k) < 1. Then

kK <kP(e—k)™! (1.3)

-

1

p

forall pe N.

Definition 1.11 (Huang and Zhang-2007, Liu and Xu-2013, see [1, 2]) Let <7 be an ordered Banach algebra
and X # 0. A cone metric space over & is given by a pair (X,d) where d is a mapping d : X x X — &
satisfying

(1) 6 <d(x,y) and d(x,y) = 0 ifand only if x =y
(2) d(x,y) =d(y,x)
(3) d(x,y) = d(x,z) +d(z,y)

for all x,y,z € X and for null vector 6 € <.
Notice that the class of metric spaces is contained by one of cone metric spaces over ordered Banach algebras.

Example 1.12 Let <7 be the usual algebra of all real valued continious functions on X = [0, 1] which also have
continious derivatives on X. If .« is equipped with the norm || f]| = || f]l.. + || /'||.., then </ becomes a Banach
algebra with unit e = 1. Morever, P = {f € </|f(t) > 0 for all r € X} is a nonnormal cone (see [3]). Consider
amapping d : X X X — < defined by d(x,y)(t) = |x— y|e’ for all x,y € X. It is obvious that (X,d) is a cone
metric space on the Banach algebra 7.

Definition 1.13 (Huang and Zhang-2007, see [1]) Let {x,} be a sequence in a cone metric space (X,d) on 7.
Then

(i) We say that {x, } is convergent to x € X if to each ¢ > 0 there corresponds a natural number ng such that
d(xn,x) < c for all n > ny. This is denoted by lim;,_ye X;, = X OF X, — X a8 1 —> oo,

(i) {x,} is called Cauchy if for each ¢ > 0 there is a natural number ng such that d(x,,,x,) < ¢ for all
m,n > ng.

(iii) A cone metric space (X,d) is called complete if every Cauchy sequence in X converges to an element x
of X.

Lemma 1.14 (Xu and Radenovic-2014, see [3]) If (X,d) is a complete cone metric space over < and {x,} C X
is a sequence that converges to x € X, then the following assertions are true:

(i) {d(xu,x)} is a c-sequence.
(ii) {d(xXn,Xntm)} is a c-sequence for all m € N.

Definition 1.15 (Huang and Radenovic-2015, see [4]) Let <7 be a Banach algebra, X # 0, s € R with s > 1. If
a mapping d : X x X — &/ holds the following

(i) 6 <Xd(x,y) and d(x,y) = 0 if and only if x = y;

(i) d(x,y) =d(y,x) ;
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(i) d(x,y) < s[d(x,z) +d(z,y)]

for all x,y,z € X and for null vector 6 € 7. Then d is said to be a cone b-metric and the pair (X,d) is said to
be a cone b-metric space on .7

Definition 1.16 (Reny and Nabwey, et al. 2017, see [7]) Let .o/ be a Banach algebra, X # 0, s € P with s = e.
If a mapping d : X x X — 7 holds the following conditions:

(1) 6 =d(x,y) and d(x,y) = 6 if and only if x = y;
(i) d(x,y) = d(y,x);
(i) d(x,y) < sd(x,z) +d(z,y)]

for all x,y,z € X and for the null vector 6 € 7. Then d is said to be a cone h-metric with vector coefficient
and the pair (X,d) is said to be a cone b-metric space with vector coefficient over <7 .

Note that all definitions and properties in cone metric spaces over Banach algebras can be extended to cone
b-metric spaces with vector coefficient over Banach algebras.

Definition 1.17 (Banach, 1922) For a usual metric space (X,d), let T : X — X be a self mapping. T is said to
a contraction if there exists a constant k € (0, 1) such that

d(Tx,Ty) < kd(x,y) forall x,y € X (1.4)

Banach proved that a contraction mapping 7 has a unique fixed point x to which the sequence {T"x(} converges
for any x¢ in a complete metric space X.

Definition 1.18 (Berinde-2004, see [8] ) Let (X,d) be a metric space and let 7 : X — X a mapping. If there is
k € R with 0 < k < 1 and some [ > 0 such that for all x,y € X

d(Tx,Ty) = kd(x,y) +1d(y,Tx), (1.5

then 7 is said to be a (k,/)-almost contraction in the usual metric spaces.
By the symmetry property of d, the condition (1.8) implies the following dual one:

d(Tx,Ty) < kd(x,y) +1d(x,Ty),for all x,y € X. (1.6)

Definition 1.19 (Liu and Xu-2013, [2]) Suppose that (X,d) is a cone metric space over a Banach algebra 7,
and T : X — X is a self mapping. T is said to a generalized contraction if there exists a constant vector k € .o/
with p(k) € (0,1) such that

d(Tx,Ty) = kd(x,y) for all x,y € X (L.7)
where p (k) stands for the spectral radius of k.

Note that Liu and Xu also proved that a generalized contraction in a complete cone metric space with a solid
normal cone has a unique fixed point, and the corresponding sequence obtained by Picard iteration converges to
this unique fixed point. Later, in 2014, Xu and Radenovic obtained their result by removing the condition of
normality for cone.

Definition 1.20 (Ozavsar-2018, see [5]) Let (X,d) be a cone metric space over </ and let T : X — X be a
mapping. If there is k € P with 0 < p(k) < | and some / € P such that for all x,y € X

d(Tx,Ty) < kd(x,y) +1d(y,Tx), (1.8)

then we call T a generalized (k,/)-almost contraction in the setting of cone metric spaces with Banach algebras.

Note that the class of (k,l)-almost mappings given above contains those of many mappings in cone metric spaces
and the usual metric spaces.

Theorem 1.21 (Ozavsar-2018, see [5]) Let (X,d) be a complete cone metric space over <. If T : X — X is a
(k,1)-almost contraction, then T has at least one fixed point in X.

The following theorem introduces the condition for uniquiness of fixed point:

Theorem 1.22 (Ozavsar-2018, see [5]) Let T be a (k,l)-almost contraction in a complete cone metric space. If
T satisfies
d(Tx,Ty) < kd(x,y) +1d(x,Tx) for all x,y € X, (1.9)

then it has unique fixed point, and for any x € X, the iterative sequence {T"x} converges to the fixed point.
Now we are ready to introduce the following theorem by following the results mentioned above:
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Theorem 1.23 Let (X,d) be a complete cone b- metric space with an invertible vector coefficient s € P over
o and T : X — X be a self mapping such that for some k,l € P,

d(Tx,Ty) = kd(x,y)+1d(y,Tx) for all x,y € X. (1.10)
If k commutes with s and 0 < p(sk) < 1, then T has at least one fixed point in X.
Proof. For arbitray xg € X, let x, = Tx,,_ for all n € N with n > 1. By (1.10), we obtain
d(xps1,%n) =d(Txy, Txp—1) = kd(xn,xn-1), (1.11)

which implies that
d (X, Xny1) < Kd(x0,x1). (1.12)
Let m,n € N with m > n. We have from (cbm3) that

m—2
d(Xmy Xn) = 8" (1, xm) + Z s d (x4, %), (1.13)

j=n

Using the fact s = e together with the properties of P, we have

S A (1, X)) 25T (X1, X, (1.14)
implying that 1
-~

d (X, xn) = Z s A (x X)) (1.15)
j=n

Then, by substituting (1.12) into (1.15), we have

m—1

d (X, Xn) = Z sTT e d (xo,x1) (1.16)
j=n
The fact sk = ks transforms (1.16) into
m—1 )
d (X, xn) = st Z (sk)! | d(x0,x1). 1.17)
j=n

Since r(sk) < 1 and by Lemma 1.10, we have from (1.17) that
d (X, xn) = 57" (sk)" (e — sk) " d (x0,x1). (1.18)
Since we have that s > e implies "1 ...= g eand s is invertible, we get from (1.18) that
d (X, Xn) =< (5k)" (e — sk) ' d (x0,%1). (1.19)

Let u, = (sk)"(e—sk)~'d(xo,x;). Then, using the advantage of r(sk) < 1 together with Lemma 1.5 and Lemma
1.9, we see that {u, } is a c-sequence, that is, for each ¢ € intP, there is ny € N such that

d (X, Xm) Sup L ¢

whenever n > ng. Thus, {x,} is a Cauchy sequence. Since X is complete cone b-metric space, {x,} converges
tox € X.

Morever we have
d(x,Tx) = sd(x,%p+1) + 5d (xp11,Tx)

sd(x,xp41) 4+ sd(Tx,,Tx)
sd (x,xp41) + skd (xy,x) + sld (x,%,11)
s(e+1)d(x,x+1) + skd(x,,x).

A TA

Let hy, = s(e+1)d(x,X,+1) + skd(x,,x). Using Lemma 1.6 and Lemma 1.14 together with Lemma 1.5, we see
that {A, } is a c-sequence, implying that for each ¢ >> 0, there is ng € N such that d(x, Tx) < h, < ¢ for n > ny.
Considering Lemma 1.7 we obtain x = Tx O
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1. Introduction and Preliminaries

Throughout this presentation, we suppose that <7 is a real Banach algebra where the multiplicative unit and the
null vector will be denoted by e and 0, respectively.

Definition 1.1 (The Spectral Radius) The spectral radius of a € A is given by

. anl
p(a) = lim [la"| .

n—yoo
Note that if p(a) < 1, then e — a is invertible (see [6]) and the inverse of ¢ —a is given by
(e—a)'=Yd. (1.1)
i=0

Definition 1.2 (Cone) Let P be a subset of .o/ such that {6,e} C P. P is called a cone of ¢/ if the following
conditions hold:

(cl) Pis closed;

(¢2) AP+ uP C P for all non-negative real numbers A and u;

(c3) PPCPand PN(—P) = 6.

A cone P with intP # 0 is called a solid cone where infP indicates the interior of P.

Definition 1.3 (Normal Cone) To each cone P of </ there corresponds a partial ordering < on .« defined by
x X yiff y—x € P. By x < y we understand that x <y but x # y, while x < y stands for y — x € intP. If there
exists a positive real number K such that for all x,y € &7

6 <x <y implies |lx]| < K [y||. (1.2)

then a cone P is called normal. The least of K’s with the above condition is called the normal constant of P.

Definition 1.4 (Xu and Radenovic-2014, see [3])) A sequence {u,} in P is said to be a c-sequence if for each
¢ > 0 there exists ng € N such that u, < ¢ for n > ny.

*Prensented by Muttalip Ozavsar, mozavsar @yildiz.edu.tr
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Lemma 1.5 (Xu and Radenovic-2014, see [3]) If {u,} and {v,} are two c-sequences in P, then {ou, + Bv, }
is also a c-sequence for positive real numbers o and f3.

Lemma 1.6 (Xu and Radenovic-2014, see [3]) Let k € P. If {u,} is a c-sequence in P, then {ku,} is also a
c-sequence in P.

Lemma 1.7 (Xu and Radenovic-2014, see [3]) Letu € of. Foreachc¢>> 0 if 0 [u < c, thenu = 6.
Lemma 1.8 (Xu and Radenovic-2014, see [3]) Let {u,} be a sequence in P. Then the following items are
equivalent:

(i) {un} is a c-sequence.

(ii) For each ¢ > 0 there is ng € N such that u,, < ¢ whenever n > ny.

(iii) For each ¢ > 0 there is n| € N such that u,, < ¢ whenever n > nj.

Lemma 1.9 (Huang and Radenovic-2015, see [4]) Let h € P with p(h) < 1. Then {u,} with u, = h" is a
c-sequence.

Lemma 1.10 (OzaV§ar-2018 (see[5]) Let k € P such that r(k) < 1. Then

n
Y K <kP(e—k)! (1.3)
i=p
forall pe N.

Definition 1.11 (Huang and Zhang-2007, Liu and Xu-2013, see [1, 2]) Let <7 be an ordered Banach algebra
and X # 0. A cone metric space over & is given by a pair (X,d) where d is a mapping d : X x X — &/
satisfying

(1) 6 <d(x,y)and d(x,y) = 0 ifand only if x =y
(2) d(x,y) =d(y,x)
(3) d(x,y) 2d(x,z) +d(z,y)

for all x,y,z € X and for null vector 6 € <.

Notice that the class of metric spaces is contained by one of cone metric spaces over ordered Banach algebras.

Example 1.12 Let 7 be the usual algebra of all real valued continious functions on X = [0, 1] which also have
continious derivatives on X. If .« is equipped with the norm || f|| = || f]l.. + || /'||.., then </ becomes a Banach
algebra with unit e = 1. Morever, P = {f € «7|f(t) > 0 for all r € X } is a nonnormal cone (see [3]). Consider
amapping d : X X X — < defined by d(x,y)(t) = |x— y|e’ for all x,y € X. It is obvious that (X,d) is a cone
metric space on the Banach algebra 7.

Definition 1.13 (Huang and Zhang-2007, see [1]) Let {x,} be a sequence in a cone metric space (X,d) on 7.
Then

(i) We say that {x, } is convergent to x € X if to each ¢ > 0 there corresponds a natural number ng such that
d(xn,x) < ¢ for all n > ny. This is denoted by lim;,_,e X;, = X OF X, — X a8 1 —> oo,

(i) {x,} is called Cauchy if for each ¢ >> 0 there is a natural number g such that d(x,,,x,) < ¢ for all
m,n > ng.

(iii) A cone metric space (X,d) is called complete if every Cauchy sequence in X converges to an element x
of X.

Lemma 1.14 (Xu and Radenovic-2014, see [3]) If (X,d) is a complete cone metric space over </ and {x,} C X
is a sequence that converges to x € X, then the following assertions are true:

(i) {d(xn,x)} is a c-sequence.

(i) {d(xn,Xn1m)} is a c-sequence for all m € N.
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2. Almost Contraction Mappings in the Usual Metric Spaces

Definition 2.1 (Banach, 1922) For a usual metric space (X,d), let T : X — X be a self mapping. T is said to a
contraction if there exists a constant k € (0, 1) such that

d(Tx,Ty) = kd(x,y) for all x,y € X (2.1)

Banach proved that a contraction mapping T has a unique fixed point x to which the sequence {7"x(} converges
for any x( in a complete metric space X.

Definition 2.2 (Berinde-2004, see [7]) Let (X,d) be a metric space and let T : X — X a mapping. If there is
k€ Rwith 0 < k < 1 and some [ > 0O such that for all x,y € X

d(Tx,Ty) 2 kd(x,y) +1d(y, Tx), 22)

then 7 is said to be a (k,/)-almost contraction in the usual metric spaces.
By the symmetry property of d, the condition (3.2) implies the following dual one:

d(Tx,Ty) = kd(x,y)+1d(x,Ty),for all x,y € X. 2.3)

Berinde showed that the class of almost contractions contains those of many well known mappings in the usual
metric spaces. He also proved a fixed point theorem for (k,!)-almost contractions in the usual metric spaces
(X,d).

3. Almost Contraction Mappings in Cone Metric Spaces over Banach Algebras

Definition 3.1 (Liu and Xu-2013, [2]) Suppose that (X,d) is a cone metric space over a Banach algebra <7,
and T : X — X is a self mapping. T is said to a generalized contraction if there exists a constant vector k € .o/
with p(k) € (0,1) such that

d(Tx,Ty) < kd(x,y) forall x,y € X (3.1

where p (k) stands for the spectral radius of k.

Note that Liu and Xu also proved that a generalized contraction in a complete cone metric space with a solid
normal cone has a unique fixed point, and the corresponding sequence obtained by Picard iteration converges to
this unique fixed point. Later, in 2014, Xu and Radenovic obtained their result by removing the condition of
normality for cone.

Definition 3.2 (Ozavsar-2018, see [5]) Let (X,d) be a cone metric space over <7 and let T : X — X be a
mapping. If there is k € P with 0 < p(k) < 1 and some / € P such that for all x,y € X

d(Tx,Ty) = kd(x,y)+1d(y,Tx), (3.2)

then we call T a generalized (k,[)-almost contraction in the setting of cone metric spaces with Banach algebras.
Note that the class of (k,1)-almost mappings given above contains those of many mappings in cone metric spaces
and the usual metric spaces.
Theorem 3.3 (Ozavsar-2018, see [5]) Let (X,d) be a complete cone metric space over <. If T : X — X isa
(k,1)-almost contraction, then T has at least one fixed point in X.
The following theorem introduces the condition for uniquiness of fixed point:
Theorem 3.4 (Ozavsar-2018, see [5]) Let T be a (k,1)-almost contraction in a complete cone metric space. If
T satisfies

d(Tx,Ty) = kd(x,y) +1d(x,Tx) for all x,y € X, (3.3)
then it has unique fixed point, and for any x € X, the iterative sequence {T"x} converges to the fixed point.

Example 3.5 Let X = [0,1] x [0, 1] and consider the usual Banach algebra </ = R? endowed with the stan-
dart norm and pointswise multiplication. For a mapping d : X x X — <7 defined by d((x1,y1),(x2,y2)) =
(Jx2 = x1],]y2 = y11]), it is obvious that (X,d) is a complete cone metric space over 7 with solid cone
P={(a,b)la>0and b > 0}.

Example 3.6 Then a mapping 7 : X — X defined by

) if 0<x<1 and 0<y<
flx,y) =

W= W=
w‘\':’ w‘@’

7—1—‘) if 0<x<1 and %<y§

7
)

Wl

is a (k,1)-almost contraction where k = (1, %) € Pwith p(k) < 1and ! = (0,6) > 6. The set of fixed points of
T is {(0,0),(0,1)}.
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Definition 3.7 [see [8]] Let (X,d) be a cone metric space over a Banach space E with solid cone P and let
A (X) be a family of all nonempty subsets of X. A mapping H : A (X) x A (X) — E is called an H-cone
metric over a Banach space E with respect to (X,d), if for all A, B € .4#/(X) the following conditions hold:

(H1) H(A,B)=0=A =B;

(H2) H(A,B) = H(B,A):

(H3) For all € € E with € > 0 and for all x € A, there exists at least one y € B such that d(x,y) < H(A,B) + €;
(H4) One of the following holds:

(i) For all € € E with € > 0 there is at least one x € A such that H(A, B)
B

=
(ii) For all € € E with € > 0 there is at least one x € B such that H(A,B) <

d(x,y)+ € forally € B.
d(x,y)+€forally € A.

4. Multivalued Contraction Mappings in Cone h-Metric Spaces over Banach Algebras

Definition 4.1 (Huang, Radenovic-2015, see [4]) Let <7 be a Banach algebra, X #£0, s € R with s > 1. If a
mapping d : X X X — o holds the following

(1) 6 =d(x,y) and d(x,y) = 6 if and only if x = y;
(i) d(x,y) =d(y,x);
(iii) d(x,y) = s[d(x,z) +d(z,y)]

for all x,y,z € X and for null vector 8 € &/. Then d is said to be a cone b-metric and the pair (X,d) is said to
be a cone b-metric space on <7

In [9], Ozavsar introduced the Banach contraction principle for Nadler type contractions in the sense of
Wardowski [8] by using the setting of cone b-metric spaces over Banach algebras as follows:

Theorem 4.2 (Ozavsar-2018, see [9]) Suppose that (X,d) is a cone b-metric space with s € R such that s > 1,
and T : X — N (X) is a set-valued mapping. If there is k € P with r(sk) € [0, 1) such that

H(Tx,Ty) <kd(x,y) forall x,y € X, “4.1)

then there is at least one x € X such that x € Tx.
Note that this theorem extends the result of Nadler.

Example 4.3 Consider the Banach algebra o7 = R? endowed with the pointwise multiplication and the
usual norm. Let P = {(x,y) € R?|x,y >0} and X = R? and p € R with p > 1. Then, using advantage of
the inequality (a+ b)? < 27(aP + bP) for all a,b > 0 and the properties of the cone P, one can show that
a mapping d : X x X — 7 defined by d((x1,y1), (x2,y2)) = (Jx1 —x2|”,|y1 —y2|") is a cone b-metric with
s =2P over &/. Let a® b be a closed subset of X defined by a®b := {(x,y) € X|0 <x < a,0<y<b} for
a,b > 0. Now consider A4 (X) = {a®b|a,b > 0}. Then it is clear that a mapping H : A (X) x A (X) = &
defined by H(a; @ by,a, @ by) = (|a1 — az|? ,|b1 — b2|?) is H-cone b-metric with respect to (X,d) over o Let

T:X — A (X) givenby T(x,y) = | “%*| @ | %> |. Then, by using the basic properties of |-|, one can show that

H(T (x1,y1), T (x2,y2) 2 kd ((x1,1),(x2,2)) s 4.2)

where k = (%2, %4) € P. Since T holds the conditions of Theorem 3.6, it has a fixed point.
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1. Introduction

Throughout the paper N denotes the set of all natural numbers and R the set of all real numbers. The concept
of convergence of a real sequence has been extended to statistical convergence independently by Fast [1],
Schoenberg [24] and studied by many authors. The idea of .#-convergence was introduced by Kostyrko et al.
[2] as a generalization of statistical convergence which is based on the structure of the ideal .# of subset of N.
Several authors including Raimi [17], Schaefer [23], Mursaleen and Edely [7], Mursaleen [9], Savas [18, 19],
Nuray and Savas [11], Pancaroglu and Nuray [13] and some authors have studied invariant convergent sequences.
The concept of strongly o-convergence was defined by Mursaleen [8]. Savas and Nuray [20] introduced the
concepts of o-statistical convergence and lacunary o-statistical convergence and gave some inclusion relations.
Nuray et al. [12] defined the concepts of o-uniform density of a subset A of the set N, .#;-convergence and
investigated relationships between .#;-convergence and invariant convergence also .#-convergence and [Vs] ,-
convergence. Pancaroglu and Nuray [13] studied Statistical lacunary invariant summability. Recently, Nuray
and Ulusu [25] investigated lacunary ¥ -invariant convergence and lacunary .#-invariant Cauchy sequence of
real numbers.

Marouf [6] peresented definitions for asymptotically equivalent and asymptotic regular matrices. Patterson [14]
presented asymptotically statistical equivalent sequences for nonnegative summability matrices. Patterson and
Savas [15, 22] introduced asymptotically lacunary statistically equivalent sequences and also asymptotically
o 0-statistical equivalent sequences. Ulusu [26, 27] studied asymptotically ideal invariant equivalence and
asymptotically lacunary .#s-equivalence.

Modulus function was introduced by Nakano [10]. Maddox [5], Pehlivan [16] and many authors used a modulus
function f to define some new concepts and inclusion theorems. Kumar and Sharma [3] studied lacunary
equivalent sequences by ideals and modulus function.

Now, we recall the basic concepts and some definitions and notations (See [2, 4-6, 12, 14, 16]).
Let o be a mapping of the positive integers into itself. A continuous linear functional ¢ on /.., the space of real
bounded sequences, is said to be an invariant mean or a ¢ mean, if and only if,

1. ¢(x) > 0, when the sequence x = (x,) has x,, > 0 for all n,

2. ¢(e) =1, wheree=(1,1,1...),

“npancaroglu@aku.edu.tr
Tedundar @aku.edu.tr
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3. 9(xo(n) = @(x) for all x € L.

The mappings ¢ are assumed to be one-to-one and such that 6™ (n) # n for all positive integers n and m,
where 6" (n) denotes the mth iterate of the mapping ¢ at n. Thus ¢ extends the limit functional on c, the
space of convergent sequences, in the sense that ¢ (x) = limx for all x € ¢. In case o is translation mappings
o (n) =n+ 1, the 6 mean is often called a Banach limit and V;, the set of bounded sequences all of whose
invariant means are equal, is the set of almost convergent sequences.

A sequence x = (x) is said to be statistically convergent to the number L if for every € > 0,
J 2
lim f’{kgn: |xx — L] 28}’ =0,
n—oo
where the vertical bars indicate the number of elements in the enclosed set.
A family of sets .# C 2N is called an ideal if and only if
(i)0e .7, (ii)ForeachA,B¢€ .# wehave AUB € ., (iii) Foreach A € .# and each BC A we have B € .Z.

An ideal is called nontrivial if N ¢ .# and nontrivial ideal is called admissible if {n} € . for each n € N.
Throughout the paper we let .# be an admissible ideal.

Let A C N and
= min ’Am {o(n),6%(n),....c"(n)} ‘ and S, = max ‘Am {o(n),6%(n),....c"(n)} ’

If the limits V(A) = lim *= and V(A) = lim Sﬁ exist then, they are called a lower o-uniform density and an
m—soo m—soo

upper o-uniform density of the set A, respectively. If V(A) = V(A), then V(A) =V (A) = V(A) is called the
o-uniform density of A.
Denote by .#; the class of all A C N with V(A) = 0.

A sequence x = (x) is said to be .#5-convergent to L if for every &€ > 0, the set Ae = {k : [x; — L| > &} belongs
to S5, i.e., V(Ag) = 0. It is denoted by 5 — limx; = L.

The two nonnegative sequences x = (x;) and y = (yy) are said to be asymptotically equivalent if
lim— =1
k= Yk

(denoted by x ~ y).

The two nonnegative sequences x = (x;) and y = (y,) are said to be asymptotically statistical equivalent of
multiple L if for every € > 0,
{k <n:

(denoted by x R y) and simply asymptotically statistical equivalent if L = 1.

1
lim —
n n

R
Yk

The two nonnegative sequences x = (x;) and y = (y,) are said to be strongly asymptotically equivalent of
multiple L with respect to the ideal .7 if for every € > 0,

{Nz

3

xk—L‘zs g
Yk

¥4
(denoted by x; @) yr) and simply strongly asymptotically equivalent with respect to the ideal ., if L = 1.

The two nonnegative sequences x = (x) and y = (yx) are said to be asymptotically .#5-equivalent of multiple L

sk
if for every € > 0, A, = {k eN: g > 8} € Is,i.e., V(Ag) = 0. It is denoted by x; [N]yk.
Yk

A function f: [0,00) — [0,00) is called a modulus if

1. f(x)=0if and if only if x = 0,
2. flx+y) < f)+F()s
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3. fisincreasing,
4. f is continuous from the right at 0.

A modulus may be unbounded (for example f(x) = x”, 0 < p < 1) or bounded (for example

) =7)

Let f be modulus function. The two nonnegative sequences x = (x;) and y = (y;) are said to be f-asymptotically
equivalent of multiple L with respect to the ideal .# provided that, for every € > 0,

{keN:f(x"LDzs}eﬂ
Yk

g
(denoted by xy ) yx) and simply f-asymptotically .#-equivalent if L = 1.

Let f be modulus function. The two nonnegative sequences x = (x;) and y = (y;) are said to be strongly
f-asymptotically equivalent of multiple L with respect to the ideal .# provided that, for every € > 0

I ]2
{neN.nk;f( B LDzs}eJ

j .
(denoted by xi (ACJO ) vi)) and simply strongly f-asymptotically .#-equivalent if L = 1.
Lemma 1.1 [16] Let f be a modulus and 0 < § < 1. Then, for each x > & we have f(x) < 2f(1)8 'x.

2. Main Results

Definition 2.1 The sequences x = (x;) and y = () are said to be strongly asymptotically .# -invariant equiva-
lent of multiple L if for every € > 0,

n

{neN:lz

=115k

xk—L‘>£}€fc

jL
(denoted by xy 7] yx) and simply strongly asymptotically .#-invariant equivalent if L = 1.

Definition 2.2 Let f be a modulus function. The sequences x = (x;) and y = (yy) are said to be f-asymptotically
#-invariant equivalent of multiple L if for every € > 0,

{keN:f(xk—LD >£}efa
TE(r

Yk
(denoted by x; - ) vi) and simply f-asymptotically .#-invariant equivalent if L = 1.

Definition 2.3 Let f be a modulus function. The sequences x = (x;) and y = (yx) are said to be strongly
f-asymptotically .#-invariant equivalent of multiple L if for every € > 0,

{neN:12f< xk—LD >8} € Is
=1 NIk
(&)

(denoted by x; '~ yy)) and simply strongly f-asymptotically .#-invariant equivalent if L = 1.

Theorem 2.4 Let f be a modulus function. Then,

IE [ ()]
x < y=x ~ n

IE
Proof. Let x; e ]yk and € > 0 be given. Choose 0 < § < 1 such that f(z) < € for 0 <t < §. Then, for
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m=1,2,..., we can write

1 n Xk (m) ‘) 1 n ( Xok(m) ’)
z oWy = = S
n kgl f( Yok (m) n k):zl ! Yok (m)
Xok(m) Ll<s
Yok(m) -
n Xok(m
T ()
n k=1 Yok (m)
X,
otm) —L|>6
Yok(m)

and so by Lemma 1.1

l n
! f<

uniformly in m. Thus, for every any y > 0

1 & xck(m) ‘) } { 12
neN: — f<—L >y, C<neN: -
{ ”k; Yok (m) nk;

Xk (m) ‘ (y—¢€)d
aly, | ;SR NAT A by
Yok (m) — 2f(1)

L

uniformly in m. Since x 7] Yk it follows the later set and hence, the first set in above expression belongs to

L
#s. This proves that x; 5] Vk- =

o f) < (M)
Yok (m) 6 Jni=

1

xak(m) B L‘
Yok(m)

Definition 2.5 The sequences x; and y; are said to be asymptotically .#-invariant statistical equivalent of
multiple L if for every € > 0 and each y > 0,

{nEN:lHkSn:
n

I (S . . . . .. . .
(denoted by x; (Fo) vi) and simply asymptotically .#-invariant statistical equivalent if L = 1.

X,
Zot(m) L‘ > e}‘ > y} A
Yok (m)

Theorem 2.6 Let f be a modulus function. Then,
(75 ()] I (Ss)
Xeo ™~ V=X ™~ Yk

Tk
Proof. Assume that x; e (] v, and € > 0 be given. Since form =1,2,...,

1 n Xk (m) ‘) 1 n (xck(m) ‘)
- L) > = 2L
n kzlf( Yok (m) on kgl / Yok(m)

‘xO'k(m) ilse

Yok(m) |~

X,
> fle).l {k<n: M—L‘ >e}
n Yok (m)

it follows that for any y > 0,

1 [ Xotom) _ T Ly
{neN.n‘{kgn. Yoo L’zs}]zf(g)}g{newn;lf<

ka(m) —L‘) >y
Yok (m) B

gL
uniformly in m. Since xy il Y& so the last set belongs to .. But then by the definition of an ideal, the first
IS
set belongs to .5 and therefore x; (Fs) Vi ]
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1. Introduction

Throughout the paper N denotes the set of all natural numbers and R the set of all real numbers. The concept
of convergence of a real sequence has been extended to statistical convergence independently by Fast [1],
Schoenberg [24] and studied by many authors. The idea of .#-convergence was introduced by Kostyrko et al.
[2] as a generalization of statistical convergence which is based on the structure of the ideal .# of subset of N.
Several authors including Raimi [17], Schaefer [23], Mursaleen and Edely [7], Mursaleen [9], Savas [18, 19],
Nuray and Savas [11], Pancaroglu and Nuray [13] and some authors have studied invariant convergent sequences.
The concept of strongly o-convergence was defined by Mursaleen [8]. Savas and Nuray [20] introduced the
concepts of o-statistical convergence and lacunary o-statistical convergence and gave some inclusion relations.
Nuray et al. [12] defined the concepts of o-uniform density of a subset A of the set N, .#;-convergence and
investigated relationships between .#;-convergence and invariant convergence also .#-convergence and [Vs] ,-
convergence. Pancaroglu and Nuray [13] studied Statistical lacunary invariant summability. Recently, Nuray
and Ulusu [25] investigated lacunary ¥ -invariant convergence and lacunary .#-invariant Cauchy sequence of
real numbers.

Marouf [6] peresented definitions for asymptotically equivalent and asymptotic regular matrices. Patterson [14]
presented asymptotically statistical equivalent sequences for nonnegative summability matrices. Patterson and
Savas [15, 22] introduced asymptotically lacunary statistically equivalent sequences and also asymptotically
o 0-statistical equivalent sequences. Ulusu [26, 27] studied asymptotically ideal invariant equivalence and
asymptotically lacunary .#s-equivalence.

Modulus function was introduced by Nakano [10]. Maddox [5], Pehlivan [16] and many authors used a modulus
function f to define some new concepts and inclusion theorems. Kumar and Sharma [3] studied lacunary
equivalent sequences by ideals and modulus function.

Now, we recall the basic concepts and some definitions and notations (See [2, 4-6, 12, 14, 16]).

Let o be a mapping of the positive integers into itself. A continuous linear functional ¢ on /.., the space of real
bounded sequences, is said to be an invariant mean or a ¢ mean, if and only if,

1. ¢(x) > 0, when the sequence x = (x,) has x,, > 0 for all n,

2. ¢(e) =1, wheree=(1,1,1...),

*npancaroglu@aku.edu.tr
fedundar@aku.edu.tr
Fulusu@aku.edu.tr
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3. 9(xo(n) = @(x) for all x € L.

The mappings ¢ are assumed to be one-to-one and such that 6™ (n) # n for all positive integers n and m,
where 0™ (n) denotes the mth iterate of the mapping o at n. Thus ¢ extends the limit functional on ¢, the
space of convergent sequences, in the sense that ¢ (x) = limx for all x € ¢. In case 0 is translation mappings
o (n) =n+ 1, the 6 mean is often called a Banach limit and Vj, the set of bounded sequences all of whose
invariant means are equal, is the set of almost convergent sequences.

By a lacunary sequence we mean an increasing integer sequence 6 = {k,} such that kp =0 and h, = k, —k,_ —
oo as r — oco. Throughout the paper, we let 6 a lacunary sequence.
The sequence x = (x;) is Sgg-convergent to L, if for every € > 0,

.1 . .
rll_r)rgoh—r‘{k el : |x6k(n) —L|> 8}’ =0, uniformly in n=1,2,... .
A family of sets . C 2N is called an ideal if and only if

(i)0 e .#, (ii) ForeachA,B € . wehave AUB € ., (iii) ForeachA € .# and each BC A we have B€ ..
An ideal is called nontrivial if N ¢ .# and nontrivial ideal is called admissible if {n} € .# for each n € N.

Throughout the paper we let .# be an admissible ideal.
Let A C N and

Sm = min ’Aﬂ{G(n),az(n),...,c’"(n)}‘ and S,, = max ‘Aﬂ{G(n)762(n)7...,6’”(n)} ’

If the limits V(A) = lim 2 and V(A) = lim Sﬁ exist then, they are called a lower o-uniform density and an
m—soo m—soo

upper o-uniform density of the set A, respectively. If V(A) = V(A), then V(A) =V (A) = V(A) is called the
o-uniform density of A.

Denote by .#; the class of all A C N with V(A) = 0.

A sequence x = (x) is said to be .#;-convergent to L if for every € > 0, the set Ag = {k : [x; — L| > € } belongs
to I, i.e., V(Ag) = 0. It is denoted by .75 — limx; = L.

Let 6 = {k,} be a lacunary sequence, A C N and

sr:mnin“Aﬂ{G'”(n) :melr}‘} and S,:m’flx{|Aﬂ{Gm(n) :melr}|}.

If the limits Vp(A) = lim 3= and Vg(A) = lim i—’ exist then, they are called a lower lacunary o-uniform density
_— r—soo fr r—yoo T

and an upper lacunary c-uniform density of the set A, respectively. If Vg (A) = Vg (A), then Vy(A) = Vp(A) =

Vo (A) is called the lacunary o-uniform density of A.

Denoted by .#5¢ the class of all A C N with Vy(A) = 0.

A sequence (x;) is said to be lacunary .#s-convergent or #sg¢-convergent to L if for every € > 0, A, = {k :

lxx —L| > 8} € I, 1.e., Vg(Ae) = 0. It is denoted by L5 — limx; = L.

The two nonnegative sequences x = (x;) and y = (y,) are said to be asymptotically equivalent if h]I(Il f—: =1

(denoted by x ~ y).

The two nonnegative sequences x = (x;) and y = (yx) are strongly asymptotically lacunary invariant equiv-

1 Xok m . . [ed .

alent of multiple L if lim — )’ —om) L| =0, uniformly in m (denoted by x Neo y) and strongly simply
"Ny kel | Yok(m)

asymptotically lacunary invariant equivalent if L = 1.

The two nonnegative sequences x = (x;) and y = (yy) are said to be asymptotically lacunary invariant statistical

equivalent of multiple L if for every € > 0,

{ke],:

(denoted by x 5o y) and simply asymptotically lacunary invariant statistical equivalent if L = 1.
The two nonnegative sequences x = (x;) and y = (y,) are said to be strongly asymptotically equivalent of
multiple L with respect to the ideal .7 if for every € > 0,

{nGN:li

2

.1 Xok(m)
hfn h—r —_—

—L’ > 8}‘ =0, uniformly in m
Yok(m)

XkL‘Zs e
Yk

5
(denoted by xi @) yi) and simply strongly asymptotically equivalent with respect to the ideal .#, if L = 1.
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The two nonnegative sequences x = (x) and y = (y,) are said to be strongly asymptotically lacunary equivalent
of multiple L respect to the ideal .# provided that for every € > 0,

{reN —Z

’ kel,

—L‘>£ sS4
Yk

(denoted by x; B yx) and simply strongly asymptotically lacunary .#-equivalent with respect to the ideal
SLifL=1.

The two nonnegative sequences x = (x;) and y = (y,) are said to be asymptotically lacunary statistical equivalent
of multiple L with respect to the ideal .# provided that for every € > 0 and y > 0,

1
N:— kel :
{re hr{

(denoted by xy (Ze) yx) and simply asymptotically lacunary . -statistical equivalent if L = 1.
The two nonnegative sequences x = (xk) and y = (y¢) are said to be asymptotically .#-equivalent of multiple L

seeflzr) e
Yk

if for every € > 0, A = {k EN:|=*_L > e € Ig, e, V(Ag) =0. Itis denoted by x;  ~ Vé] Vi
The two nonnegative sequences x :ylzxk) and y = (y,) are said to be asymptotically .#54-equivalent of multiple
L if for every € >0, Ag = {ke] S > 8} € Isp,1.€., Vg(Ae) = 0. It is denoted by x; []&'L ]yk
A function f: [0,00) — [0,00) is calle)()fa modulus if

1. f(x)=0ifandif only if x=0,

2. flx+y) S f)+ 1)

3. f is increasing,

4. f is continuous from the right at 0.

A modulus may be unbounded (for example f(x) = x”, 0 < p < 1) or bounded (for example
fO) = 37)-

Let f be modulus function. The two nonnegative sequences x = (x;) and y = (yy) are said to be f-asymptotically
equivalent of multiple L with respect to the ideal .# provided that, for every € > 0,

o)) e

5
(denoted by xy A yi) and simply f-asymptotically .#-equivalent if L = 1.
Let f be modulus function. The two nonnegative sequences x = (x;) and y = (y;) are said to be strongly
f-asymptotically equivalent of multiple L with respect to the ideal .# provided that, for every € > 0

{neN Zf(yk—Lng}e,ﬂ

=
7 () . . ) .
(denoted by x; ~" y;)) and simply strongly f-asymptotically .#-equivalent if L = 1.
Let f be a modulus function. The two nonnegative x = (x;) and y = (yx) are said to be strongly f-asymptotically
lacunary equivalent of multiple L with respect to the ideal .# provided that for every € > 0,

{reN hZf<yk—LD2£}ef

T kel,
[ (Ng)] . . . .
(denoted by x;  ~"" y;)) and simply strongly f-asymptotically lacunary .#-equivalent if L = 1.
The sequences x = (x;) and y = (y,) are said to be strongly asymptotically . -invariant equivalent of multiple
L if for every € > 0,

1 & Xk
neN:=Y |=—Ll>esess
nk_

= |k

jL
(denoted by x; 7] vi) and simply strongly asymptotically .#-invariant equivalent if L = 1.
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Let f be a modulus function. The sequences x = (x) and y = (yx) are said to be f-asymptotically .#-invariant
equivalent of multiple L if for every € > 0,

o

.
(denoted by xy g{/) yx) and simply f-asymptotically .#-invariant equivalent if L = 1.
Let f be a modulus function. The sequences x = (x;) and y = (yy) are said to be strongly f-asymptotically
. -invariant equivalent of multiple L if for every € > 0,
7L

{neN:lzf(xk—LD >8}€/(F
=1 NIk

7,
(denoted by xy () yx)) and simply strongly f-asymptotically .#-invariant equivalent if L = 1.
The sequences x; and y; are said to be asymptotically .# -invariant statistical equivalent of multiple L if for
every € > 0 and each y > 0,

1
{nEN:HkSn:
n

I (S5 . . . . y . . .
(denoted by xy &) yx) and simply asymptotically .#-invariant statistical equivalent if L = 1.
Lemma 1.1 [16] Let f be a modulus and 0 < § < 1. Then, for each x > & we have f(x) < 2f(1)6 'x.

xk—LD 28} € s
Yk

X
e —L‘ > 8}‘ > }/} € Iy
Yok (m)

2. Main Results

Definition 2.1 The sequences x = (x;) and y = () are said to be strongly asymptotically lacunary .#-invariant
equivalent of multiple L, if for every € > 0

{reN:;Z

T kel,

xk—L‘ > € € Igp
Yk

L
[

B2
(denoted by xy | ~9] vx) and simply strongly asymptotically lacunary .#-invariant equivalent if L = 1.

Definition 2.2 Let f be a modulus function. The sequences x = (x;) and y = (yy ) are said to be f-asymptotically
lacunary . -invariant equivalent of multiple L, if for every € > 0

{keN:f( X"LD ze} € o,
Lo (f)

Yk
(denoted by x; ~ 2" y;) and simply f-asymptotically lacunary .# -invariant equivalent if L = 1.

Definition 2.3 Let f be a modulus function. The sequences x = (x;) and y = (y) are said to be strongly
f-asymptotically lacunary .#-invariant equivalent of multiple L, if for every € > 0

1 Xi
{reN.h Ef(yk—LD>e}eﬂae
7L

I kel,
(50 ()] . . . . . .
(denoted by x;,  “~" " y;)) and simply strongly f-asymptotically lacunary .#-invariant equivalent if L = 1.

Theorem 2.4 Let [ be a modulus function. Then,

gL gL (f
Xk [ 2 Yk = Xk GABJ( ) Vi

sL
Proof. Let x; Vool v and € > 0 be given. Choose 0 < § < 1 such that f(r) < & for 0 <7 < 5. Then, for
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m=1,2,..., we can write

iz - 4 A=)
hr ket,” \| Yok (m) hy kel Yok (m)
M—L<6
Yok (m)
s A=)
hy ke, Yok(m)
M—LNS
Yok (m)

and so by Lemma 1.1

x(,k(m> B L’
Yok (m)

1 Xk (m) D <2f(1)) 1
L (o o) cor (201
hr kgl,- ka(m) 5 hr kEZIr

uniformly in m. Thus, for each any y > 0

1 Xk (m) 1
N:— ——=—L|)> C N:—
{re hy kezlf( Yok (m) S kg',
. . : [Tzl . ) .
uniformly in m. Since x;  ~" yy, it follows the later set and hence, the first set in above expression belongs to

jL
Z5g. This proves that x; g/ Vk- =

Xk (m) —L‘ > (7_8)6 ,
Yok (m) 21(1)

Definition 2.5 The sequences x; and yy are said to be asymptotically lacunary .# -invariant statistical equivalent
of multiple L if for every € > 0 and each y > 0,

1
N: —[Jkel:
{re hr{ S
(S

2794 yx) and simply asymptotically lacunary . -invariant statistical equivalent if L = 1.

X
L‘ zs}
Yk

EY}EJGG

¥4
(denoted by xi
Theorem 2.6 Let f be a modulus function. Then,

L (. IS,
xk[ Ui(f)] Yk = Xk (Nce)yk-

Proof. Assume that x; [ Gi(‘f)] vy, and € > 0 be given. Since form =1,2,...,

i Z f( ka(”‘) —L’) > i Z f( qu(m) —L‘)
hr ker,” \| Yok (m) T ok ke Yok (m)
x(,k(m) o
—L|>¢
Yok(m)
1 Xok(m
> fle).—|{kel: G<)—L‘Z£
G Yok(m)

it follows that for any y > 0,
1 Yok (m) 1
{réN.hr —L’>e}‘>}/}c{reN.hZf(
7L

yc"'(m) I kel,
s
uniformly in m. Since x; | Gi(f)] Yk, the last set belongs to .#;¢ and so by the definition of an ideal, the first set

ISy
belongs to .#¢. Therefore, x; (Zoo) Vk- O

{kelr:

%WK¢D>W©}

Yok (m)
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Keywords: Abstract: The purpose of this study is to extend the notions of .#-convergence,
Folner sequence; #-limit superior and .#-limit inferior, .#-cluster point and .#-limit point to
Amenable group; functions defined on discrete countable amenable semigroups.

inferior;

superior;

¥ -convergence.

1. Introduction

Let G be a discrete countable amenable semigroup with identity in which both right and left cancelation laws
hold, and w(G) and m(G) denote the spaces of all real valued functions and all bounded real functions f on
G respectively. m(G) is a Banach space with the supremum norm || f||., = sup{|f(g)| : ¢ € G}. Nomika [17]
showed that, if G is countable amenable group, there exists a sequence {S,} of finite subsets of G such that (i)

G = U Sn, (il) S C Syt n=1,2,3, .., (i) limy oo 58500 = 1 lim, ., 185050l — 1 for all ¢ € G. Here
|A| denotes the number of elements in the finite set A. Any sequence of finite subsets of G satisfying (i), (if)
and (iii) is called a Folner sequence for G.

The sequence S, = {0,1,2,...,n— 1} is a familiar Folner sequence giving rise to the classical Cesaro method of
summability.

The concept of summability in amenable semigroups was introduced in [14], [15]. In [3], Douglass extended
the notion of arithmetic mean to amenable semigroups and obtained a characterization for almost convergence
in amenable semigroups.

In [16], the notions of convergence and statistical convergence, statistical limit point and statistical cluster point
to functions on discrete countable amenable semigroups were introduced.

Fast [5] presented an interesting generalization of the usual sequential limit which he called statistical conver-
gence for number sequences.

After studies about statistical convergence, Kostyrko, Macaj and Wilczyriski defined .# -convergence in a metric
space by using the notion of an ideal of the set of positive integers.(see [10]) Later, it was further studied
by Saldt, Tripathy and Ziman ([12], [13]) and many others. .#-convergence is a generalization of statistical
convergence.

We recall the concept of asymptotic and logarithmic density of a set A C N (see [19] pp. 71, 95-96). Let
ACN. Putd,(A) =1¥% x4 (k) and 5, (A) = pin):Z:l XATU() for n € N, where p, = Y_, +. The numbers
d (A) =limsup,_,.. d, (A) and d (A) = liminf, .. d, (A) are called the lower and upper asymptotic density of
A, respectively. Similarly, the numbers & (A) = liminf, .. &, (A) and & (A) = limsup,,_... 5, (A) are called the
lower and upper logarithmic density of A, respectively. If d (A) = d (A) (8 (A) = § (A)), then d (A) = d (A) is
called the asymptotic density of A (0 (A) = 8 (A) is called the logarithmic density of A, respectively). It is well
known that for each A C N, d (A) < 8 (A) < §(A) < d(A).

Denote by .#,, .5 the class of all A with d (A) =0(8 (A) = 0, respectively). Then .#; and . are non-trivial
admissible ideals, .#;-convergence concides with the statistical convergence and .#g-convergence is said to be
logarithmic statistical convergence.

*Presented by Omer KiSI okisi@bartin.edu.tr
Teguler@bartin.edu.tr
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Recently, Das, Savas and Ghosal [2] introduced new notions, namely .# -statistical convergence and .#-lacunary
statistical convergence by using ideal.

In [8], he extended the concepts of statistical limit superior and inferior (as introduced by Fridy and Orhan) to
#-limit superior and inferior and give some .#-analogue of properties of statistical limit superior and inferior
for a sequence of real numbers.

The purpose of this study is to extend the notions of .#-convergence, .#-limit superior and .#-limit inferior,
#-cluster point and .#-limit point to functions defined on discrete countable amenable semigroups. Also, in
this paper, we make a new approach to the notions of [V, A]-summability and A-statistical convergence by using
ideals and introduce new notions, namely, .#-[V, A]-summability and .#-A -statistical convergence to functions
defined on discrete countable amenable semigroups. For the particular case when the amenable semigroup is
the additive positive integers, our definition and theorems yield the results of [8], [10], [14].

2. Definitions and Notations

Definition 2.1 ([16]) Let G be a discrete countable amenable semigroup with identity in which both right and
left cancelation laws hold. f € w(G) is said to be convergent to s, for any Folner sequence {S, } for G, if for
each € > 0 there exists ko € N such that |f (g) —s| < € for all m > ko and g € G\S,,..

Definition 2.2 ([16]) Let G be a discrete countable amenable semigroup with identity in which both right and
left cancelation laws hold. f € w(G) is said to be a Cauchy sequence for any Folner sequence {S,} for G, if for
each € > 0 there exists ko € N such that |f (g) — f (k)| < € for all m > ko and g € G\S,,,.

Definition 2.3 ([16]) Let G be a discrete countable amenable semigroup with identity in which both right and
left cancelation laws hold. f € w(G) is said to be strongly summable to s, for any Folner sequence {S, } for G,
if

lim — If (g

n—oo |S | gg
where |S,| denotes the cardinality of the set S,,.
The upper and lower Folner densities of a a set S C G are defined by

_ . 1
6(S)zgggsupm|{geSn.geS}|

and
0 (S) = lim inf—

"°°||

{geS,:geS}

respectively & (S) = 8 (S), then
§(8)=lim ——[{g€S,: g€}

n—so0 |S ‘
is called Folner density of S. Take G =N, S, = {0, 1, ,n—1} and S be the set of positive integers with
leading digit 1 in the decimal expamlon The set S has no Folner density with respect to the Folner sequence
{S,}, since 8 (S) = &, §(S) = 3. To facililate this idea we introduce the following notion: If f is function
such that f (g) satlsﬁes property P for all g expect a set of Folner density zero, we say that f (g) satisfies P for
"almost all g", and abbreviate this by "a.a.g".

Definition 2.4 ([16]) Let G be a discrete countable amenable semigroup with identity in which both right and
left cancelation laws hold. f € w(G) is said to be statistically convergent to s, for any Folner sequence {S, } for
G, if for every € > 0

LT \5 Heesislf(g) =5} =0

The set of all statistically convergent functions will be denoted by S (G).

Definition 2.5 ([16]) Let G be a discrete countable amenable semigroup with identity in which both right and
left cancelation laws hold. f € w(G) is said to be statistical Cauchy function for any Folner sequence {S, } for
G, if for every € > 0 and [ > 0, then there exists an m € G\S; such that

lim ——[{g€S,:|f(g)—f(m)| = e} =

n—soo |S ‘
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3. Main Results

Definition 3.1 Let G be a discrete countable amenable semigroup with identity in which both right and left
cancelation laws hold. f € w(G) is said to be .#-convergent to s for any Folner sequence {S,} for G, if for
every € > 0;

{g€Su:1f(g)—sl= e} e s
ie., |f(g) —s| < € a.a.g. The set of all .# -convergent sequences will be denoted by .# (G).

In this section, we study the concepts of .#-limit superior and . -limit inferior for a Folner sequence, give the
relationship between them, and prove some basic properties of these concepts.
For any Folner sequence {S,} for G and for f € w(G) let By denote the set,

By:={bcR:{geS,:f(g) >b} ¢ .7}

and similarly,
Api={acR:{geS,: f(g)<a} ¢ I}
We begin with a definition.
Definition 3.2 If f € w(G), then the .#-limit superior of f € w(G), for any Folner sequence {S,} for G, is
given by
& -limsup f : { Suff,f’ itf”ij: i g’

Similarly, the .#-limit inferior for any Folner sequence {S,} for G is given by

ianf7 ifAf 75 0,

Z-liminf f : { - ifA; =0

It is easy to see that for any f € w(G) and for any Folner sequence {S,} for G, .#-liminf f < .# —limsup f.

Definition 3.3 The function f € w(G) is said to be .#-bounded for any Folner sequence {S,} for G, if there is
a number M such that
{geSu:lf(g)| =M} e

Note that .#-boundedness implies that . -limsup f and .#-liminf f are finite. The following theorem can be
proved by a straightforward least upper bound argument.

Theorem 3.4 For any Folner sequence {S,} for G, if u = . -limsup f is finite, then for each € >0

{geSn:fe)>n—€t ¢ Iand {g€S,:f(g)>n+etes. (L.1)
Conversely, if (1.1) holds for every € > 0 then it = . —limsup f.

Proof. Let € > 0. Since jt+¢& > it =sup{f:supBy ¢ .7}, the number y + € is not in {f:supBy ¢ .}
and {g€S,:f(g)>u+e} €. Further f —e < u and there exists 1’ € R such that 4 —& <1’ < u,
'€ {f:supBs ¢ .7} Hence {g€S,:f(g)>1'} ¢ .7 andalso {g€S,: f(g) >u—e}¢.7. Consequently
(1.1) holds.

On the other hand, suppose that the number g fulfils (1.1) for every € > 0. Then, if € > 0, we have u + € ¢
{f: supBy ¢ J} and . —limsup f < p + €. Since this holds for every € > 0, we have .# —limsup f < u.
The first condition in (1.1) implies .# — limsup f > p — € for each € > 0, so we have .# — limsup f > u.
Inequalities . —limsup f < p and .# —limsup f > p imply g = .# —limsup f. O

The dual statement for .#-limsup f is as follows.
Theorem 3.5 For any Folner sequence {S,} for G, if A = . -liminf f is finite, then for each € >0

{g€S,:f(g)<A+e}¢ Fand {geS,:f(g)<A—€e}e L. 2.1
Conversely, if (2.1) holds for every € > 0 then A = . -liminf f.
Proof. The proof of this theorem is similar to proof of the theorem 1. O
Theorem 3.6 For any Folner sequence {S,} for G,

& —liminf f < .7 —limsup f.
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Proof. First consider the case in which .#-limsup f = —co. Hence we have By = 0, so for every b in R,
{g€Sn:f(g)>b} e .7 whichimpliesthat{g € S, : f(g) < b} €.Z (F)soforeveryaininR,{ge S,: f(g) <a} ¢
#. Hence .Z-liminf f = —co.

The case in which .#-limsup f = +c needs no proof, so we next assume that y := .#-limsup f is
finite and A := .#-liminf f. Given & > 0 we show that u +¢& € Ay, so that A < u + €. By theorem 1,
{g€8,:f(g) > u+e} €7 because i = supBy. This implies {g € S, : f(g) <p+5} € F(F). Since

{geSn:f(g)Squg}Q{gGSn:f(g)<H+8}

and .# () is afilter on N,
{gesSn:flg<ut+eleF(s).
This implies
{g€Sn:fle)<ntet¢ s
Hence 11 + € € Ay. By the definition A := .#-liminf f, so we conclude that A < p1 4 ¢; and since € is arbitrary
this proves that A < u. 0

Theorem 3.7 For any Folner sequence {S,} for G, .%-bounded function f is .%-convergent if and only if
Z-limsup f = . -liminf f.

Proof. For any Folner sequence {S,} for G, let A := .#-liminf f and u := . — limsup f. First assume that
F-limf=sande>0. Then {g€S,:|f(g)—s|>¢e} e I, sothat{g €S, : f(g) >s+¢€} €. which implies
that u <s. We also have {g € S, : f(g) <s— €} € ., which yields that s < A. Therefore & < A. Combining
this with Theorem 3 we conclude that 4 = A.

Now assume that for any Folner sequence {S,} for G, .#-limsup f = .#-liminf f. If € > 0, then (1.1) and
(2.1) imply that

{gesn:f(g)>s+§}ef

and e
{gESn:f(g)<s—§}€J/.

Hence, for any Folner sequence {S,} for G, .-limf = s. O

Definition 3.8 Let G be a discrete countable amenable semigroup with identity in which both right and left
cancelation laws hold. f € w(G) is said to be .#-Cauchy function for any Folner sequence {S,} for G if, for
each € > 0 and [ > 0, then there exists an m € G/S; such that

{geSu:lf(e)—f(m)|>e}es
ie., |[f(g)—f(m)| <eaag.

Theorem 3.9 The following statements are equivalent:

(i) f € w(G) is Z-convergent function
(i) f € w(G) is #-Cauchy function.

Proof. (i) = (ii) To prove that (i) implies (ii) we assume that .#-lim f (g) =s. Let € > 0. Then [f (g) —s| < §
a.a.g and, if go is chosen so that |f (go) —s| < § a.a.g, then we have

‘f(g)—f(goﬂ<|f(g)—s|+|f(go)—s|<§+§:g

a.a.g. Hence f is .#-Cauchy function.
(if) = (i) Next {g € S, : |f (8) — f(m)| < €} € .Z (F) holds for all € > 0. Then the set
S

Ce={g€Su:f(g)€lf(m)—& f(m)+el} € F(SF)

for all € > 0. Denote J; = [f (m) — €, f (m) + €].
Fix an € > 0. Then Ce € .# () and C§ € .7 (.¥). Hence CeNC% € % (£). This implies

J=JenJ5 #0,
{geSn:fle) et e F(S),
diam (J) < Ldiam (Jg).

(diam(J) denotes the lenght of the interval J.) This way, by induction, we can construct the sequence of (closed)
intervals Je = Iy 2 I} D ... 2 I, D ... with the property diam(Z,,) < %diam(l,,_l) (n=2,3,...). Then there exists

as € () I, and it is routine work to verify .#-lim f' (g) = s. O
neN
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4. .-Limit Points and .#-Cluster points

In [10] Koystrkro introduced the concepts of .# limit point and .# cluster point. In this section we extend
these concepts of .# limit point and .# cluster point to the functions defined on discrete countable amenable
semigroups. If f € w(G) and H C G, we write Ry (G) to denote the range of f € w(G). If Ry (H) is a subset of

R;(G) and lim, e ‘7?15"1

{8y} for G, or a thin subset. On the other hand Ry (H) is a nonthin subset of R (G) if lim,_, ‘FES‘"‘ #0.

Definition 4.1 The number s is a .# limit point for an f € w(G), for any Folner sequence {S,} for G, provided
that there is nonthin subset of Ry (G) that f .#-converges to s in it.

| = 0 then R (H) is called a subset of Folner density zero for any Folner sequence

Definition 4.2 The number ¢ is a .# cluster point for an f € w(G), for any Folner sequence {S,} for G,
provided that for each € >0 theset{g€ S, : |f(g) —c|< e} & #.

For f € w(G), let Ly(G), .7 (Af(G)), .# (T (G)) denote the sets of all ordinary limit points, .# limit points
and . cluster points of f, respectively. It is clear that .# (Af(G)) C . (T (G)) C Ls(G).

Theorem 4.3 Let f € w(G) be .7 -bounded for any Folner sequence {S,} for G and let % (U's (G)) be the set
of all 7 cluster points of f, for any Folner sequence {S,} for G. Then

J-limsup f = max .# (T's (G)).

Proof. Put .#-limsup f = w. Suppose i’ > . First we show that g’ is not in .% (Ff (G)) We have
u=supS, S={r:{geS,: f(g) >t} ¢ I}. (7.1
Choose € >0 such that u < ' —e < p’. Then ' — € ¢ S and
{seSn:flg)>u —e}es.

It follows from the definition of .# cluster point for an f € w(G) that u’ ¢ % (s (G)).
We show i1 € .7 (s (G)). Let 1 > 0. It follows from (7.1) that there is a 7o € R such that gt — 1 <19 < i,
to € S. Hence

{geSn:f(g) >0} ¢ s (7.2)
Simultaneously, since (L + % ¢ S, we have
i n /
{gESn.f(g)>[J+E}€f. 1.2))
It follows from (7.2) and (7.2') {g € Sp: f(g) € (u—M,u+N)} ¢ Z and u € 7 (Tf(G)). O

Remark 4.4 It can be shown for a .#-bounded sequence {S,} for G the equality
#-liminf f = min.# (s (G)).
Example 4.5 Take G=7, H = {0,+1,+3,4+5,+7,...}, S, = [—n,n| and define f as follows:

_J 0, ifgeH,
f(g)_{ 1, ifg¢ G\H.

Then L;(G) = {0,1} and . (A£(G)) = {0}.

5. Relationship between .7, and .75-Convergence and Cesaro summability

Recall that the Folner sequence {S,} for G is said to be strongly (C,1)-summable to s if and only if
lim,,_,oo‘sl—n| Y |f(g)—s/=0.
8ESn

If the Folner sequence {S,} for G is bounded, then .#;-lim f = s implies (C, 1)-lim f (g) = s. The converse
is obviously not true. (e.g. {S,} ={0,1,0,1,...}). However f € m(G) is bounded, the .#;-convergence to
some number is equivalent to strongly Cesaro-summability to the same number. But, for .#5-convergence the
situation is different.

Proposition 5.1 Ler f € w(G) be 7 -bounded for any Folner sequence {S,} for G such that Jg-lim f = 0 and
(C,1)-lim f does not exist.
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Proof. PutS= J Sy, where S, — {n"2 1 —|—2,...,n"2+1} forn €N, n>2. If S(k) = dy (S) for k € N,
n=2

then
) ey
d(S) > lim sup > limsup——— = 1.

N—so0 nn2+l N—soo nn2+1

Hence d (S) = 1. Simultaneously ¥ % =Ilnn+v+0 (%), where 7 is an Euler constant, we have Y, % =
k=1

JESn
Inn+0O ( L ) for all n € N, n > 2. From this by a simple calculation we get
nn
Y Ink+0(1
5(S) < lim 7"21 A < fim 00
— n—oo P | T n—oo (n2+1)1nn—|—0(1) o
So we have 6 (S) = 0 and consequently d (S) = 0. So d () does not exist.
Define f as follows:
[0, ifgeG\S,
f(g)_{ 1, ifges.

Since 6 (S) = 0 we have .Z5-lim f = 0. But (C, 1)-lim f (g) does not exist. O

6. Conclusion

The convergence of folner sequences on amenable semigroups has been recently studied by several authors. In
this study, we extend concepts of statistical limit superior and inferior (as introduced by Nuray and Rhoades) to
#-limit superior and inferior and give some .# -analogue of properties of statistical limit superior and inferior
for folner seqeunces on amenable semigroup. We investigate some properties of the new concepts. So, we have
extended some well-known results.
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Keywords: Abstract: In this paper, the concept of lacunary uniform density of any subset

Invariant convergence, A of the set N x N is defined. Associate with this, the concept of lacunary .%,-

double sequence, invariant convergence for double Folner sequences { S, } for G was given. Also,

lacunary sequence, ] ] ] :

7 -convergence. we examine relatlonshlps. between this new type convergence coqcept.and the
concepts of lacunary invariant convergence and p-strongly lacunary invariant con-
vergence of double Folner sequences. Finally, introducing lacunary .#; -invariant
convergence and lacunary .%-invariant Cauchy concepts for double Folner se-
quences, we give the relationships among these concepts and relationships with
lacunary .%-invariant convergence concept.

1. Introduction

The idea of the statistical convergence was given by Zygmund [36] in the first edition of his monograph
published in Warsaw in 1935. The concept of statistical convergence was introduced by Fast [31] and then
reintroduced by Schoenberg [29] independently. Over the years, statistical convergence has been developed in
([71, [301, [32], [33], [34], [13]) and turned out very useful to resolve many convergence problems arising in
Analysis.

A number sequence x = (x) is said to be statistically convergent to the number / if for every & > 0, lim . 2| {k <
n:|xy —I| > €}| = 0.In this case we write st — limy_,..x;, = /. Statistical convergence is a natural generalization
of ordinary convergence. If limx; = [, then st — limx; = [. The converse does not hold in general.

Mursaleen and Edely [13] extended the above idea from single to double sequences of scalars and established
relations between statistical convergence and strongly Cesaro summable double sequences.

Lacunary statistical convergence was defined by Fridy and Orhan [35]. Cakan and Altay [34] presented
multidimensional analogues of the results presented by Fridy and Orhan [35].

By a lacunary sequence we mean an increasing integer sequence 6 = {k,} such that ko =0 and h, =k, —k,_1 —
oo as r — oo. Throughout this paper the intervals determined by 6 will be denoted by I, = (k,—1,k,].

A sequence x = (xi) is said to be lacunary statistically convergent to the number L if for every € > 0,
lim, e hir|{k €l : |xy —L| > €}| = 0. In this case we write Sg — limx; = L or xx — L(Sp).

The idea of .#-convergence was introduced by Kostyrko et al. [6] as a generalization of statistical convergence
which is based on the structure of the ideal .# of subset of the set of natural numbers. Das et al. [25], [8]
introduced the concept of .#-convergence of double sequences in a metric space and studied some properties of
this convergence.

The notion of lacunary ideal convergence of real sequences was introduced in [20]. Das et al. [24] introduced
new notions, namely . -statistical convergence and .#-lacunary statistical convergence by using ideal. Belen et
al. [1] introduced the notion of ideal statistical convergence of double sequences, which is a new generelization
of the notions of statistical convergence and usual convergence. Kumar et al. [39] introduced .#-lacunary
statistical convergence of double sequences. More investigation and applications on this notion can be found in
[21].

*Presented by Omer KiSI by okisi @bartin.edu.tr
feguler@bartin.edu.tr
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Several authors have studied invariant convergent sequences (see, [11],[12], [22], [23], [38]). Savag and Nuray
[26] introduced the concepts of o-statistically convergence and lacunary o-statistically convergence and gave
some inclusion relations. Pancaroglu and Nuray [40] defined the concept lacunary invariant summability and
p-strongly lacunary invariant summability. The concept of lacunary strongly ¢-convergence was introduced by
Savas [22].

In [16], the concepts of o-uniform density of subsets A of the set N of positive integers and corresponding
Js-convergence were introduced. Also, inclusion relations between .5 -convergence and invariant convergence
also .#5-convergence and [V , were given [16]. Recently, the concept of lanunary o-uniform density of the
set A C N, lacunary .#5-convergence, lacunary .7;-convergence, lacunary .#5-Cauchy, lacunary .#;-Cauchy
sequences of real numbers were defined by Ulusu and Nuray [14] and similar concepts can be seen in [16].
Ulusu et al. [15] defined the lacunary .#-invariant convergence for double sequence.

Let 0 be a one-to-one mapping of the set of positive integers into itself such that 6™ (n) = (¢! (n)),
m=1,2,3,.... A continuous linear functional ® on /., the space of real bounded sequences, is said to be an
invariant mean or a ¢ mean, if and only if]

(1) @ (x) > 0, for all sequences x = (x;,) with x,, > 0 for all n;

(2)®(e) =1, wheree = (1,1,1,...);

(3) @ (xg(n)) = P (x) forall x € L.

The mapping @ are assumed to be one-to-one such that 6™ (n) # n for all positive integers n and m, where
0™ (n) denotes the mth iterate of the mapping & at n. Thus, ® extends the limit functional on ¢, the space of
convergent sequences, in the sense that ® (x) = limx, for all x € c. In case o is translation mapping ¢ (n) =n+1,
the o mean is often called a Banach limit and Vj;, the set of bounded sequences all of whose invariant means
are equal, is the set of almost convergent sequences.

A sequence x = (xy) is o-statistically convergent to L if for every € > 0, lim,, o0 % ‘ {k Sm | Xgk(n) — L‘ > 8} ‘ =

0, uniformly in 7.

In this case, we write S¢ — limx = L or x; — L(Sg).

Nuray et al. [16] introduced the concepts of o-uniform density and .#;-convergence.

A sequence x = (x;) is .#5 convergent to the number L if for every € > 0, A = {k : |xx — L| > €} € I, that is
V (A¢) = 0. In this case, we write .95 — limx = L.

Let G be a discrete countable amenable semigroup with identity in which both right and left cancelation laws
hold, and w(G) and m(G) denote the spaces of all real valued functions and all bounded real functions f on
G respectively. m(G) is a Banach space with the supremum norm || f||., = sup{|f(g)| : ¢ € G}. Nomika [28]
showed that, if G is countable amenable group, there exists a sequence {S,} of finite subsets of G such that (i)

G = U2, Sy, (ii) Sp C Spp1,n=1,2,3, ..., (i) lim, e % =1, limy e % =1 forall g € G. Here
|A| denotes the number of elements in the finite set A. Any sequence of finite subsets of G satisfying (i), (if)
and (iii) is called a Folner sequence for G.

The sequence S, = {0, 1,2, ...,n— 1} is a familiar Folner sequence giving rise to the classical Cesaro method of
summability.

The concept of summability in amenable semigroups was introduced in [9], [10]. In [4], Douglas extended the
notion of arithmetic mean to amenable semigroups and obtained a characterization for almost convergence in
amenable semigroups.

In [27], the notions of convergence and statistical convergence, statistical limit point and statistical cluster point
to functions on discrete countable amenable semigroups were introduced.

Let G be a discrete countable amenable semigroup with identity in which both right and left cancelation
laws hold. f € w(G) is said to be .#-convergent to s for any Folner sequence {S, } for G, if for every € > 0;
{g€S8,:|f(g)—s| >¢e}e Fsie., |f(g)—s| < €a.a.g. The set of all .¥-convergent sequences will be denoted
by .7 (G).

Let G be a discrete countable amenable semigroup with identity in which both right and left cancelation laws
hold. The function f € w(G) is said to be .#-invariant convergent to s for any Folner sequence {S,} for G if
for every € > 0;

{8€Sn:1f(g)—sl>¢}

belongs to .#5; i.e., V (Ag) = 0. The set of all .#-invariant convergent sequences will be denoted by .75 (G).
Let G be a discrete countable amenable semigroup with identity in which both right and left cancelation laws
hold. The function f € w(G) is said to be invariant convergent to s for any Folner sequence {S, } for G if

1
lim —— Y f (g ok (m)) = s, uniformly in m.
n=es |8 1<k<|Sy|&gESn

In this case, we write f — s (V).
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A double sequence x = (x,,,) of real numbers is said to be convergent to L € R in Pringsheim’s sense (shortly,
p-convergent to L € R), if for any € > 0, there exists N; € N such that |x,,,, — L| < €, whenever m,n > N;. In
this case, we write

lim X, =L.
m,n—oo

We recall that a subset K of N x N is said to have natural density d(K) if

d(ic) = lim Xmn)
m,n—yo0 m.n
where K(m,n) = [{(j.k) € Nx N: j < mk < n}].
A nontrivial ideal .% of N x N is called strongly admissible if {i} x N and N x {i} belong to .#, for each i € N.
It is evident that a strongly admissible ideal is admissible also.
Throughout the paper we take .#, as a strongly admissible ideal in N x N.

0 = {A c 2N @Gm(A) eN) (i,j > m(A) = (i, )) GEA)}-

Then .} is a strongly admissible ideal if and only if .7 C .%.
Let (X, p) be a metric space A double sequence x = (x,,;) in X is said to be .#-convergent to L € X, if for any
€ >0 we have A

A(e) = {(m,n) e NXN: p(xpy,L) > €} € 5.

In this case, we say that x is .#>-convergent and we write

S — lim x,,, =L.
m,n—roo

An admissible ideal .% C 2N*N satisfies the property (AP2) if for every countable family of mutually disjoint
sets {E1,E», ...} belonging to .%, there exists a countable family of sets {Fy, F>, ...} such that E;AF; € .. 0 ie.,

E;AF} is included in the finite union of rows and columns in N x N for each j € Nand F = |J F; € % (hence
j=1

Fj € #, foreach j € N).

A double sequence 68 = {(k;, j,)} is called double lacunary sequence if there exist two increasing sequences of

integers (k,) and (j,) such that

k() ZO, hr:kr_kr—l — o and j() ZO,EM Zju—ju_l —> 00, U —» o,
We will use the following notation ks := k[, hys := hyhg and 0,4 is determined by
Lis :={(k,j) k1 <k <kyand j,_; <I<j,},

e v P

r—1 = jufl

Throughout the paper, by 6 = {(k,, j,)} we will denote a double lacunary sequence of positive real numbers,
respectively, unless otherwise stated.

QM::k

2. Main results

Definition 2.1 f € w(G) is said to be lacunary invariant convergent to s, for any double Folner sequence {Sk j}
for G, if

1
lim = Y f(8otmosm) =
ru—eo i, K JElu&gESy, o*(m),0j(n)

uniformly in 7,m and it is denoted by Sx; — s (V9 (G)).
Definition 2.2 Let 6 = {(k, j,)} be a double lacunary sequence, A C N x N and

Pru 1= min {an{(c* )07 (n): (k) € 1} |
and
o= max|{an { (c*(m).07 ) (.))) 1} )|

If the following limit exist
e . P
Pru LV (A) = lim —™,

ru HU=* Dry

VY (A):= lim

— ru—o0
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then they are called a lower lacunary o-uniform density and an upper lacunary o-uniform density of the set A,
respectively. If VY (A) = @(A), then V) (A) = VY (A) = Vje(A) is called the lacunary o-uniform density of A.
Denote by ffﬁe classof all A C Nx N withvze (A)=0.

Throughout the paper we take ﬂfe as a strongly admissible ideal in N x N.

Definition 2.3 The function f € w(G) is said to be .#>-bounded for any Folner sequence {S;Q j} for G, if there
is a number M such that
{(k,J) € lu&g € Sy : |f (8)[ = M} € A

Definition 2.4 f € w(G) is said to be lacunary .%-invariant convergent, or ﬂfe-convergent to s, for any
double Folner sequence {Sk j} for G, if for every € > 0, the set

Ae) = {(k,j) € ly&g € S : ‘f (gak(m)’cj(n)) —s’ > e}
belongs to fz"e; ie., V29A (¢) =0, uniformly in m,n. In this case, we write
fzce_]imf (gGk(m),Gj(n)> =sorf (gGk(m),Gj(n)> — S (ﬂzde) , where g € Skj-

Theorem 2.5 Suppose that {Sk j} is a bounded double Folner sequence. If {Sk j} is lacunary %-invariant
convergent to s, then {Sk j} is lacunary invariant convergent to s.

Proof. Let @ = {(k;, j,)} be a double lacunary sequence, m,n € N be arbitrary, € > 0. Now we calculate

t(k7jar7u) =

A Wi (gcqm),c,,-(n)) K

hru k,j€lru&gESy
We have
t(k, joru) < 1O (k, j,ru) +1@) (k, j,ru)
where
(O (m,n, f) = Y ‘f(gck<m>7oj<n>> —S‘
ru k:jelm&geskj
(<o) [ 22
and |
1 (m,n,x) = Z ‘f (gck(m)pj(n)) — s‘ .

Tk, jely &gESy
1/ (807m) —s|<e

Therefore, we have ¢(?) (m,n, f) < €, for every m,n = 1,2, .... The boundedness of double folner sequence is
implies that there exist M > 0 such that

£ (sorm.oim) —

<M, (j=1,2,.5m=1.2..),
then this implies that

tD(mn, ) <&

{k7j € &g € S : ‘f (gc“(M)-,Gj(")) —s’ 2 g}‘

M maxin| {1 <5< 30l ([ (8t m.000) ) 22}

ru

=M.

B hru '
Hence, {Sk j} is lacunary invariant summable to s. U

But converse of the theorem does not hold. For example, {Sk j} is the double sequence defined by the following;

1 ifkr—1<k<kr—1+[\/]’7r]» dk . .
B . . . — an <+ 7 1S an even 1nteger.
Jr1 <J<Jrfl+[\/hr}, / g

Skj =
if kot <k <ke1+ [V,

0, . .. = and k + j is an old integer.
]r71<]<]r71+{\/hr}s 1 &

where o (m) =m+ 1 and 6 (n) = n+ 1, this folner sequence is lacunary invariant convergent to %, but it is not
lacunary .#,-invariant convergent.
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Definition 2.6 f € w(G) is said to be strongly lacunary invariant convergent to s, for any double Folner
sequence {Sy; } for G, if

lim — ‘ ( . )_S’zo,
ru—o fi,, k’jEIMZ&geskj f 86k (m),0j(n)

uniformly in n,m and it is denoted by S; — s ([V’% (G)]).

Definition 2.7 f € w(G) is said to be p-strongly lacunary invariant convergent (0 < p < o) to s, for any double
Folner sequence {Sk j} for G, if

p

lim - ). ‘f (gaﬂm),o/(n))*s %

4 kvjelm&geskj

uniformly in n,m and it is denoted by S ; — s ([er (G)] p) ’

Theorem 2.8 If a double sequence {Sk j} for G is p-strongly lacunary invariant convergent to s, then {Sk j} is
lacunary %,-invariant convergent to s.

Proof. Let Sgj — s ([er (G)]p), 0 < p < o. Suppose € > 0. Then for every double lacunary sequence
0 = {(kr, ju)} and for every m,n € N, we have

f (8ak(m>,of(n)) B °

’p
kajEIru&gESkj

> Y ‘f (gck(m),ﬁj(">) 7S‘

k, j€lru&gESy

‘f(gckm)ﬁj(n))fs‘z‘g
> gl Hk,j € Lu&g € S; : ‘f (gak<m),aj(n)) —s’ > g}‘

> €P.maxy,

{k,j € Inu&g € Skt ‘f (8ok(m>,oj(n)) _S’ = EH

and
1 f ( ) \
T gO'k Nedi — S
" k-,jelm&geskj (m) j(n)
Yo gl {k’j Elu&geSyj: |f (8&(@01‘@))”)28}‘ — gP Su
Tu -
This implies [ithy—e. % = 0and so {Sy; } is #57%-convergent to s. O
u

Theorem 2.9 If a double sequence {Sk j} €12 and {Sk j} is lacunary %5-invariant convergent to s, then {Sk j}
is p-strongly lacunary invariant convergent to s (0 < p < o).

Proof. Now suppose that {Sk j} €12 and {Sk j} is lacunary .%,-invariant convergent to s. Let 0 < p < o0 and

€ > 0. By assumption, we have V29 (A¢) = 0. The boundedness of {Sk j} implies that there exist M > 0 such
that

‘f (go'k(m)’o'j(n)> —s’ <M, (k,j)e€lymn=1,72,...
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Observe that for every m,n € N we have that

1 p
T lmman)
hru k,jelm&gESkj [} (m)ﬂaf(”)
! p
= T X 1 (sormcm) =]
K j€hubegeSi&|f (8414 ) 5[ 28
1 p
i L ’f (8ak<m>,of<n>) =

k,jelru&geskj&‘f<g6j(m))_S‘<£

< .maxm‘{lﬁjﬁsn‘: f‘gf‘ak(m),aj(n))_s‘zg}’ +gP

Hence, we obtain

1
lim — Z ‘f (gck(m),oj(n)> —s’ = 0, uniformly in m,n.
Tk, jElu&gESy, '

This completesnthe proof of the therorem. U

Definition 2.10 A double Folner sequence {Sk j} is lacunary .#; -invariant convergent or Jzﬂfe—convergent tos
if and only if there exists a set M, € . (#2°%) (H = Nx N\ M, € .#7) such that

111’11 Skj =¥, (k,_]) e M.

k,j—yoo

In this case, we write ﬂzﬂfe—limk,j%w Skj=s0rSgj—s (ﬂz‘ie).

Theorem 2.11 If a double sequence {Sk j} is lacunary %5 -invariant convergent to s, then this sequence is
lacunary %,-invariant convergent to s.

Proof. Since Jﬁe-limkﬁj_m Sij = s there exists a set M, € .7 (.ﬂfe) (H=NxN\ M, e ffe) such that

lim Skj =S, (k,]) eEM,.

k.j—voo

Given € > 0. By (1), there exists ko, jo € N such that ‘f (gck(m)’o-j(n)> —s‘ < g, for all (k,j) € M, and
k > ko, j > jo. Hence for every € > 0, we have

T(e) = {(k)eNXN:|f (8otmosm) — 5| > €}
C HUMN(({1,2,...,(ko— 1)} x N)U(Nx {1,2,...,(ko—1)}))).
Since .#7¢ C 2"N is strongly admissible ideal,
HUM>N(({1,2,...,(ko— D)} x NY)U(N x {1,2,..., (ko — 1)}))) € .#7°,
so we have T (¢) € .#°9 thatis V) (T (¢)) = 0. Hence, .70 -limy o0 Sij = 5. O

The converse of the Theorem 4 holds if ﬂfe has property (AP2).

Theorem 2.12 Let ffe has property (AP,). If a double sequence {Sk j} is lacunary .%,-invariant convergent
to s, then this sequence is lacunary %5 -invariant convergent to s.

Finally, we define the concepts of lacunary .#-invariant Cauchy and lacunary .#; -invariant Cauchy sequences.
Definition 2.13 A double Folner sequence {Sk j} is said to be lacunary % -invariant Cauchy sequence or
#9_Cauchy sequence, if for every € > 0, there exist numbers s = s (€), f =1 (€) € N such that

A(e)={(k,j).(s,0) €L |f (Skj) — f (Su)| = €} € 778,

that is, V,? (A (€)) = 0.
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Definition 2.14 A double Folner sequence {Sk j} is said to be lacunary %, -invariant Cauchy sequence or
72 -Cauchy sequence, if there exists a set M, € .7 (F7°), (H=Nx N\ M, € #7°) such that for every
(k,j),(s,1) € M>

lim | f(Sg) —f(Sa)| = 0.

k.55

The proof of the theorems are similar to the proof of Theorems in ([17], [18], [19]) so we omit them
Theorem 2.15 If a double Folner sequence {Skj} is fz"e—convergent, then {Skj} is fz"e—Cauchy sequence.

Theorem 2.16 If a double Folner sequence {Sk j} is fche-Cauchy sequence, then fzae-Cauchy sequence.

Theorem 2.17 Let ffe has property (AP,). If a double sequence {Sk.,-} is ﬂz"e—Cauchy sequence, then {Sk j}
is #29-Cauchy sequence.
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Keywords: Abstract: In this paper, we employ the tan( ) -expansion method to explore

the solution structure of (3+1)-dimensional potent1a1 YTSF equation. We obtain
new solitary wave solutions in form of trigonometric function, hyperbolic function,
exponential function and rational function solutions. We also plot two- and three-
i . q dimensional graphics for some of the obtained solutions. In this study, all the
rigonometric function . . ; A

solutions computations are performed with the aid of Mathematica 9 and consequently a
hyperbolic function comprehensive conclusion is submitted.
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exponential function
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MSC: 00A05; 00A69;
00A72; 12H20; 34A25;

1. Introduction

In the field of nonlinear science such as biology, chemistry physics and mathematical physics, etc. nonlinear
partial differential equations (NLPDEs) are used frequently to explain models like fluid dynamics, plasma
physics, optic fibers, chemical kinematics, etc. Owing to the significant role of NLPDEs in many phenomena,
the investigation of solutions of these equations has become more attractive for researchers. In order to
obtain solutions to the equations in this category, various methods are developed and applied such as (G/ /G)-
expansion method [1], the extended (G, /G) method [2], generalized (Gl /G) method [3], Kudryashov method
[4], tanh function method [5], jacobi elliptic function method [6] and many other analytical methods are used in
[7-14, 16].

In this study, we apply the tan( ) -expansion method [15] to the (3+1)-dimensional potential-YTSF equation,
given by [17]:

— Aty + Upryy + Ayl + 2yt + 31y, = 0. (1.1)

Several of approaches have been formulated by many researchers to investigate the solution structures of
equation (1.1), such as exp-function method [18], the kudryashov method [4], the extended (G, /G)-expansion
method [19], the homoclinic test technique [20].

The remaining part of this study if formed as follows: the description of tan(.)-expansion method is given in
section 2, the application of this method to the (3+1)-dimensional potential-YTSF equation is presented in
section 3, in section 4 two- and three-dimensional plots of some obtained solutions are shown and finally the
conclusion is presented in section 5.

*ozlem.isik @klu.edu.tr
"hbulut @firat.edu.tr
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2. Description of the Method
Consider the following NLPDE
H(M, Mz? uxa ’/‘xm uta utta u}(h ):O; (21)

where H is a function of u(x, ¢) and its partial derivatives in which the highest order derivatives and the nonlinear
terms are connected. Performing the travelling wave transformation u(x, t) = U(§), & = x—kz, Eq. (2.1)
reduces to the following ordinary differential equation (ODE):

ou,u",U",..)=0, 2.2)

where Q is a function in U (£) and its derivatives with respect to & and k is the wave velocity.
The solution of the Eq. (2.2) is given as follows:

ZA (p+mn( )) —I—ZB( +zan(%®))7i,Am¢o,BMAO, 2.3)

where m is a positive integer that can be determined by applying the balancing technique to the highest order
derivative and the highest nonlinear term in Eq. (2.2). The coefficients A;(0 < i < m), B;(1 <i < m) are
constants to be determined and F = F (&) supplies the first order nonlinear ordinary differential equation
(NODE), given by [15]:

F'(&) =asin(F(E))+bcos(F(£)) +c. (2.4)
Substituting Eq. (2.3), it’s derivative along w1th Eq. (2.4) into Eq. (2.1) and simplifying, produces algebraic

system of equations for tan @) s cot( (25) . Then, all the coefficients of tan F(z'}’:) ) , cot (@) have to

vanish. After collecting this separated algebraic system equations, we calculate k, p, Ag, A1, By, ..., Am, Bn.
For the solutions of Eq. (2.4), see [15].

3. Implementation of the Method

Consider the (3+1)-dimensional potential-YTSF equation given in Eq. (1.1), section (1).

Using the travelling wave transformation u = U (§), &€ =x+y+z—kt, Eq. (1.1) reduces to the following
NODE:

(4k+3)U +3(U ) +U" =0, (3.1)

by applying the balancin/g technique on Eq. (1.1) by considering the highest derivative U " and the highest
power nonlinear term (U )2, we obtain m = 1.

Using m = 1 together with Eq. (2.3), we choose the solution to Eq. (1.1) as follows:

U(§)=A0+A1<p+tan<%€)>>+31 (p+zan(%§)))_l, 3.2)

substituting Eq. (3.2) into Eq. (3.1) and simplifying together with Eq. (2.4), we obtain a system of algebraic
equations in terms of Ay, By, p, k, a, b, c. We solve the system of the algebraic equation for the coefficients
Ay, By, p, k, a, b, ¢, and we obtain a different cases of solution to the coefficients. We obtain a number of
families of soliton solutions under each case by considering solutions to Eq. (2.4) given by [15].

Case-1: A| =0, By =b+c—2ap—bp* +cp?, k= §(—-3—a® —b*+?),
has the following families of solutions:

Solution-1: @*> +b*> —c?> <0and b—c #0

(b—c)(2ap+b(p* —1) —c(1+4p?))

; (3.3)
a+p(b—c)—Vct—a*—b2tan[B]

u(x7y7zat) = -
where B = $Vc2—a2 —b? (3+a> +b* — )t +4(x+y+2))

Solution-2: a> +b*> —c> >0b#0and c =0
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b(b—2ap —bp?)

u(x,y,z,t) = ) 34
a+bp++/a*+p? mnh{g\/a2+b2((3+a2 +b2)t+4(x+y+z))}
Solution-3: a®> +b*> —c®> < 0,c#0and b =0
A 2
u(x,y,z.1) = e dapay) , (35)
cp—a++ct—a’tan [% 2—a*((3+a%— c2)t+4(x—|—y+z))}
Solution-4: a* + b* = ¢?
b—2ap —bp* + Va2 + b2 (1 + p?
(v yzyr) = L2 ANE A (A P (3.6)
(b++/ a2+b?) (2+a (%+x+y+z) )
p—
a2 (%7’+x+y+z
Solution-5: ¢ =a
b+a(p—1)*—bp?
u(x,y,2,1) = oL iy W (3.7)
1 (atb)e? ((3+b%)1+4(x+y+2)) L
_1+(a_b)ezl(b((3+b2)t+4(x+y+z)) P
Solution-6: a = ¢
—1)(b+c+bp—
u(wyzpr) = —— L= Dbt et bp=cp) (38)
1+(b+c)e1h(<3+b Jt+4(x+y+2)) 4
_1+(b_c)e71([7((3+b2)t+4(x+y+z)) 14
Solution-7: ¢ = —a
a—b+pla+b
u(xay7z7t) = _1+ (21) ) ’ (39)
(1+p) <a+bie%b((3+b2)t+4(x+y+z)))
Solution-8: b = —¢
u(x,y,2,1) =2 (c— a ) (3.10)
T P+ (a—cpleralB+a)ta(ry+2) /7 '
Solution-9: b =0and a =c¢
2(p—1)*(3t+4
u(xyzn) = S B 1) G0
c(p—1)(Bt+4(x+y+z))—8
Solution-10: a =0and b= ¢
2
u(x,y,z,t) = a , (3.12)
p+c<% +x+y+z>
Solution-11: ¢ =0 and b = —¢
2cp?
ux,y,a,1) = —————— (3.13)
c(%’+x+y+z)
Solution-12: ¢ =0 and b =0
1 2
u(x,y,z,t) = ctp) (3.14)

p+tan{%c(— (= —3)t+x+y+z)}

Case-2: Ay =b—c, Bi =0, k= 1(-3—a>*—b*+?),
has the following families of solutions:
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Solution-1: @*> +b*> —c?> <0and b—c #0

u(x,y,z,t) =a+p(b—c)—Vc?—a?—b? tan|f),

where By = 12 —a> —D2(3+a® + b — )t +4(x+y+2))
Solution-2: @*> +b*> —c?> >0and b—c #0

u(x,y,z,t) = a+ p(b—c)+a?+b*—c2 tanh[f3],
where B3 = 1Va2 + b2 — 2(3+a® +b* — )t +4(x+y+2))

Solution-3: a> +b*> — > >0,b#0and c =0
1
u(x,y,2,t) =a+bp++a%+b? tanh[gx/az+b2((3+a2+b2)t+4(x+y+z))],

Solution-4: > +b> —c> <0,c#0and b =0

1
u(x,y,z,t) =a—cp—+c2—a? tan[g V2 —a2(B+d®—cDt+4(x+y+2)],

Solution-5: a2 + b* = ¢?

b+ Va+07) (2+a( 2 +x+y+z
RN

a2<% +x+y+z)

u(x,y,z,t) = (b— Va? +b2) (p

Solution-6: ¢ = a

2
u(xayaz7t):a_ap+b<l_ +p>7

1+ (b _a)e%b((3+b2)t+4(x+y+z))

Solution-7: a = ¢

2
u(x,y,z,1) = c—cp+b<1 + L (b,C)e%b((3+b2)t+4(x+y+z)) +p>,

Solution-8: ¢ = —a

2b
a+ b — e b(B+b)i+4(x+y+2) A4 ) ’

u(x,y,z,t) = (a+b) (l -

Solution-9: b = —¢

u(x7y,z,t)—2<a+ a Cp),

—1 + ce#a(B+a)i+4(x+y+2))

Solution-10: b =0and a =c¢

ux,y,z,t) =c—cp+—-r—""—"-,
(e, 3,2,7) Py Aty +2)

Solution-11: ¢ =0and b = —¢

”(xv)’,ZJ) = _20p+ 3

Solution-12: ¢ =0and b =0
1 1, ,
M()C,y,Z,l) = —C(p-l-tan[zc(— Z(C —3)l+x+y+z)]),

Case-3: Ay =b—c, By =b+c+bp>—cp*, a=cp—bp,
k= 4(=3—b*—3bB; +3cB; +c* — b*p* +2bcp® — c*p?),
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(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)



has the following families of solutions:

Solution-1: > +b> —c> <Oandb—c #0

u(v.3,2,1) = \/ (b= )b +c-+ p (b)) (— 1+ cor B3] )ran(Bs],

where B3 = §1/—(b—c)(b+c+p2(b—c))((3+4b* — 42 +4p*(b—c)*)t +4(x+y+2))

Solution-2: > +b> —c> >0andb—c #0

u(x,y,z,t) \/b2 —c2+(bp—cp)? (1 + coth? [B4])tanh[ﬁ4],

where By = §1/b2 — 2+ (bp —cp)2((3+4b* —4? +4p*(b— )} )t +4(x +y+2))

Solution-3: a*> +b> —c>>0,b#0and ¢ =0

Wty zsth= 26/t p2 coth[ bV/1+ P23 +4B2(1+ p2))r +4(x+y+2))]

Solution-4: a*> +b> — > <0,c#0and b =0

1
u(x,v,z,t) = 2c\/1 — p? cot [ZC\/ 1—p2((3+4c*(p* - 1))t—|—4(x—|—y—|—z))},

Solution-5: a = ¢

1

{ be%h((3+4h2)t+4(x+y+z)) ’

4b 4(p—1)2

u(x,,z,t) =2b+

Solution-6: ¢ = —a

2682+ (1+ p) e3P+ )

M(X>yazyt) =— 2 (1 +p) ezb((’;+4b2)t+4(x+y+z))

Solution-7: b=0and a =c¢

ERTER) E—
b 5Z YR YN
=) 3t+4(x+y+z)’
Solution-8: « =0and b =c¢
2c
u(x,y,z,t) = ,

p—i—c(% +x+y+z)

Case-4: A| =0, By =b+c+bp>—cp*, a=cp—bp,
k= §(—6+0b>—3bB| +3cB| — >+ b*p* — 2bcp® +c*p?),
has the following families of solutions:

Solution-1: > +b> —c> <Oandb—c #0

u(x,3,2,8) = /(b= ) (b+c+ p2(b —0)) cor[s),
where s = +1/—(b—c)(b+c+p2(b—c))(B3+b* =2+ p*(b—c))t +4(x+y+2))

Solution-2: @*> +b*> —c?> >0and b—c #0

u(x32.0) = /B2 — €2+ (bp — cp)? cothl),

where g = §1/b? — 2+ (bp —cp)2(3+ b — >+ p*(b—c)*)t +4(x+y+2))

Solution-3: > +b> —c> > 0,b#0and c =0
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(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)



1
u(x,y,2,t) = b\/ 1+ p? coth {gb\/ 14+ p2((3+b*(1 +p2))t+4(x+y+z))} ; (3.37)
Solution-4: a*> +b*> — > <0,c#0and b =0

1
u(x,y,z,t) = c\/1—p? cot {gcv 1—p2((34+2(p* — 1))t+4(x+y+z))} , (3.38)
Solution-5: c =a
2b(p—1
u(x,y,z,t) = b— : (”2 ) , (3.39)
—1 + beab(B+b%)i+4(x+y+7)) +p
Solution-6: a = ¢
\ 2b(p—1)
uxy, ) =b+ 1+be%b((3+b2)t+4(x+y+z)) — p7 (340)
Solution-7: ¢ = —a
2b°
t)=b— , 341
u(x,y,z,1) b+ (1 +p)e£b((3+b2)t+4(x+y+z)) ( )
Solution-8: b = —¢
u(x,y,z,1) = Zcp(l . 4 ) (3.42)
e 1 4 ce3eP(B+H42p)i+4(x+y+2)) /)

4. Graphics

In this section, we parade the two- and three-dimensional plots of some obtained solutions.

ulxyzt)

Fig. 1. The 3D and 2D surfaces of Eq. (3.3) by considering the valuesa=1,b=2,c =3, p=0.5,t =0.001,
7=0.002, -2 <x <2, -1 <y<1andy=0.003 for the 2D graphic.

uixy,zt)
10

Fig. 2. The 3D and 2D surfaces of Eq. (3.5) by considering the valuesa = 1,b =2, p = 0.5, = 0.001,
z=10.002, -2 <x<2,—1 <y<1andy=0.003 for the 2D graphic.
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Fig. 3. The 3D and 2D surfaces of Eq. (3.6) by considering the valuesa = 1,b =2, p = 0.5, ¢ = 0.001,
7=0.002, -2 <x <2, -1 <y<1andy=0.003 for the 2D graphic.

ulx.y,z.t)

Fig. 4. The 3D and 2D surfaces of Eq. (3.17) by considering the valuesa = 1,5 =2, p = 0.5, ¢ = 0.001,
7=0.002, -2 <x <2, —1 <y < 1andy=0.003 for the 2D graphic.
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\ ik '.

Fig. 5. The 3D and 2D surfaces of Eq. (3.30) by considering the values ¢ = 3, ¢ = 0.001, z =0.002, -2 <x <
2, —1 <y <1 andy=0.003 for the 2D graphic.
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Fig. 6. The 3D and 2D surfaces of Eq. (3.38) by considering the values ¢ = 3, ¢ = 0.001, z =0.002, -2 <x <
2, —1 <y < 1andy=0.003 for the 2D graphic.

5. Conclusion

In this article, we successfully applied the powerful tan(%‘g))—expansion method to the (3+1)-dimensional
potential-YTSF equation. We are able to construct a number of new solitary wave solutions with trigonometric,
hyperbolic, exponential and rational function structures. We carried out all the computation in this paper with
help of Wolfram Mathematica 9, we checked all the obtained solutions and they indeed satisfied equation
(1.1), and we also plot the two- and three-dimensional graphics of some obtained solutions using the same
computer program. When we compare our obtained results with the results obtained in [17], we observed that
our results are newly constructed solutions with the different solution structures. We can finally say that the
tan(%)-expansion method is easy and highly computarized method that can be applied to different class of
complicated NLPDE:s.
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1. Introduction and Definitions

Let E be the unit disc
{zeC: |7/ <1},

and let o7 be the class of functions analytic in [E, satisfying the conditions

f(0)=0, f(0)=1.
Then each f € .o/ has the Taylor expansion

fl@)=z+ iamzm- (L.1)

m=2

The class of this kind of functions is represented by ..
Let the functions f, g be analytic in [E. If there exists a Schwarz function @, which is analytic in E under the
conditions

@(0)=0, |@(z)] <1,

such that
f@)=g(@(z) (z€E),

then the function f is subordinate to g in E, and indite f (z) < g(z) (z € E).
Furthermore, for two analytic functions f and g, the function f is said to be quasi-subordinate to g in [E and
written as

f(2) =q8()  (z€E)

if there exists an analytic function ¢ (|@(z)| < 1) such that é((zi analytic in E and
z
f(2)
— <glz zeE
o <8 eB

that is, there exists a Schwarz function @ (z) such that f(z) = ¢(z)g(®@(z)). Also, one observes that if ¢(z) =1,
then f(z) = g(@(z)) so that f(z) < g(z) in E. Also notice that if @(z) = z, then f(z) = ¢(z)g(z) and it
is said that is majorized by g and written f(z) < g(z) in E. Hence it is obvious that quasi-subordination

“Presented by Sahsene ALTINKAYA, sahsene @uludag.edu.tr
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is a generalization of subordination as well as majorization (see, e.g. [14], [13], [12] for works related to
quasi-subordination).

The Koebe One-Quarter Theorem (see [6]) ensures that the image of £ under every f € .% contains a disc of
radius %. So, every f € .7 has an inverse f~! which satisfies

FHf@)=2z (z€E)

and
£ ) =w (W <n.niz ).

where
gw)=ftw)=w —anw’ + (Za% —a3)w’ — (543 — Saraz +as) wha .

A function f € ¢ is said to be bi-univalent in [E if both f and f~! are univalent in [E. The class consisting of
bi-univalent functions are denoted by ©. A concept of bi-univalent analytic functions is due to Lewin [11]. Ever
since then, the first two coefficients |a;| and |as| of the bi-univalent functions was used by many researchers,
see for example, [1], [3], [4], [8], [16], [17], [18]. The coefficient estimate problem for Taylor-Maclaurin
coefficients |a,| for n > 4 is presumably still an open problem. Anyway, using Faber polynomial expansions,
several authors obtained coefficient estimates |a,| for classes bi-univalent functions, see for example [2], [9],
[10].

One of the important tools in numerical analysis, from both theoretical and practical points of view, is Chebyshev
polynomials. There are four kinds of Chebyshev polynomials. The majority of research papers dealing with
specific orthogonal polynomials of Chebyshev family, contain mainly results of Chebyshev polynomials of first
and second kinds 7,(z) and U, (z) and their numerous uses in different applications, see for example, Doha [7]
and Mason [15].

The Chebyshev polynomials of the second kinds are well known. In the case of a real variable x on (—1,1),
they are defined by

sin(m+1)6
sin 6

)

Un(x) =

where the subscript m denotes the polynomial degree and where x = cos 6.
Now, we consider the function that is the generating function of a Chebyshev polynomial:

1

I
Het) =tz 1€
® si 1)6
=1+ 7s1n(n.1+ ) 7" (z€E).
=% sin O

If we choose t = cos 6, 6 € (—%,%), then
H(z,1) = 1+2cos0z+ (3cos’ @ —sin’ )22 +--- (z€E).

Following see, we can write

1
H(z,t) = 14U () 2+ Ua(£)2? +--- <t € (2, 1} ,ZE IE) , (1.2)
i t
where Up,—1 = sm(chcos) (m € N) are the Chebyshev polynomials of the second kind. Also it is known
V1—12
that
Un(t) =2tUp—1 (t) — Un—2(1),
and

Uy(t) =2t, Us(t) =42 — 1, Us(t) =8> — e, ... (1.3)

Now, we establish a new subclass of analytic and bi-univalent functions based on quasi-subordination.
Definition 1.1 A function f € o is said to be in the class

Wo (B.1,7) (0 <B<i e (; 1} e C\{0}>
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if the following quasi-subordinations are satisfied:

1 ) i@ N
{erora-pL |« dwen-n  en 19
and . /()
, Cawgw) | w.t)— w .
~[{Bron+a-p i) < 1) e 15)
where g = 1.

It is clear from the definition that f € W (B,£,7) if and only if there exists a function ¢ (|¢(z)| < 1) such that

(1—7) 22 4 y(Dyf)(2)
¥(2)

< (H(z1)=1) (z€E)

and
(1—7) 5+ y(Dyg) (w)
o(w)
where the function H(z,1) is given by (1.2), and that the function @, analytic in I, is of the form:

< (Hwmt)—1) (wekE),

0(z)=do+diz+dr*+--- (Jo(z)| <1, z€E). (1.6)

Motivated by the earlier work of Dziok et al. [5], we study the Chebyshev polynomial expansions to provide
estimates for the initial coefficients of a newly-constructed subclass of bi-univalent functions.

2. Coefficient bounds for the function class W (f,7,7)

Theorem 2.1 Let f given by (1.1) be in the class Ws (B,t,7) . Then

2|ydo|1 /2t
VA+2B) 72 — (1+B)2 (4% — 1)

laz| <

and

las] < 4|ydol*i*  2t[y|(|do| +d1])
T (1+B)? 24P

Proof. Let f € Ws (B,t,7). The inequalities (1.4) and (1.5) imply the existence of two Schwarz functions

= Zul‘lzn
n=1

and
:Zvnw",
n=9
with
] <1, ] <1 (vkeN) @.1)
so that | )
zf'(z B ! 3
Y[{ﬁf() (1-pFE 1| =0 w0 1)
1 W&\ Z ot (B vl 1) —
B+ - 5 B 1] — o) (s00)0) - 1),

or equivalently

i Hﬁf’(z) +(1-B) %ﬁ) } - 1} = Ui(t)urdoz 2.2)

+ [(Ul (t)uz-l—Uz(t)u%) do+Up (t)uldd 2+
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and

y[{Beon+a-prat 1] =viemdow

2.3)
+ [(U](I)VQ+U2(l)V%)d0+U1(l)V1d1} W2+---
It follows from (2.2) and (2.3) that
1+
ﬁaz = U, (t)urdo, 24
2+ Baz — (1 — B)d3
(2+pB)as ’)/( A) 2 :Ul(t)u1d1+(Uz(t)u%+U1(Z)u2)do, 2.5)
1+
— ﬁaz = (t)vld(), (2.6)
3(1+B)da3—(2+B)a
( ﬁ) 2}/ ( ﬁ) 3 ZUl(l‘)vldl+(U2(I)V%+U1(l‘)v2>do. 2.7
From the equations (2.4) and (2.6), we can easily see that
uy = —Vvi, (2.8)
2(1+B)?
(Yz)ag = UL(t) (ui +17) dj. (2.9)
If we add (2.5) to (2.7), we get
2(14+2
(']/ﬁ)a% = (t) (u2+v2)d0—|—U2(t) (u%—i—v%) d,+U; (t) (u1 —|—v1)d1. (2.10)
Using (2.9) in equality (2.10),
2(142B)  20:(t) (1+B)* | »
— =U (¢ do. 2.11
v 020 P a3 = Uy (1) (u2 +v2)do (2.11)
From (1.3), (2.11) and (2.1), we get
2 |ydo|tv/2t
jaz| < 2 2(412 ’
VAL+2B) 2 — (14 B)2 (42 1)
Next, if we subtract (2.7) from (2.5), we obtain
2(2+
2P 03— = U 0) = v2) o+ U0) (3~ D) o+ Ui (0w —v)dr. (22
Then, in view of (2.8) and (2.9), also (2.12)
U (t)y*d? 20U (t)ydiuy + Ui (t)ydo (uz —
;= t0y g(u%+v%)+ 1(0)ydiuy + Ui (1) ydo (u — v2)
2(14B) 2(2+P)
Notice that from (1.3) and (2.1)
a3 < 4lydo** | 2t]y|(Ido| + )
T (1+B)? 2+p
O
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KeYWOPd53 Abstract: In this study, we use the Faber polynomial expansions to obtain
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Faber POlynomlals’ bi-univalent functions involving the Jackson g-derivative operator in the open unit
coefficient bounds, disc

quasi-subordination.

MSC: 30C45 E={zeC:|¢g < 1}.

1. Introduction, Definitions and Notations

Let 7 denote the class of functions of the form:
&) =z+ Y and", (1.1)
n=2

which are analytic in the open unit disc E. By . we denote the subclass of .27 consisting of functions the form
(1.1) which are also univalent in [E. Further, & be the class of functions consisting of ¢, such that

(p(Z) = 1+ Z(pnzna

n=1

which are regular in the open unit disc E and satisfy the condition R (¢(z)) > 0 in E.
In order to introduce the principles of subordination and quasi-subordination, we let f and g be two analytic
functions in [E. We say that f is subordinate to the function g, written as:

f@)<g@ (z€E),

if there exists a Schwarz function @ (z) = Y, ¢,z", analytic in E, with
n=1

@(0)=0and |@(z)|]<1 (z€E)

such that
f@)=¢(@(2) (z€E).
For the Schwarz function @ (z), we note that |¢,| < 1 (see Duren [11]).

Furthermore, for two analytic functions f and g, the function f is said to be quasi-subordinate to the function g
in [E, written as:

f(2) =q 8(2) (z€E)

if there exists an analytic function ¢ (|¢(z)| < 1) such that the function iiz)) analytic in E and
b4
f2)
— <glz zeE
o) <80 (€E)
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that is, there exists the above-mentioned Schwarz function @ (z) such that

One observes that, in the special case when ¢@(z) = 1, the quasi-subordination coincides with the usual
subordination. Also notice that if @(z) = z, then f(z) = ¢(z)g(z) and it is said that is majorized by g and
written f(z) < g(z) in E. Hence it is obvious that quasi-subordination is a generalization of subordination as
well as majorization (see [22]).

The Koebe One-Quarter Theorem [11] states that the image of E under every function f in the normalized
univalent function class .¥ contains a disc of radius %. Thus, clearly, every such univalent function has an
inverse f~! which satisfies the following condition:

FH(f@)=z (zeE)
and

Pt ) =w (Wl <n (s n(n = 5).

where
gw)=f"(w)=w —aw? + (2d —az) w* — (5a3 — Sazas +as) w* + -

A function f € o7 is said to be bi-univalent in E if both f and f~! are univalent in E. Let ¢ denote the class
of bi-univalent functions defined in the unit disc [E. For a brief history of functions in the class, see [26]
(see also [10], [9], [18], [20]). Recently, Srivastava et al. [26], Altinkaya and Yal¢in [6] made an effort to
introduce various subclasses of the bi-univalent function class ¢ and found non-sharp coefficient estimates
on the initial coefficients |a;| and |as3| (see also [27], [28]). But the coefficient problem for each one of the
following Taylor—Maclaurin coefficients

la,|, ne N\{1,2}; N={1,2,3,...}

is still an open problem. In the literature, there are only a few works determining the general coefficient bounds
|a,| for the analytic bi-univalent functions ([7], [15], [17]).

The Faber polynomials introduced by Faber [12] play an important role in various areas of mathematical
sciences, especially in Geometric Function Theory. Grunsky [14] succeeded in establishing a set of conditions
for a given function which are necessary and in their totality sufficient for the univalency of this function,
and in these conditions the coefficients of the Faber polynomials play an important role. Schiffer [23] gave a
differential equations for univalent functions solving certain extremum problems with respect to coefficients of
such functions; in this differential equation appears again a polynomial which is just the derivative of a Faber
polynomial (see, for details, [24]). Using the Faber polynomial expansion of functions f € o7 of the form (1.1),
the coefficients of its inverse map g = f ~' may be expressed as follows (see [3]):

_ =
gw)=f l(w):w—i—Z;anl (az,az,...)w",
n=2

where

- _ (=n)! e (—n)! .
50 S CEaneenit TECe e @
+ (=n)! ada
(2n3) - @
g et (cn2)al (12)
T Jfg)nl)(!n —6)! dy °las+(~2n+5) azas]
JrZa;*jVj
=7

such that V; (7 < j < n) is a homogeneous polynomial in the variables a5, a3, ...,a, (see, for details, [4]). In
particular, the first three terms of K, ", are given below:
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EKI = —day,

1

§K2’3 = 2a3—a, (1.3)
1

ZK3_4 = ¥ (5(13 —Saraj +a4) .

In general, an expansion of K} is given by (see [3])

pip—1 p! 3 p!
KP = E E+.+————E" Z 1.4
where
Z={0,+1,42,...} and E!’=E’(ay,as,...)
and, alternatively, by (see [1] and [2])
= m! (a))M ... (an)""
m _
E (ar,az,....an) —mZ:‘,l TR (1.5)

while a; = 1, and the sum is taken over all nonnegative integers Uy, ..., i, satisfying the following conditions:

pitp2+ ol = m, (1.6)
w42+ ... +nyw, = n.

Evidently,
E) (ay,a2,...,a,) = df.

In the field of Geometric Functions Theory, various subclasses of analytic functions have been studied from
different viewpoints. The fractional g-calculus is the important tools that are used to investigate subclasses of
analytic functions. Historically speaking, a firm footing of the usage of the the g-calculus in the context of
Geometric Function Theory was actually provided and the basic (or g-) hypergeometric functions were first
used in Geometric Function Theory in a book chapter by Srivastava (see, for details, [25]). In fact, the theory
of univalent functions can be described by using the theory of the g-calculus. Moreover, in recent years, such
g-calculus operators as the fractional g-integral and fractional g-derivative operators were used to construct
several subclasses of analytic functions (see, for example, [5], [8] and [21]).

For the convenience, we provide some basic definitions and concept details of g-calculus which are used in
this paper. We suppose throughout the paper that 0 < ¢ < 1. We recall the definitions of fractional g-calculus
operators of complex valued function f. We shall follow the notation and terminology in [13].

Definition 1.1 (See [16]) The g-derivative of a function f is defined on a subset of C is given by

f(z) = flqz)

(D)0 = F =]

(z#0), (1.7)

and (D, f)(0) = f'(0) provided f’(0) exists.
Note that

. R <
qir?’ ( qf) (Z) qil?* (1 — L])Z dz

if f is differentiable. From (1.7), we deduce that

=

(Def)(2) =1+ Y [n],an2" ™", (1.8)

n=2

where the symbol [n] o denotes the so-called the twin-basic number is a natural generalization of the g-number,
that is

n

=T @#1).

The object of this paper is to introduce a new subclass of bi-univalent functions defined by using the Jackson
g-derivative operator and use the Faber polynomial expansion techniques to derive bounds for the general
Taylor-Maclaurin coefficients |a,| for the functions in this class. We also obtain estimates for the initial
coefficients |a| and |as| of these functions.
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2. The general Taylor-Maclaurin coefficients |a,|

We begin this section by introducing the function class 75 (g; ) by means of the following definition.
Definition 2.1 Let the function ¥ € % be univalent in E and let ¥(E) be symmetrical about the real axis with

¥ (0) > 0.
We say that a function f € ¢ is in the class

Ts(g:y) (r=1)

if the following quasi-subordinations hold true:

1-9L2 11PN < ¥ (e®) e
and

(195 4 D)) <4 ¥ W) (weE), e2)
where g = 1.

It is clear from Definition 2.1 that f € T5(g;y) if and only if there exists a function £ (|A(z)| < 1) such that

(1-7) 22 4+ y(Dyf)(2)
h(z)

< (¥(2) (z€E)

and )
(1-7) 557 +7(Dgg) (W)
h(w)
Throughout this paper, we suppose that the function ¥ € & is of the form:

< (P(w)) (weE).

W(z) = 1+Biz+B*+--- (B; >0, z€E).
and that the function A, analytic in E, is of the form:
h(z) =Hy+Hiz+H2+--- (|h(z)| <1, z€E).

Our main result is given by Theorem 2.2 below.
Theorem 2.2 Let f given by (1.1) be in the class Ts(q;7Y). If ay =0 for 2 <m <n—1, then

Bl + |Hn71|

lay| < ———————— (n>3).
14 ([n] Al 1) y
Proof. For analytic functions f of the form (1.1), we have
-T2 v = ¥ [1+ (), 1) 1] @ 3
z n=2
and
1= E D) = T [1+ (1l =1) 7] b

2.4)
= ¥ [1+ (6, 1)

1
—n n—1
X;anl (az,az,...;an) W' .

On the other hand, the inequalities (2.1) and (2.2) imply the existence of two Schwarz functions u(z) = ¥ ¢,7"
n=1
andv(w) = Y d,w" so that
n=1

(1-7) =+ Y(Dgf)(z) = h(z)¥(u(z)) (2.5)



and

(195 4 y(Dyg) () = ¥ (). 6)
Thus, from (2.3) and (2.5) yields
n—1 t
14+ (1= 1) 7w = Ho oy + Y Y BB (€160, c0) Hy o) (Ho = 1). @7

t=1k=1

Similarly, by using (2.4) and (2.6), we find that

n—1 1t

14 (11l = 1) 7] bu = Hao + X Y BeEE (d1 o, o) Ho i, 2.8)
=i

We note that, for a,, =0 (2 <m <n—1), we have

bn = —dan
and so
|:1+([n]q_1) Y:| ap, = B]Cn,I +Hn71a
- |:1 + ([I’l]q - 1) 7] ay, = Bid, 1 +H, 1.

Now taking the absolute values of either of the above two equations and using the facts that |¢,—1| < 1 and
|dn—1] < 1, we obtain

Bicy—1+H,— Bid,—1+H,— B H,_
] = |Bicn1+Hu1| _ |Bidp1+Hyp i < 1+ [Hy—1] 7 2.9)
1 (= 1) 7] s (i, =1) o]~ 1 (B, - 1) 7
which evidently completes the proof of Theorem 2.2. O

Corollary 2.3 If we take h(z) =1 and ¥(z) = (%—’:2)5 (0 < & < 1) which gives By = 2&, in Theorem 2.2, then
we obtain
28

1+([n]q—1)y

Corollary 2.4 [f we take h(z) = 1 and ¥(z) = % (0 < & < 1) which gives By =2(1—&), in Theorem
2.2, then we obtain

2(1-¢)
1+([n]q—1>y

|an| < (n>3).

‘an|§ (I”l>3)
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Moreover, we obtain estimates on the coefficients for functions belonging to these
classes.

1. Introduction

Let 7 be the class of functions analytic in E, satisfying the conditions
f(0)=0, f(0)=1.
Then each f € .o/ has the Taylor expansion

f@)=z+ ianz". (1.1
n=2

The class of this kind of functions is represented by .. Further, let & be the class of functions ®(z) =
1+ Y, ®,7" that are analytic in E and satisfy the condition R (®(z)) > 0 in E. By the Caratheodory’s lemma

n=1
(e.g., see [10]) we have |®,| < 2.
Let the functions f, g be analytic in E. If there exists a Schwarz function @, which is analytic in [E under the
conditions
@(0)=0, |@(z)| <1,
such that

f@)=g@(z) (z€E),

then, the function f is subordinate to g in E, and indite f(z) < g(z) (z € E).
The Koebe One-Quarter Theorem (see [10]) ensures that the image of [E under every f € .% contains a disc of
radius %. So, every f € .7 has an inverse f~! which satisfies

(@) =2:€E)
and
£ ) = (Wl <o), o) 2 ).

where
gw)=ftw)=w —aw? + (243 —a3) w’ — (563 — Sazaz +as) w' + - --
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A function f € 7 is said to be bi-univalent in [E if both f and f~! are univalent in [E. The class consisting of
bi-univalent functions are denoted by ©. A concept of bi-univalent analytic functions is due to Lewin [14]. Ever
since then, the first two coefficients |az| and |a3| of the bi-univalent functions was used by many researchers,
see for example, [5], [7], [8], [11], [16], [17], [18]. The coefficient estimate problem for Taylor-Maclaurin
coefficients |a,| for n > 4 is presumably still an open problem. Anyway, using Faber polynomial expansions,
several authors obtained coefficient estimates |a,| for classes bi-univalent functions, see for example [6], [12],
[13].

The Faber polynomials introduced by Faber play an important role in various areas of mathematical sciences,
especially in Geometric Function Theory. By using the Faber polynomial expansion of functions f € .o/ of the
form (1.1), the coefficients of its inverse map g = f ~! may be expressed as follows (see Airault and Bouali

[3D:

g(w) = A (w)=w+ Z %Kn:"l (az,az,...)w",

n=2
where
-n (=n)! n— (—n)! .
S B T T A Yy T T
+ (—I’l)' an74a
(—2n+3)i(n—412 ™
TR +(;;1])!!(n5)! d; [as+(=n+2)dj] (1.2)
" (—2n JES)H!)(!n —6)! a3~ [ag + (~2n+5) asas)
+Zagijj,
Jj=7

such that V; (7 < j < n) is a homogeneous polynomial in the variables a»,as, ...,a, (see, for details, Airault and
Ren [4]). In particular, the first three terms of K ", are given below:

l =

EKI d = —day,

1

§1<;3 = 24} —as, (1.3)
1

ZK3_4 = - (Sag —Saras +a4) !

In general, an expansion of K7 is given by (see Airault and Bouali [3])

plp—1) , p! 3 p!
K? = pa, E E +.+——E) €Z), 14
where
Z:{O,il,iz,...} and Ef::Ef(az,ag,...)
and, alternatively, by (see Airault [1] and [2])
= m!(a)H .. (an)"
EM(ay,az,...,a,) = , (1.5)
w (@1, ") m;l [T
while a; = 1, and the sum is taken over all nonnegative integers U1, ..., i, satisfying the following conditions:
Wt + U = m (1.6)
w+2u+ ... +nyu, = n.

Evidently,
E} (ay,az,...,ay,) = df.

Now, we establish a new subclass of analytic and bi-univalent functions based on subordination.
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Definition 1.1 A function f € o is said to be in the class
Ms (4, B.®) (1=0,8>1:z,wek)

if the following subordinations are satisfied:

1-5)(12Y s (12) <o

Z

-5 (52) 4 gon (82)" <o),

w

and

where g = f~1.

2. Coefficient bounds for the function class My (1,3, D)

Theorem 2.1 Let f given by (1.1) be in the class M (1, 3, D). Then

|az] < min 2 ] £
p+p\ (u+2B)(B+1)

and
2 8 2

. 4
las| Smm{(quﬁ)z +u+257 (L+2B)(n+1) +u+ﬁk

(1.7)

(1.8)

Proof. Let f € Mg (U, 3, ®).The inequalities (1.7) and (1.8) imply the existence of two positive real part

functions -
o(z)=1+ ) 17"
n=1

and ,
d(w)=1+ anw”,
n=1

where R(@ (z)) > 0 and R(DH (w)) > 0in & so that

1-m(12) wpr0 (1) e,

Z

-9 (22) 4 gon (22)" ~acoom)

It follows from (2.1) and (2.2) that
(L +B)az = Pin,
u—1

(/.L + Zﬁ) |:2a% +a3] =P+ q32t12

and
—(U+B)ay = Pys1,

+3
(,u+2[5) |:‘Ll.2 a%—ag] =Ps) +(I)2S%.
From (2.3) or (2.5) we obtain
|(12| < |CI)1Z‘1| _ ‘(D]S]| 2

THHB pHB T utB
Adding (2.4) to (2.6) implies

(n+2B) (u+1)a} =Py (12 +52) + D2 (1] +57)
or, equivalently

8
e IEaT)
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(2.2)

2.3)

2.4)

(2.5)

2.6)

Q2.7

(2.8)



Next, in order to find the bound on the coefficient |a3|, we subtract (2.6) from (2.4). We thus get

2(,11—&-2/3)(613—612) D (1 —52) + Do (tl —sl) (2.9)
" @1 (- 5)
asl - < laaf*+ 50 T
(2.10)
= laaf"+ u+2B
Upon substituting the value of a% from (2.7) and (2.8) into (2.10), it follows that
asl < b
T (u+B)? HH2B
and
las| < k S
(L+2B)(n+1)  n+2B
O

Theorem 2.2 Let f € Ms(u,B,P). Ifam =0with2 <m <n—1, then

2
lan| <

ir-np =Y

Proof. By using the Faber polynomial expansion of functions f € .7 of the form (1.1) and its inverse map
g=f""', we can write

FONY | aa (FROYVT & 1
(l_ﬁ)(z> +B1(z) (Z> —1+n§’2Gn,1(a2,a3,...,an)anz 2.11)
and |
1— gw)\* "(w 80 )" =1 mGn, Ay, Az, .., Ap) a1,
(-3 (£2) 8¢ 00) (522) =14 3 6ot (b
where
Gl = (u+Pa, 2.12)
G = (w+2p) | P ]
G = (+3p) | P (- D+
and, in general (see [9])
Gp-1 = ([u+(m—-1)B]x[(u—1)!]

i i In—1
a, ds ...ay 1

X T - -
42 (A 1)y =n—1 ilip) . ! u— (l] +ir+-Fip-1)]!

Next, by using the Faber polynomial expansion of functions @, 9 € &, we also obtain

(I) —1+ZZ¢kF 1,12, ..., )
n=1k=
and
O(V —1+qu)kF S15825 5 80) W'
n=lk=

Comparing the corresponding coefficients yields

[u+(n—1)B ZCDkF (11,12, oesty1) n > 2
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and

n—1
w4+ (n—1)B]A, = ZCIDank_I (81,825 cees8n—1) (m>2).
k=1

Note that fora,, =0, 2 <m <n—1, we have A, = —a, and so
W+ m—1)plan = Pityy
—u+n-1Blan = Prsp

Now taking the absolute values of either of the above two equations and using the facts that |[®]| < 2, |f,—1]| <
land |s,—1| < 1, we obtain

|q)1tn—1| _ |q)1sn—1‘ < 2

u+n—0DB u+n-1DB ~u+m-1)B" (2.13)

O

The next theorem restricts our attention to the Fekete-Szeg6 inequalities over the class Mg (U, B, ®) for a real
parameter.

Theorem 2.3 (See [15]) Suppose that the function f of the form (1.1) belongs to the class M (1L, B, D) .Then,
for a real number n

P . _ urt 2(Py—Py) (u+B)?
W2 =15 ‘” (u+2B) (u+1)27
’a3 — na%‘ < \ .
20in—1] Colp 1> &L ‘ 2(® =) (u+B)
[(u+2B) (A1) D3 +2(Dr— P ) (u+B)*| ° n—11= 5 {1+ (u+2B)(u+1)®?
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1. Introduction and Preliminaries

A continuous complex valued function f = u+ iv defined in a simply connected complex domain D C C
is said to be harmonic in D if both u and v are real harmonic in D. Consider the functions U and V analytic in D
so that u = R(U) and v = (V). Then the harmonic function f can be expressed by

f(2) =h(z)+8(2), zeD,

where h = (U+V)/2 and g = (U —V)/2. We call h the analytic part and g co-analytic part of f. If g is
identically zero then f reduces to the analytic case. A necessary and sufficient condition for f to be locally
univalent and sense-preserving in D is that |g’(z)| < |I'(z)|, z € D (see Clunie and Sheil-Small [2]).

Let H denote the class of functions f = h+ g which are harmonic sense-preserving, and univalent in the open
unit disk E = {z:z€ Cand |z] < 1} with f(0) = f;(0) — 1 = 0. Thus, any function f € H can be written in the
form

f@)=z+Y ad"+ Y buz", |bi| <1. (1.1
n=2 n=1

Also, let H denote the subclass of H consisting of functions f = h+g so that the functions 4 and g take the
form . .
h(z) =z— Z |a,|7" and g(z) = — Z |ba|Z",  |b1] < 1. (1.2)
n=2 n=1
Recently, Kim et al. [7], studied a family of complex valued harmonic convex univalent functions related to
uniformly convex analytic functions, denoted by HCV (k, &¢), 0 < k < oo, so that f = h+g € HCV (k, ) if and
only if

R { 14 (1+ke®) CH'(2) +228'(d) + 24" (2) } > q,
h'(2) =28/ (2)
0eR,0<a<1. When o =k=0and k=0, this class is denoted by HC and HC(a.), respectively. These
classes have been studied by Silverman [9], Avci and Zlotkiewicz [1], Oztiirk and Yalcin [8], Jahangiri [6],
Yal¢in [10], Yalgin and Oztiirk [11].
We say that a function f € H is subordinate to a function F € H, and write f < F, if there exists a complex
valued function w which maps E into oneself with w(0) = 0, such that f(z) = F(w(z)) (z€E).

*Presented by Sibel YALCIN TOKGOZ, syalcin@uludag.edu.tr
Tsahsene @uludag.edu.tr
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Furthermore, if the function F is univalent in [E, then we have the following equivalence:
f(2) <F(z)< f(0)=F(0) and f(E) C F(E).
Denote by HC(k,A, B) the subclass of H consisting of functions f of the form (1.1) that satisfy the condition

2110 2ol
0. 2°h +2z¢'(z) + 14+A
1 (1 keze)Z (Z) z8 (Z) =8 (Z) 17
2 (z) — 28’ (2) 1+Bz

(1.3)

where —-B<A<B<1,0<k<oand6 €R.

Finally, we let HC(k,A,B) = HC(k,A,B) N H.

By suitably specializing the parameters, the classes HC (k,A, B) reduces to the various subclasses of harmonic
univalent functions. Such as,

(@) HC(OaA’B) = KH(A7B) (5D,

(ii)) HC(k,2a — 1,1) = HCV (k,t), 0 < ax < 1 ([7]),

(iii) HC(1,2}/— L, l) :RSH(l’Y)a 0<y<1(12]),

(iv) HC(0,200—1,1) = HC(at), 0 < o < 1 ([1], [81, [6]),

(V) HC(0,—1,1) = HC ([9]).

Making use of the techniques and methodology used by Dziok (see [3], [4]), Dziok et al. [5], in this paper,
we find necessary and sufficient conditions, distortion bounds, compactness and extreme points for the above
defined class HC(k,A,B).

2. Main Results

For functions fj and f, € H of the form

oo

fm(Z):Z—FZam’nZn—l—me’nzn’ (zeE,m=1,2),
n=2

n=1
we define the Hadamard product of f; and f, by
(ixf)@) =2+ Y, a1na2a?"+ Y, brab2az®  (z€E).

n=2 n=1

First we state and prove the necessary and sufficient conditions for harmonic functions in HC(k,A, B).
Theorem 2.1 Let f € H. Then f € HC(k,A,B) if and only if

f@)x9(z0)#0,  (CeC[f[=1,zcE\{0}),

where
_ ei@ 2 eie 2
o) — (B—A)Cz+2(1+k (1)1_;)3[A+(1+2k )B]¢z
2(1 +ke'®)z 4 [A+ (1 +2ke®)B] {7+ (B—A) L2
! -2 '

Proof. Let f € H be of the form (1.1). Then f € HC(k,A, B) if and only if it satisfies (1.3) or equivalently

2 (2) +228' (2) + 228" (z) , 1+AL

1+ (1 +ke'® , 2.1
+( + ke ) Zh'(z)—zg/(z) 1+BC ( )
where § € C, |{| =1 and z € E\{0}. Since
he) = h(@)* . 8(2) = 8()* T

and




the inequality (2.1) yields
(1+B8) [zh’(z) +(1+ke®) (" (2) +2¢"(2)) + (14 2kei6)zg’(z)}

~(1448) |2 () ¢/ )

[E—1

Z

(1-2)2

_ h<z)*{<1+3c>{ (ke 2 ]<1+AC> : }

(L 2% (1-2)?
Z
(1-2)?

+g(z) * {(1+BC) [(l+2kei9)
z
(1-2)?
(B—A) z+2(14ke'®)7> +[A+ (1 +2ke'®)B| L2
(1-2)3
—=, 20 +ke'®)z+ [A+ (14 2ke'®)B|SZ+ (B—A) (7
=7

+(1+A4Z)

= h(z)*

O
Here we state a result due to Silverman [9], which we will use throughout this paper.
Theorem 2.2 Let f be of the form (1.1). If
Y n?lan|+ Y n?lba| < 1, (2.2)
n=2 n=1

then f is harmonic, sense preserving, univalent in E, and f € HC. Condition (2.2) is also necessary if
fEHCNH.

Now we state and prove a sufficient coefficient bound for the class HC(k,A, B).
Theorem 2.3 Let f be of the form (1.1). If 0 <k <o, —B<A<B<1,and

Y Pulanl+ Y, Walba| <B—A, (2.3)
n=2 n=1
where
®, =n[(1+k)(Bn+n—1)—A— Bk (2.4)
and
¥, =n[(l+k)(Bn+n+1)+A+ Bk, (2.5)

then f is harmonic, sense preserving, univalent in B, and f € HC(k,A,B).

Proof. Since n(B—A) < (1 +k)(Bn+n—1)—A—Bk and n(B—A) < (1 +k)(Bn+n+ 1)+ A+ Bk for
0<k<oo,and —B <A < B < 1, it follows from Theorem 2.2 that f € HC and hence f is sense preserving
and convex univalent in E. Now, we only need to show that if (1.3) holds then f € HC(k,A, B). By definition

of subordination, f € HC(k,A,B) if and only if there exists a complex valued function w; w(0) =0, |w(z)| <
1 (z € E) such that
o+ 22h" (2) +22¢’ 2g" 1+A
14 (14 ke (z) +22¢'(z) +2%8"(z) _ 1+Aw(z)
2 (z) —z¢'(2) 1+ Bw(z)
or equivalently
(1+ke'®) (22" (2)+228" (2)) +2(1+ke® )28/ (2) <1 (2.6)

(B—A)zl (2)+B(1+ke'®) (21" (z)+228" (z))+[A+B(1+2kei®))z¢ ()

147



Substituting for z2h" (z), zh'(z), z°g" (z) and zg'(z) in (2.6), we obtain

‘(1 +ke'®) (z2h"(z) +%+2@) ’

- ‘(B —A)zh (2) + B(1 +ke®) (21" (2) + 228" (2))

+A+B(1 +2kef9)]%‘

Y n(n—1)(1+ke®)anz" + i n(n—+1)(1+ke'®)b,z"

(B—A)z+ i n [Bn—A+Bkel'9(n— 1)} 4"
n=2

oo

+ Y n [Bn+A+Bke"9(n+1)}W

n=1

oo

Y n[(1+K)(Bn+n—1)—A—BK|ay| |zI"

IN

n[(1+k) (Bn+n—1)—A— Bk]|ay|

IA

o
3
s

+ i n[(1+k)(Bn+n+1)+A+ Bk||b,| — (B—A)}

n=1

by (2.3). O

The harmonic functions
B

—A
Wy

B—A
nZ', 2.7)
n

fR)=z+Y, x+ )
n=2 @ n=1
where Y5 |x,| + Yoy [ya| = 1, show that the coefficient bound given by in Theorem 2.3 is sharp.
Since - - oo oo
Z D, |an| + Z ¥, ‘bn| =(B—-A) Z [xn| + (B —A) Z lvn| =B —A,
n=2 n=1 n=2 n=1
the functions of the form (2.7) are in HC(k,A, B). o
Next we show that the bound (2.3) is also necessary for HC(k,A,B).

Theorem 2.4 Let f = h+g with h and g of the form (1.2). Then f € HC(k,A,B) if and only if the condition
(2.3) holds.

Proof. In view of Theorem 2.3, we only need to show that f ¢ HC(k,A,B) if condition (2.3) does not hold.
We note that a necessary and sufficient condition for f = h+g given by (1.2) to be in HC(k,A, B) is that the
coefficient condition (2.3) to be satisfied. Equivalently, we must have

oo

— ¥ nln—1)(1 +ke®)]anl2 = ¥ n(n+1)(1+ke®) 5,7
1

n=2 n=

= S <1
(B—A)z— Y n[Bn—A+Bkei®(n—1)]|an|z" — ¥ n[Bn+A+ Bke'® (n+1)]|by| 7"
=2 n=1

n=

For z = r < 1 we obtain

Y n(n—1)(148) [an| P+ ¥ a(n1)(14k) bl
n=1

n=2

(B—A)— ¥ n[Bn—A+Bk(n—1)]lan|r"=1— ¥ n[Ba+A+Bk(nt1)]|bylr—)
=2 n=1

n

<1. 2.8)

If condition (2.3) does not hold then condition (2.8) does not hold for r sufficiently close to 1. Thus there
exists zo = ro in (0, 1) for which the quotient (2.8) is greater than 1. This contradicts the required condition for
f € HC(k,A,B) and so the proof is completed. O
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Theorem 2.5 Let f € HC(k,A,B). Then for |z| = r < 1, we have

f@I < (+bif)r

l B-A _ _(1+k)(B+2)+-A+Bk by
5 \ F0es)=A=Bk ~ #0281 —A- B b1l

and

()]

Y

(I=|b1])r

_l( B-A (LB B |)
5 \T+0@BT)—A—Bk — (I+k)(2B+1)-A-Bk

Proof. We only prove the right hand inequality. The proof for the left hand inequality is similar and will be
omitted. Let f € HC(k,A, B). Taking the absolute value of f we have

f@I < (A+bi)r+ i (lan| +[bal) "

" B—A
2[(1+k)(2B+1)—A— BK]

< (A+p)r+

X Z (@, |an| + ¥, b))
n=2

{B—A—[(1+K)(B+2)+A+BK|bi|} »
2[(1+k)(2B+1)—A— Bk

IA

(L+|by|)r+

The following covering result follows from the left hand inequality in Theorem 2.5.
Corollary 2.6 Let f = h+g with h and g of the form (1.2). If f € HC(k,A, B) then

i 2(1+k)(B+1)+(B—A)(1—3|b1])
{W a 2[(1+k)(2B+1) —A— BA] } F(E).

Theorem 2.7 Set

B—A
h(z) =z, ha(z) =2~ @ 7', (n=2,3,...)
and _
gn(z) =z— 7 (n = 2.5

¥y
Then f € HC(k,A,B) if and only if it can be expressed as

i xn n +yngn( ))

where x, > 0, y, > 0 and Z (Xy +yn) = 1. In particular, the extreme points of HC(k,A,B) are {h,} and {g,}.

n=1

Proof. Suppose

fl@) = Z( hn(2) +Yngn(2))
n=1
> > B—A = B—A
= (Xn +Yn)z— x, 2" yuZ"
Then
Y ®ulan|+ ) Walbsl = (B—A)Y x4+ (B—-A)Y
n=2 n=1 n=2 n=1

(B—A)(1—x)<B—A
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and so f € HC(k,A,B). Conversely, if f € HC(k,A,B), then

B—A B—-A
and |b,| < .

n n

‘an| <

Set
D,

n
= —1b
B—A B-A'”|
Then note by Theorem 2.4,0 <x, < 1(rn=2,3,...) and0<y, <1 (n=1,2,...). We define

xlzl_zxn_zyn
n=2 n=1

and note that by Theorem 2.4, x; > 0. Consequently, we obtain f(z) = Yo | (x,h,(z) + yngn(z)) as required. [

Xn |an| (n=2,3,...) and y, = (n=1,2,...).

Now we show that HC(k,A, B) is closed under convex combinations of its members.
Theorem 2.8 The class HC(k,A,B) is closed under convex combination.

Proof. Fori=1,2,3,...let f; € HC(k,A,B), where f; is given by
ft(Z) == Z |am|zn - Z |bn’.|Z”.
n=2 n=1

Then by (2.3),
Y (@ulan,|+Walby,]) <2(B—A). (2.9)
n=1

For Y7 ,ti=1, 0 <t; <1, the convex combination of f; may be written as

Zl‘,‘fi(Z) =Z— Z <Zt,~an,-|> f— Z < fi|bn,-|> 7"
i=1 i=1 n=1 1

n=2 i=

Then by (2.6),

Z<¢nztia'1f|+wnzti|bni|> = Zti< [q:'n|ani|+anbnf|]>
1 n

n= i=1 i=1 i=1 =

< 2(B-A) it,» —2(B—A).
i=1

This is the condition required by (2.3) and so Y'° , #;f;(z) € HC(k,A,B). O
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1. Introduction and Preliminaries

Let U, = {z € C: |z] < r} be open disk of radius r of complex plane and let U = U, be the open unit disk.
We denote by A the class of analytic functions on U.
A harmonic mapping f of the simply connected domain D is a complex-valued function of the form f =h+g,
where /1 and g analytic and h(0) = /'(0) — 1 =0, g(0) = 0. We call & and g analytic and co-analytic part of
J respectively. The Jacobian of f is given by J;(.) = |f.(2) P =A@ = K@) —1¢ (). Aresult of Lewy
[13] states that f is locally univalent if and only if its Jacobian is never zero, and is sense-preserving if the
Jacobian is positive.
By SH we denote the class of complex-valued, sense-preserving univalent harmonic mappings that are normal-
ized in U. Then for f = h+g € SH, we may express the analytic functions % and g as

=

hz)=z+Y ad, g(z) =Y b b < 1. (1.1)
k=2 k=1

Note that SH reduces to the class S of normalized analytic univalent sense-preserving functions in U, if the

co-analytic part of f is identically zero.

The subclass SH? of SH consists of all functions in SH which have the additional property g'(0) = by = 0.

Also, notice that S € SH® C SH.

In 1984 Clunie and Sheil-Small [6] investigated the class SH as well as its geometric subclasses and obtained

some coefficient bounds. Since then, there have been several related papers on SH and its subclasses such as

Avci and Ztotkiewicz [3], Silverman [15], Jahangiri [11], Silverman and Silvia [16], Yasar and Yal¢in [17],

Yal¢in [19] studied the harmonic univalent functions.

For f € A, the differential operator Dy, u(/l, w) was introduced by Bucur et al. [4], where n € Ny = NU

{0}, u,A,w>0,0<a<uwh.

Next, for f € SH of the form (1.1) Altinkaya and Yal¢in [1] defined the modified differential operator

*Presented by Sibel YALCIN TOKGOZ, syalcin@uludag.edu.tr
fsahsene @uludag.edu.tr
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Dg y(A,w) : SH — SH by
DY (A w)f(2) = f(2),
Dy (2, w)f(2) = (@ — pwh) f(2) + (uwh — a+ 1) (2f2(2) = 2/:(2)), (1.2)

Dlg (A, w)f(2) = Doy yy (A, w) (D (A, w) f(2)) -
If f is given by (1.1), then from (1.2), we see that

Digyu(A;w)f(2) = Dy (X w)h(2) + (= 1)"Dg, (A, w)g(2),

where _
DL (Awh(z) =2+ Y [(k 1) (uw —a)+k] a
k=2

and N
Z [ (k+1)(uw —a)+k] b,

where 1, A,w >0, 0 < a < uw (Altinkaya and Yalcin [1]).

We remark that when f € A, for o = p = 0 we get Sildgean differential operator [14], forc = A =w =1 we
get the operator introduced by Al-Oboudi [2], for A = w = 1 we obtain the operator introduced by Darus and
Ibrahim [7], if & = 1 we get the operator introduced by Darus and Faisal [8].

Also, we notice that when f € SH, for @ = u = 0 we obtain modified Sélagean differential operator introduced
by Jahangiri et al. [12], and if @ = A = w = 1 we get the operator introduced by Yagar and Yal¢in [18].

The Hadamard product of functions f| and f> of the form

(2)=z+ Za,ykzk+ Y bt (zeU,r={1,2})
= =1

is defined by
(fixfr) ) =z+ Y arpazsd* + Y brabodt.
k=2

Also if f is given by (1.1), then we have

Diyw)f@) = 1@+ (v +¥@) +ox (W@ +120),

n times

= h(@)*yi(2)*...x Yi(2) +8(2) * Y2 (2) % ... % Y (2),

n times n times

where
oz (uwt — ) C(wwt — )2 + (2 —2uwt — 1)z
U4 (Z) - (1 _Z)z ) WZ(Z) - (1 —Z)2 .

With a view to recalling the principle of subordination between analytic functions, let the functions f and g
be analytic in U. Given functions f,g € A, f is subordinate to g if there exists a complex-valued function ¢
which maps U into itself with ¢ (0) = 0 such that f(z) = g (¢ (z)), z € U. We denote this subordination by
f(z) < g(z), z€ U. In particular, if the function g is univalent in U, the above subordination is equivalent to
£(0) = g(0), £(U) C g(U).

Denote by

SHw(A.B) (mAw>0,0<a<pw?, —B<A<B<1)

the subclass of SH consisting of functions f of the form (1.1) that satisfy the condition

Dt (A,w)f(z)  14Az

D}, (A,w)f(2) “T1iB (1.3)

where Dy, , (A,w)f(z) is defined by (1.2).
n,A

By sultably specializing the parameters, the class SHy}; ,,(A, B) reduces to the various subclasses of harmonic
univalent functions. Such as,
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o SHE (2B —1,1) = SH(A,w,n, @, B) (Altinkaya and Yalgin [1]),

n,l
* SHy)y,

2B —1,1)=SH(u,n,B); 0<B <1, u>1 (Yasar and Yal¢in [18]),

. SHS,’&W@[} —1,1)=H(n,B); 0 < B < 1, (Jahangiri et al. [12]),

. SH(%: »(—1,1) = SH*(0) (Avc1 and Zlotkiewicz [3], Silverman [15], Silverman and Silvia [16]),
y SHS,’&w(Zﬁ —1,1) =SH*(B); 0 < B < 1, Jahangiri [11]),

. SH(;”& »(—=1,1) = KH(0) (Avc1 and Zlotkiewicz [3], Silverman [15], Silverman and Silvia [16]),
y SHo',’&W(Zﬁ —1,1)=KH(B); 0 < B < 1, (Jahangiri [11]),

. SHS:)EW(A,B) = H,(A,B) (Dziok et al. [10]),

« SHyy,,(A,B) = SH*(A,B) (Dziok [9]),

« SHy, (A, B) = SH(u,n,A, B) (Cakmak et al. [5]).

Making use of the techniques and methodology used by Dziok [9], Dziok et al. [10], in this paper we find

necessary and sufficient conditions, distortion bounds, compactness and extreme points for the above defined
n,A

class SHy (A, B).

2. Main Results

First, we provide a necessary and sufficient convolution condition for the harmonic functions in SHg:ﬁ’w(A, B).

Theorem 2.1 For z € U\{0}, let f € SH. Then f € SHiy% ,,(A,B) if and only if
Do (Aw)f(2)x@(z8)#0 (L€C,|E=1),

where
(B—A) L+ [1+uw? —a+ (A+B(uw* — a)) {]z
{303

+?2(oc—uw}‘ — 1)+ [2B(a—pw*) = (B+A)] { + [uw! —a+ 1+ (A+Buvw* —1)) ]z
Z (1-2)° .

og) = z

Proof. Let f € SH. Then f € Sch’yﬁyw (A, B) if and only if the condition (1.3) holds or equivalently

D (A, w)f(2)
Dty u(Aw)f(2)

1+A¢
1+ B¢

7 (€eC [E]=1). 2.1)

Now for )
D’&,u(l,w)f(z)D:;#(;L,w)f(z)*<z+z)

and

Db (e w) £(2) = Dy (W) (2) (i () + ¥20) )
the inequality (2.1) yields

(1+BE) Dy (A, w)f(2) — (1+A8) Dy (A, ) f (2)

n (4B [+ (uwr —a)2]  (1+BO)[(2o—2uw* —1)7+ (uw? —a)Z2
= Dl (h ()« { L] esec st 7] |

_Dau(hw)f(z)*{(l%f)z_kw}

1-2

(B—A) Szt [1+uw* —a+(A+B(uw* —a)) ¢ ]2

~ Dl (A1) { el

+

[2(a7uwl 71)+(23(a7uw1)7(B+A))§]2+ [/Jw* 7oc+1+(A+B(uw’L 704)) C]Zer }
(1-2)°

=D (A, w)f(2) ¥ (2,6) #0.
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A sufficient coefficient for the functions in SHg"’%l,W (A, B) is provided in the following.

Theorem 2.2 Let f = h+g be so that h and g are given by (1.1). Then f € SHg:ﬁ,W (A,B), if

Y Dila + ) Ex|bi| <B—A, (2.2)
k= =1
where /
D= [(k—l)(uwl—a)Jrk] {(kfl)(,uw"7a)(1+B)+k(l+B)f(l+A)} 23)
and .
E= [(k+1)(uwha)+k} {6+ 1) (0wt — o) (1+B) +K(1+B) + (1+4) }.. @4

Proof. 1t is easy to see that the theorem is true for f(z) = z. So, we assume that a; # 0 or by # 0 for k > 2.
Since Dy > k(B—A) and E; > k(B —A) by (2.2), we obtain

H@)|-g@)| = 1= klallzl*" =Y klbil |2
k=2 k=1
> 1—|z|<Zk|ak+Zkbkl>
k=2 k=1
Iz [« -
by 1 = k;sz |ak\+1§1Ek|bk\
> 1—|z|>0.

Therefore f is sense preserving and locally univalent in U. For the univalence condition, consider z1,z2 € U so
that z; # 7. Then

Zk —Zk k ., k il
2 =) g g M < ) e Mzz_m‘ <k, k=>2.
4Ny 22 m=1 m=1

Hence

‘f(m)—f(zz) S 1_‘8(21)—8(12) 1 k=1
h(z1) =h(z2) |~ h(z1) = h(z2) (@—2)+ X a (& —5)
k=2
¥ kbl ¥ 5 bl
> 11— —— g p—_— >0,
1_k§2k|ak| 1—k§2ﬁ|ak|

which proves univalence.

On the other hand, f € SH&';%LW(A, B) if and only if there exists a complex valued function ¢; ¢(0) =0, |¢(z)| <
1 (z € U) such that

DL W)I@) _ 1+40(2)
Dy ew)f@) ~ 1489

or equivalently

<1, (zeU,). (2.5)
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The above inequality (2.5) holds, since for |z = r (0 < r < 1) we obtain
| Dt (A, w) £(2) = Dig s (A, w) £ (2)] = | BDghs (A, w) f () — AD, (A, w) £ (2)]|

oo

kgz[(k—l)(uwl—a)w] (k—1) (uw* — o+ Dz

+ (—O"*‘él [(k+1) (uwh — @) +&]" (k+1) (uw* — a+ 1)zt

—‘(B—A)z—i—kgz[(k 1) (uw? —OC)—i—k] [B(k—1) (uw* — &) + Bk — A] 2"

+(—1)"+1]§1 [(k+1) (uw* — ) +k]" [B(k+1) (uw* — @) + Bk +A] bz

<Y [(k—1) (uw* — o)+ k)" {(k— 1) (uw* — &) (1+B) + k(1+B) — (1+A) }ar| [z}

L [0+ 1) (0 — 0 +" {04 1) (2 = ) (14+-B) +k(1+B) +(1+4)} |2
~(B-A)l2

<Wl{ £ pelal+ £ Bl —3-4)f <0
k=2 k=1
therefore f € SH&:%L,W(A,B), and so the proof is completed. O

Next we show that the condition (2.2) is also necessary for the functions f € SH to be in the class SH T(Z:ﬁjw(A, B)=
" OSHZ:%W,(A,B) where T" is the class of functions f = h+g € SH so that

=

fehtg=a- Y lald+ (1) Y bl (ceu). 2.6)

k=2 k=1

Theorem 2.3 Let f = h+g be defined by (2.6). Then f € SHT&’:ﬁ_VW(A,B) if and only if the condition (2.2)
holds.

Proof. The ‘if” part follows from Theorem 2.2. For the ‘only-if” part, assume that f € SH T&’jﬁ’w(A,B), then by
(2.5) we have

;fz [ 1)t —@)+#]" (1) ot~ 1) \;’w;l [k 1) (P —)-4] " 1) (o 1) 2

(B—A)x—kEZ [ 1) P~ 48] " [ Bl 1) 2 )B4 [ \:LLEI [k 1) (P —)+] " [ Bk 1) (w2 ) B4 [y [

For z = r < 1 we obtain

{kiz[(l{—])(uwl—a)w\} (k=) (e —act-1)|ag |+ §[k+1);m a+k] (A+|)<WLa+1)\bk|}rk*1
+

<1
B,A,{kgz[(k,l)(uu,l,a)Jrk]”[B(k—l)(uu ) +Bk— A}‘uk‘ ';f [k+]);u a)+k} [B(k+l)(uw)‘—a)+8k-A}‘hk‘}rk’l
Thus, for Dy and Ej as defined by (2.3) and (2.4), we have
Y Dilag| '+ Y Eiloe| P <B—A (0<r<1). 2.7
k=2 k=1

Let {0y} be the sequence of partial sums of the series
Y Dilag|+ Y Ex|byl.
k=2 k=1
Then {0} is a nondecreasing sequence and by (2.7) it is bounded above by B — A. Thus, it is convergent and
Y Dilaxl+ ) Ey|bi| = lim 6, <B—A.
k=2 k=1 ke
This gives the condition (2.2). O
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In the following we show that the class of functions of the form (2.6) is convex and compact.

Theorem 2.4 The class SH Tg:ﬁ,W(A, B) is a convex and compact subset of SH.

Proof. Let f, € SHT % ,,(A, B), where

fi@)=2= Y |ax]Z+ (1" Y |bi|t (z€U, teN). (2.8)
k=2 k=1

Then0<n <1, let fi,fr € SHT&'jﬁvw(A,B) be defined by (2.8). Then

k(z) = nfilx)+(1-n)f(2)

=Y (arg]+(1=n)|are]) 2
k=2

1Y (0]l + (1= ) [ ]) &
k=1

and

kka [0 ]ar k] + (1 =n) |azk|] +k§1Ek (M |b1k| + (1 =n) |b2x|]

=N { i Dy |ay | + i Ek|b1,k’} + (1 —Tl){ )Di Dy |az x| + i Ek’bz,k‘}
k=2 =1 k=2 k=1

<N(B—A)+(1-n)(B-A)=B—A.

Thus, the function k¥ = 1 f; + (1 — n)f> belongs to the class SH T&’:ﬁ,w(A,B). This means that the class
SHT&’:ﬁ’W(A,B) is convex.
However, for f; € SHT&':ﬁVW(A,B), teNand |z <r(0<r<1), weget

IN

|fi(2)] r ) ae| Y (b
=2 =1

IN

r+ Z Dy ’a,7k| 4 Z Ey ’b,7k| rk
k=2 k=1
< r+(B—A)?

Therefore, SH T&':ﬁw (A, B) is locally uniformly bounded. Let
2)=z-Y |ax|&+ (1" Y |bix|F (z€U, teN)
k=2 k=1
and let f = h+g be so that 4 and g are given by (1.1). Using Theorem 2.3 we obtain

ZDk‘al,k’"i_ZEk‘bt,k’ < (B—A). 2.9)
k=2 k=1

If we assume that f; — f, then we conclude that |a, x| — |ak| and |b; x| — |by| as k — oo (1 € N). Let {0} } be
the sequence of partial sums of the series Z Dy, ‘a, k’ + ): E; 'b, k’ Then {0y} is a nondecreasing sequence

and by (2.9) it is bounded above by B — A. Thus itis convergent and
D Ey|bix| = lim oy < B—A.
k;z k‘az,ka; e Jm O <

Therefore f € SH Té”ﬁ w(A,B) and therefore the class SH Té”ﬁ w(A,B) is closed. In consequence, the class

SH Tgﬁ w(A,B) is compact subset of SH, which completes the proof. O

We continue with the following theorem.
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Theorem 2.5 Extreme points of the class SH T&l_’ﬁ,w(A,B) are the functions f of the form (1.1) where h = hy,
and g = gy are of the form
hz)=z h(z)=2z— %zk,
(2.10)

gk(z) = (—D"%zk (zeU, k>2).
Proof. Let gy =nfi+(1—n)fy where 0 <n < land fi, /> € SHT(;’,’&’W(A,B) are functions of the form

fik)=z-Y |ar k| 2+ (—1)" Y |b,7k|z7‘ (z€U, te{l1,2}).
=2 k=2

Then, by (2.10), we have
B—-A
by [ e
oral = oasl = 2
and therefore ay; = ay; =0 for t € {2,3,...} and by, = by, = 0 for r € {2,3,...}\ {k}. It follows that
gr(z) = f1(z) = f>(z) and g; are in the class of extreme points of the function class SH ngﬁ,W(A,B). Similarly,
we can verify that the functions /(z) are the extreme points of the class SH T&’jﬁw (A, B). Now, suppose that a

function f of the form (1.1) is in the family of extreme points of the class SH Tg:ﬁ,w(A,B) and f is not of the
form (2.10). Then there exists m € {2,3,...} such that

A (T e (e e e e ey
or

R (e e (e e s R e e o
If

0 < lan| < [(m—l)(uw’t—lx)-&-m]n{(m—l)fu_vﬁ—Oc)(1+B)+m(1+B)—(1+A)}’
then puttin

pene n— \am\[(mf1)(/.Lwl7O£)+m]n{(m7;)£;;iwl7a)(1+B)+m(1+B)7(I+A)}
and
b S =Nhn 7
1340

we have 0 < n < 1, hy, # P.
Therefore, f is not in the family of extreme points of the class SH Té’:ﬁ’w(A,B). Similarly, if

B—A
m+1)(uwl—lx)-&-m}"{(m-&-l)(uwl—Oc)(l+B)+m(1+B)+(l+A)} ’

0<|bn| < I

then putting
n— || [(m+1) (uw? —00)+m]" { (m+1) (uw* — @) (14+B)+m(1+B)+(1+A) }
- B—A

and
LE f_ngm

1-n

>

b

wehave 0 < <1, g, #P.

It follows that f is not in the family of extreme points of the class SH T&‘:ﬁ)w(A,B) and so the proof is completed.
O
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1. Introduction and Preliminaries

Harmonic functions are famous for their use in the study of minimal surfaces and also play important
roles in a variety of problems in applied mathematics (e.g. see Choquet [4], Dorff [5], Duren [6]). A continuous
function f = u+iv is a complex valued harmonic function in a complex domain C if both u and v are real
harmonic in C. In any simply connected domain D C C we can write f = h+ g, where & and g are analytic in
D. We call h the analytic part and g the co-analytic part of f. A necessary and sufficient condition for f to be

locally univalent and sense- preserving in D is that )h, (z)‘ > ‘ g (z)‘ in D (see [3]).
Denote by SH the class of functions f = h+ g that are harmonic univalent and sense-preserving in the unit disk

U={z:z€Cand |z| < 1}

for which f(0) = f,(0) — 1 = 0. Then for f = h+g € SH, we may express the analytic functions % and g as

hz)=z+ Y adt, g(z)=Y bid". (1.1)
k=2 k=1
Therefore
f@)=z+ Zakzk+ Y bk, b <1
k=2 k=1

Note that SH reduces to the class S of normalized analytic univalent functions in U if the co-analytic part of f
is identically zero.

In 1984 Clunie and Sheil-Small [3] investigated the class SH as well as its geometric subclasses and obtained
some coefficient bounds. Since then, there has been several related papers on SH and its subclasses such as Avci
and Zlotkiewicz [1], Silverman [10], Silverman and Silvia [11], Jahangiri [7] studied the harmonic univalent
functions.

The differential operator D, ,,(A,w) (n € No) was introduced by Bucur et al. [2]. For f = h+g given by (1.1),
we define the following differential operator:

Dy (A,w)f(2) = Dy (A, w)h(z) + (=1)"D3 (A, w)g(2),

“Presented by Sibel YALCIN TOKGOZ, syalcin@uludag.edu.tr
Tsahsene @uludag.edu.tr
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where

oo

Dl (howh(@) =2+ Y [(k= 1) (uw* — @) +k]"akzk
k=2

and
Dy (Awig(@) = X [kt ) (uw? — ) +] " i,
k=1

where i, A,w > 0,0 < o < uw’, with DG, (A,w)f(0) = 0.
Motivated by the differential operator D, ,, (A,w), we define generalization of the differential operator for a
function f = h+g given by (1.1).

DYy (A, w)f(z) =D°f(2) = h(z) +g(z),

Dy (A, w)f(2) = (&t — uw) (h(z) +8(2)) + (uw* — a+1)(2h' (2) — 28 (2),

Dy (A, w)f(z) = D (D (A, w)£(2)) - (1.2)
If f is given by (1.1), then from (1.2), we see that

s

D’&_’H(A,w)f(z):z+i[(k—1)(/Jw}”—a)+k}nakzk+(—l)” [(k+1)(ywl—a)+k"bjzk. (13)
k=2

k=1

When w = o = 0, we get modified Salagean differential operator [9].
Denote by SH(A,w,n,a, ) the subclass of SH consisting of functions f of the form (1.1) that satisfy the

condition
& (PRI
D (A, w)f(2)
where Dy, (A, w)f(z) is defined by (1.3).

We let the subclass SH (A, w,n, &, B) consisting of harmonic functions f,, = h+g,, in SH so that & and g, are of
the form

)zﬁ 0<p<l), (1.4)

h(z) =z— Zakzk, en(z) = (—1)”2:bkzk,ak7 b, > 0. (1.5)
k=2 k=1

By suitably specializing the parameters, the classes SH(A,w,n, o, 3) reduces to the various subclasses of
harmonic univalent functions. Such as,
(1) SH(0,0,0,0,0) = SH*(0) (Avci [1], Silverman [10], Silverman and Silvia [11]),
(ii) SH(0,0,0,0, ) = SH*(B) (Jahangiri [7]),

SH(0,0,0,0,8) = Sy (1,0,8) (Yalgin [12]),
(iii) SH(0,0,1,0,0) = KH(0) (Avci [1], Silverman [10], Silverman and Silvia [11]),
(iv) SH(0,0,1,0,) = KH(B) (Jahangiri [7]),

SH(0,0,1,0,B8) =Sy (2,1,B) (Yalgin [12]),
(v) SH(0,0,n,0,8) = H(n, ) (Jahangiri et al. [8]),

SH(0,0,n,0,8) = Sy (n+1,n,B) (Yalgin [12]),
The object of the present paper is to give sufficient condition for functions f = h+ g where h and g are given
by (1.1) to be in the class SH(A,w,n, &, 3); and it is shown that this coefficient condition is also necessary for
functions belonging to the subclass SH(A,w,n, o, B). Also, we obtain coefficient bounds, distortion inequalities,
extreme points and inclusion results for this class.

2. Coefficient Bounds

Theorem 2.1 Let f = h+g be so that h and g are given by (1.1). Furthermore, let

Y (k=) [ (et — @) +] el + Y e+ B) [tk Dt — o)1k Il <1, @
k=2 k=1

where [, A, w>0,0<a < uw*, ne Ny, 0<B < 1.Then f is sense-preserving, harmonic univalent in U and
feSHA,wn,a,pB).

161



Proof. 1f 71 # 23,

=

L be (21 —3)

'f(Zl)—f(Zz) - 1_’8(21)—8(22) i =1
h(zi1) —h(z2) | ~ (z1) —h(z2) (ZI*ZZ)JFngak (& —25)
¥ kbl
> 2=
1— ¥ kla|
k=2
ki (k+B)[(k +11>(ﬁw ]’ |bk|
> 1- —
k=2 1*13 ¢
Z 07

which proves univalence. Note that f is sense preserving in U. This is because

= _ = (k—B) [(k—1)(uw* — ) +k]"
’hl(Z)‘ > I_Zk|ak||Z|k l>1_Z( ﬁ) [( )(,I.L ) ] |ak|
k=2 k=2 1-B
= (k+B) [(k+1)(uw* — ) +k]" - _
> g P IO - > bt
=1 1-p k=1
> 1g'(2)]-
Using the fact that R(w) > B if and only if |1 — B +w| > |1 + B — w, it suffices to show that
(1= B)DG (2, w) + Dl (A, w) f(2)] = [ (1+ B)Dly (2, w) = Dlgly (A, w)| > 0. 2.2)

Substituting for D"+1 (A,w)f(z) and Df, , (A, w)f(z) in (2.2), we obtain

| (1= B)Dlgu (A, w) + Dl (A, w) £(2)| = |(1+B)DG (A, W) f (2) = D'y (A, w) £ (2)|

=)

> 2(1-B)fel = X [(k+1-B)+ (k= 1)(uw? — )] (= 1) (w* — )+ 1] a2
k=2
Y [ 14 ) e )t - o] [k 1) o ) 4]l
k=1
Y [tk 1)+ e et - o] [k 1) )+ 4] e
k=2
¥ [ 1 B e 1) ()] [ 1) - ) 4] el 2
k=1
w (7 _ wh — n
> 21-p)l (1—2“‘ DIl e th
k=2
i (k+PB) [k+i)£;;3w —a)+4] bk|>-
This last expression is non-negative by (2.1), and so the proof is completed. O

Theorem 2.2 Let f,, = h+3g, be given by (1.5). Then f,, € SH(A,w,n,a,B) if and only if
oo n oo A n
Y k=B (k=D ek act Rkt ) [+ Dwt o) ek < 1=, @3
k=2 k=1

where 1, A,w>0,0<a<uw*, neNy,0<B<1.
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Proof. The "if" part follows from Theorem 2.1 upon noting that SH (A, w,n, o, B) C SH(A,w,n, e, 3). For the
"only if" part, we show that f ¢ SH(A,w,n,a, ) if the condition (2.3) does not hold. Note that a necessary
and sufficient condition for f, = h+g, given by (1.5), to be in S?(l,w, n, o, B) is that the condition (1.4) to
be satisfied. This is equivalent to

(1 —ﬁ)z—kiiz(k—ﬁ) [(k— 1) (uw* — o) + k)" a2t
9{ oo — oo
e= L [(k=1)(uw ~a) +k]"akz’<+k§1 [(k+1)(uw? — &) +&]" b2t

= X (k) [(k-+ 1) —a) 4] bi&

> 0. 2.4)

Z_éz [(k—1)(uw* — a)+k]”akz’<+§1(k+ 1) [(k+ 1) (uw? — &) +K]" bzt

The above condition must hold for all values of z, |z| = r < 1. Upon choosing the values of z on the positive
real axis where 0 < z = r < 1 we must have

(1-B)~ T (k=B) (k= 1)(un* ) +4]" axr!

l_k§’2 [(k—1)([,Lwl_a)+k]"akrk—l+k§ [(k_i_l)(uwl_a)_’_k]nbkrk_l
1 =

_él(k—kﬁ) [(k+ 1) (uw? — a) +k]" k!

- A >0. (2.5)
! _kgz [(k_ D(pw* —a) +k]nakrk71 +k§1 [(k+ 1) (uw? — ) +k]nbkrk*'

If the condition (2.3) does not hold, then the numerator in (2.5) is negative for r sufficiently close to 1. Hence
there exist zo = ro in (0, 1) for which the quotient in (2.5) is negative. This contradicts the required condition
for f, € SH(A,w,n,a, ) and so the proof is complete. O
3. Distortion Inequalities and Extreme Points

Theorem 3.1 Let f, € SH(A,w,n, o, ). Then for |z| = r < 1 we have

(1-B) B (1+8)[2(uw* —a)+1]" ’
HLTUSt e O ((Zﬁ)[uwlaﬂ]” 2—B)[uwt—a+2]" by |r
and l
- _ (1-B) _ 1+p)2(pwt—a)+1]" )
|fn(2)| > (1 by ) r ((Zﬁ)[uwlowﬂn (27[3)[/,tw’17¢x+2]" by | r.

Proof. We only prove the right hand inequality. The proof for the left hand inequality is similar and will be
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omitted. Let f, € SH(A,w,n, o, B). Taking the absolute value of f, we have

L@ < (tb)rt Y (a+bo) ¥
k=2

(I+b1)r+ Z (ar + by) r*
k=2

IN

1-B)2 & —p)[un—a+2]"
2—B) [t —a+2" 5 (1-B)

(1-B)r
@ B) [t —at2]"

Xi((kﬁ)[(k Duw* —a) +4"

= (14+b)r+ [Clk-‘rbk]

IN

(I1+by)r+

A

P

)L_ n
+(k+[3)[(k+i)£;;3w o) +k| bk>

(1-B) (1+B) [2 (uw* — &) +1]"
(I1+by)r+ (Z—ﬁ)[uw’l—a—&—Z]n (1 B by r?

(1-B) _1+p2 (uw‘—a)ﬂ]”bl) B
2-B) [uwt —a+2]"  (2-B) [uw —a+2]" ‘

The following covering result follows from the left hand inequality in Theorem 3.1.

IN

S (1+b1)r+<

Corollary 3.2 Let f, of the form (1.5) be so that f, € SH(A,w,n,a, ). Then

] 2-B)[uw* —a+2]"~1+p
{W' wl < 2—B) [ —a+2"

_@=B)[pwt—a+2]"—(14+B) [2(uw — ) +1]"
(=B)[uw —o+2]" by ¢ C fuU).

Theorem 3.3 Let f;, be given by (1.5). Then f, € SH(A,w,n, &, B) if and only if

Fu) = Y (Keu(2) + Yego ()

where

Z (Xk+Yk)—1Xk>0Yk>0
=1

In particular, the extreme points of SH(A,w,n, o, B) are {h} and {g,,k }

Proof. For functions f; of the form (1.5) we may write

fulz) = i(thk(Z)-i-Ykgnk(Z))
k=1
v v 1-p
B kg(x"”")z )y Ty e

- 1-B &
; (k+B) [(k+1)(uw? —a)+k]"Y"Z
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Then

5 =B [(k= Do — ) +4]" < 1-p Xk)
= 1-B (k=) [(k = 1) (uw* —a) +4]"

i (k+B) [(k+ 1) (uw* —a) +k]" 1-8 v
& 1-B (k+B) [(k+ 1) (uw* — )+ k" "

=

ZXH— ZYI‘ =1—-X; <1, and so f, ESiH(A,W,I’l,(X,ﬁ).
k=2 k=1

Conversely, if f, € SH(A,w,n, o, ), then

a ™
S B [k D —a) 1 A"
and 1-8
by < (k—l—ﬁ)[(k"Fl)(.UWl_a)"’_k]n'
Setting
_ — W)L— !
(STl L ey
= (k+13)[(k+1)(#;wk°‘)+k} b (k>1)
and

Xi=1-|Yx+Y x|,
k=2 k=1
where X; > 0. Then
fu(z) =X1z+ Zxkhk(z) + ZYkgnk (2)
k=2 k=1
as required.
4. Inclusion Results

Theorem 4.1 The class SH(A,w,n,a, ) is closed under convex combinations.

Proof. Let f,, € SH(A,w,n,a,B) fori=1,2,..., where f,, is given by

fui(z —Z—Zakz +(-1) Zbkz

Then by (2.3),

g(k—ﬁ)[(k—i)ykwl_aﬁk} 2 (k+B) [k+1)£;2wl_a)+k}n |

For }.t; =1,0 <t; <1, the convex combination of f,;, may be written as

i=1
itifni (Z) == i (itiaki> Zk + (_l)ni (itibki> Zk
i=1 i=1 k=1

k=2
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Then by (4.1),

i(k—ﬁ)[(k—l)f uwh — ) +k]" Zt,ak
= 1-B

+i(k+ﬁ)[(k+1)(yw —a)+k]" (Zhh)

k=1 I_B
oo ) . . Wl >~ n
e
i=1 k=2
+i (k+B) [(k+ 1) (uw* —a) +4]" -
k=1 1-B

This is the condition required by (2.3) and so i tifa(z) € SH(A,w,n,at, B). O
=i
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Statistical Convergence of Minima and Minimizers of
Sequences of Functions
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Keywords: Abstract: In this paper, we show that, under some statistical level boundedness
Epi-convergence, assumptions, statistical epi-convergence of a sequence (fn) to a function f implies
Statistical epi-convergence, 6 geatistical convergence of the minimum values of (fn) to the minimum value
Epigraphs, of f. Furthermore, in case (fn) and f have a unique minimum point, we shall prove

Equi-coerciveness. R .. N, . L
MSC: 40A30, 40A35, tI}a; the sequence of the minimizers of (fn) statistically converges to the minimizer
of f.

49J45.

1. Introduction

In the late of 1960’s, epi-convergence is first studied by Wijsman [15, 16] where it is called infimal convergence.
After Wijsman’s initial contributions, it is studied by Mosco [10] on variational inequalities, by Joly [6] on
topological structures compatible with epi-convergence, by Salinetti and Wets [12] on equisemicontinuous
families of convex functions, by Attouch [2] on the relationship between the epi-convergence of convex
functions and the graphical convergence of their subgradient mappings, and by McLinden and Bergstrom [9] on
the preservation of epi-convergence under various operations performed on convex functions. Furthermore, Dal
Maso [8] called it I'-convergence. The term epi-convergence is used by Wets [14] in 1980 for the first time.
Epi-convergence is needed to solve some mathematical problems including stochastic optimization, variational
problems and partial differential equations.

In this part fundamental definitions and theorems will be given. First of all, let (X,d) be a metric space and f,
(fn) are functions defined on X with n € N. If it is not mentioned explicitly the symbol d stands for the metric
on X.

Let K C N and if the limit 6 (K) = lim,, e % [{k <n:k € K}| exists then it is called asymptotic density of K
where [{k < n:k € K}| denotes the number of elements of K not exceeding n (see [1, 11]).

If 6(K;) =6(Ky) =1, then 8(K1NKy) = 8(KjUKy) = 1.

If 5(K1) = 5(K2) =0, then 5(K1 ﬂKz) = 5(K1 UK2) =0.

Statistical convergence of a sequence of scalars was introduced by Fast [3]. Let x = (x) be a sequence of real
or complex numbers. If for all € > 0, there exists L such that,

1
lim —|{k<n:|x,—L| >¢e}| =0,

n—eo n

then the sequence (x) is statistically convergent to L.
The concepts of statistical limit superior and statistical limit inferior were introduced by Fridy and Orhan [4].
Let k be a positive integer and x be a real number sequence. Define the sets B, and A, as

By:={beR:0({n:x,>b})#0}, Ax:={a€eR:6({n:x,<a})#0}.

Then statistical limit superior and statistical limit inferior of x is given by

*stortop @aku.edu.tr
Tysever@aku.edu.tr
*ozertalo@hotmail.com
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supB, if By#0,

sz-hmsupx:Z{ —oo  if By=0.

infA, if Ac#0,

st-hmlnfx::{ +oo  if Ay=0.

Lemma 1.1 [4] If B = st-limsupx is finite, then for every € > 0,
O0({keN:x;>B—€})#0and S({keN:x; >B+¢€})=0 (1.1

Conversely, if (1.1) holds for every € > 0 then 3 = st-limsupx.
The dual statement for st-liminfx is as follows:
Lemma 1.2 [4] If oo = st-liminfx is finite, then for every € > 0,

S{keN:xy<o+e})#A0and S({keN:xy <a—¢€})=0 (1.2)

Conversely, if (1.2) holds for every € > 0 then o = st-liminfx.

A point & € X is called a statistical limit point of a sequence x = (x;) if there is a set K = kj < kp < k3 < ...
with §(K) # 0 such that x;, — & as n — oo. The set of all statistical limit points of a sequence x will be denoted
by A,.

A point & € X is called a statistical cluster point of x = (x;) if for any € > 0,

S({k€N:d(x, &) < €}) £0.

The set of all statistical cluster points of x will be denoted by T',.

Let L, denote the set of all limit points £ (accumulation points) of the sequence x; i.e. & € L, if there exists an
infinite set K = k; < ky < k3 < ... such that x;, — & as n — oo

Obviously we have A, C T, C L,.

In our study we will be interested much more on sequence of functions. Statistical convergence on sequence of
functions is defined by Gokhan and Giingor [5].

Following definitions are statistical inner and outer limits on the concept of set convergence which is fundamental
to define statistical epi-limit using sets. In this paper, we deal with Painlevé-Kuratowski [7] convergence and
actually its statistical version will be studied here which is defined by Sever and Talo [13]. In set convergence,
following collections of subsets of N play an important role for defining statistical inner and outer limits on
sequence of sets.

S ={NCN:8(N)=1},
S*:={NCN:§(N)+#0}.

Definition 1.3 [13] Let (X,d) be a metric space. The statistical inner limit and statistical outer limit of a
sequence (A,) of closed subsets of X are defined as follows:

st-liminfA, : = {x | VV € A (x),AN € S Vn e N: A, NV # 0},

st-limsupA, : = {x | YV € A (x),3N € S* Yn € N : A, NV #0}.
n

Proposition 1.4 [13] Let (X,d) be a metric space and (A,) be a sequence of closed subsets of X. Then

st-liminfA, = {x| 3N € #,Vn € N, 3y, € A, : limy, = x}.
n n

Proposition 1.5 [13] Let (X,d) be a metric space and (A,,) be a sequence of closed subsets of X. Then

st-limsupA, = {x | IN € % Vn € N,Jy, €A, : x €T} }.
n

Let f be a function defined on X, the epigraph of f is the set epif := {(x,a) € X xR | & > f(x)} and its level
set is defined by lev<q f:={x € X | f(x) < a}.
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Definition 1.6 Let (X,d) be a metric space and (f,) a sequence of lower semicontinuous functions defined
from X to R. The lower statistical epi-limit, ey-liminf, f, is defined by the help of the sequence of sets:

epi(eg-liminf f,,) := st-limsup(epif;). (1.3)
Similarly, the upper statistical epi-limit ey-limsup,, f, is defined:
epi(eg-limsup f,) := st-liminf(epif,). (1.4)
n n

When these two functions are equal, we get statistical epi-limit function:

f =st-lim f,, := ey-limsup f,, = ey-liminf f;,.
n n n

Definition 1.7 Let (X,d) be a metric space and (f,) a sequence of lower semicontinuous functions from X into
R, for every x € X, lower and upper statistical epi-limit functions are defined by

(est—liminf f,l) (x):= sup st-liminfinf £,(y)
n VEJV(X) n yEV

(es,—lim sup fn) (x) ;== sup st-limsupinf f,(y)
n Ve (x) n  YEV

If there exists a function f : X — R such that ey-liminf, f, = ey-lim sup,, f» = f, then we write f = ey-lim, f,
and we say that (f;,) is eg-convergent to f on X.

Definition 1.8 [8] For every function f : X — R the lower semicontinuous envelope sc~ f of f is defined for
every x € X by

(sc™f)(x) = sup g(x),

8€9(f)
where ¢4 (f) is the set of all lower semicontinuous functions g on X such that g(y) < f(y) for every y € X.
Proposition 1.9 [8] Let f : X — R be a function. Then
(sc”f)(x)= sup inf f(y)

Ve (x)YEV

for every x € X where N (x) is the neighbourhood of x.

2. Main Result

In this part, we deal with infimum values of statistical lower and upper epi-limits in open and compact sets. We
also define statistical equi-coerciveness which is a necessary condition for statistical convergence of infimum
value of (f,) to infimum value of f.
Definition 2.1 Let X be a metric space and (f,,) be a sequence of functions defined on X — R. The functions
F' and F* are defined as
Fl = eg-liminf f,, F" = ey-limsup f,.
n

Theorem 2.2 Let (X,d) be a metric space and (f,)) a sequence of lower semicontinuous functions defined from

X to R. For any open subset U of X, the following inequalities are valid.

inf F!(x) > sz-liminf inf £, (x)

xeU n xeU
inf F*(x) > st-limsup inf f,(x).
xeU ( )_ n prUfn( )

Proof. We shall prove the first one, the other one being analogous. For every x € U we have U € N(x) and

Fl(x)= sup st-liminfinf £, (y) > st-liminf inf f,(y)
UEN()C) n yeU n yeU

by definition of statistical lower epi-limit. The inequality is valid for every x € U, hence

inf F!(x) > st-liminf inf £, (y).
Inf 7 (x) > st-limin Inf f )
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Theorem 2.3 Let (X,d) be a metric space and (f,) a sequence of lower semicontinuous functions defined from
X to R and let K be a compact subset of X. Then the following inequality is valid.

inF’(x) < st-liminf inf f, (x).
min (x) < st iminf inf Jfa(x)

Proof. We know that the function F! is lower semicontinuous on X and it has a minimum in a compact set.
Assume that
st-liminfinf f,(x) < a
n  xek

for an arbitrary & € R. Hence for all € > 0,

0({ne N:xiglf(fn(x) <a+e})#0.

It means that there exists M € .* such that for all m € M

inf
;gKfm(x) <o+e

Now we match every infyeg fi (x) with s¢™ fi,(x,,;) points and it can be written as
SC fm(xm) < 0.+ €

for all m € M. Since K is a compact set and x,, € K, there exists cluster points of (x)mep in K. For any
y €T, and for all U € N(y) we have §({m € M : x,, € U}) # 0. Let us call this setas M’ = {m € M : x,, € U }.

lllf ’m X < ’ X —|][f m\X + .
U ()—SC m(m) K,f‘()<(x €

Then, for all € > 0 we have
st-liminf inf f,(x) < a.
n  xeU

By taking supremum over all U € N(y) we obtain

F!(y) = eg-liminf £, (y) < a.

Since y € K, we have also min,ex F'(x) < F'(y) < o. Finally, we obtain

minF!(x) < a
xek

which gives min,cg F!(x) < st-liminf, inf,c f,(x) and we are done. O

Theorem 2.4 Suppose that there exists a countably compact subset K of X such that infycx f,(x) = infyeg fr(x)
for everyn € N with N € . # then eg-liminf, fn attains its minimum on X and

inF! (x) = st-liminf inf £, (x).
min (x)=s imin ;gxfn(x)

Proof. First of all, by our choice of index set, we have

-liminf inf = st-liminf inf . 2.1
st-liminf inf S (x) = st-limin inf S (x) (2.1

By Theorem (2.2), if we replace U with X, we get
inf F'(x) > st-liminf inf
inf (x) > st iminf inf Ju(x)
By Theorem (2.3) and equality (2.1) we obtain
inf F!(x) < minF'(x) < st-liminf inf < st-liminf inf = st-liminf inf f,(x).
inf (x) < min (x) <st iminf inf Sa(x) < st iminf inf Sm(x) = st iminf inf S (x)

Hence,

inF'(x) = st-liminf inf f,(x).
min (x) = st iminf inf Ju(x)
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Definition 2.5 The sequence (f;) is statistically equi-coercive on X, if for every ¢ € R there exists a closed
compact subset K; of X and N € . such that {f,, <} C K, forevery n € N.

Theorem 2.6 Suppose that (f,,) is statistically equi-coercive in X. Then F! and F* are coercive and

inF'(x) = st-liminf inf f,(x).
min (x)=s imin ;gxfn(x)

Proof. Ttis clear that F! and F* are corecive and lower semicontinuous and hence they attain their minimum
on X. If we apply U = X, by Theorem 2.2 we get the inequality

inF(x) > st-liminf inf f,(x).
min (x) > iminf inf Ja(x)

Hence, it is enough to show

. l < RE . . )
I;él)I(IF (x) < st hn}llnf xlg)f( Ja(x)

Assume that the right hand side of the inequality is less that 4o and s7-liminf, inf,cx f,, (x) = o. It means

o({neN:a—e< ig)f(fn(x)<a+£})7é0

for all € > 0. Let us call this setas M = {n € N: a — € < infex f,(x) < a+ €}. Since the sequence (f,) is
statistically equi-coercive, for every ¢ € R there exists a compact subset K of X such that {f,, <t} C K for all
m € M. Moreover, for all m € M we have

inf fn(x) = ;glf;fm(x)

xeX
Let us define G! = ey-liminf,, f,, and apply Theorem 2.4 we obtain

g i ot T — o Timinf
&rg}r{lG (x) = st hrin ;g)f( Sm(x) =st hn}llnf ;2}1; Ju(x).

It is obvious that F/ < G'. Hence we have min,cy F!(x) < st-liminf, inf,cx f,(x) and we are done. O
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Shifted region, parts less than — o, is called o-shifted Hurwitz stability region. For a linear system
Interval family, , if all roots of the characteristic polynomial belong to a shifted region, the system
ﬁag);?jtl sstt:l?illliltt; A is said to be o-stable. This property is very important in the investigation of
MSC: 93D09,9Sbl 5. performance and stability problems. In this report we consider o-stability problem

for uncertain linear systems. For an interval family, we find the largest value of

o for which the interval family is stable. We establish sufficient conditions for

segment stability which is important for the application of the Edge theorem.

1. Introduction
Consider nth order polynomial
a(s):a1+a2s+--~+ans”71+an+1s" (1.1)

with a4 # 0. If all roots of (1.1) satisfy the condition Re(s) < —o, then a(s) is called o-stable, where ¢ > 0.
The case 0 = 0 is known as Hurwitz stability. A necessary condition for Hurwitz stability of (1.1) is the
positivity or negativity of all coefficients ay,a,...,a,+1. Therefore, without loss of generality we will assume
thata; >0,i=1,2,...,n+1.

Define the following subset from RTI ;

D5 ={a=(ar,a,...,an41)" € R%"": The polynomial a(s) is o-stable } .
Here R stands for the set
{1,202, xp )T €R™ x>0,i=1,2,...,n4+1}.

By the continuity property of roots of (1.1) (see [3]) the set Z; is open.

In control theory, the performance of a linear time invariant system is dependent on the location of the
closed loop roots. The decay rate is determined by the roots that are closest to the imaginary axis. In [1],
o-stability problem for a polynomial polytope is considered, a necessary and sufficient condition for robust
o-stability is obtained in terms of the Hurwitz matrices. In [2], o-stabilization problem of an unstable plant
by PID controller is considered. Here a constructive determination of the set of stabilizing controllers in the
parameter space is given.

2. o-Stability Test

Introduce the new variablet = s+ oc. Thens =t — o,

Re(s) =Re(r) — o,
Re(s) < —0 < Re(t) <0.

*Presented by Taner BUYUKKOROGLU, tbuyukkoroglu@anadolu.edu.tr
oavul @anadolu.edu.tr
*vcaferov.edu.tr

173



Define a new polynomial p(7) in the variable 7:
p(t) =ap1(t—0)" +a,(t—0)" '+ Fay(t—0) +a.

Then
a(s) is o-stable < p(r) is Hurwitz stable.

Simple calculation gives the following.

p(t) =bi+bot+- +but" " +byirt”, @.1)
where b = Ma and
by a
by ar
b=| . |, a= ,
bn+1 Ap+1
1 —-o 62 —03 el (—1)"6"
0 1| —Clo Cio? .- - (=) lctor!
M=1: : 4 S :
0 0 0 0 W —Clo
0 0 0 0 - 0 ]

The matrix M is (n+ 1) x (n+ 1) dimensional and upper triangular.

For example, if n = 3 then

1 -6 o? -o°3
0 I —20 302
b= 0 0 1 —30

0 0 0 1

Proposition 2.1 The polynomial a(s) is G-stable if and only if the polynomial p(t) (2.1) is Hurwitz stable.
Given Hurwitz stable vector b € R"*! the o-stable vector ¢ € R"*! can be calculated as a = M~!b. From the
construction it follows that the inverse matrix M~! can be obtained from M after replacing ¢ by —o.

For example, if n = 3 then

2 3

1 o 0o o©
1 |0 1 20 302
M™=10 0 1 30
0 N0 Q0 L 4l

3. Maximal Stability Boundary for Interval Polynomial Family
Assume that the coefficients of the polynomial (1.1) vary in some intervals, that is assume that
ai€la;,al] (i=1,2,...,n+1).

The obtained family &7 is called an interval family and is denoted by

=

? = Ylemelal G.1)

i
|

1
= [q; aaHJF[0277";]5+"‘+[a;+1a“n++1]sn'

By the well-known Kharitonov theorem [3], robust Hurwitz stability of (3.1) is equivalent to the stability of the
four Kharitonov polynomials.

The following example shows that in the o-stable case stability of the four Kharitonov polynomials is not
sufficient for robust stability of the interval family (3.1).

Example 3.1 Consider the interval polynomial family with o = 0.25

P =10.3,0.5] +[1.5,1.8]s + [2.1,2.5]s* +[0.2,0.3]s>.
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The corresponding four Kharitonov polynomials and its roots are

roots:
Ki(s) = 0.3+1.55+2.55>+0.3s, -7.7,  —0.3164+0.172i
Ky(s) = 0.5+1.85+2.1s>+0.25%, —9.588, —0.455+0.23i
K3(s) = 0.5+1.55+2.1s>+0.3s%, —6.241, —0.3794+0.351i
Ki(s) = 0.3+1.85+2.55>+0.2s° —0.255, —0.5, —11.744.

The polynomial p(s) = 0.3 4 1.8s+2.1s% +0.3s° is a member of the interval family and its roots are —0.22267,
—0.74439 and —0.603293 which is not c-stable.

Theorem 3.2 Given interval family (3.1), let a' (s),a*(s),...,a" (s) be extreme polynomials. Let & be a real
number defined as

oo = max {Re(s) : s is a root of one of the polynomials a'(s)
(i=1,2,...,m)}.

Then o is the G-stability boundary of the interval family (3.1). That is, & is robust 6-stable for all 6 < —q,
and & is not robust c-stable for 6 = —.

Proof. By the known result, the interval family (3.1) is robust o-stable if and only if all extreme polynomials
are o-stable [4].

If 6 < —a, then any root of any polynomial a’(s) satisfies the condition Re(s) < a < —o. Therefore all
extreme polynomials are stable and consequently &7 is robust stable.

If 6 = —a, then the family %2 has a member a(s) with the root s satisfying the condition Re(s) = o = —c
which implies that a(s) is not o-stable. O

Example 3.3 Consider the interval polynomial family described by
P =10.2,0.6)+ [2.1,2.2]s +[8,8.1]s* + [2.1,2.5]s> +[2.9,3.1]s* + 0.25°.
The family has 32 extreme polynomials:

al(s) = 02+2.15+8s>+2.153 +2.95* +0.25°,

a(s) = 0.6+2.25+8.1s2+2.55>+3.15s* +0.25°.

Calculations give o = —0.119849 and the family is robust o-stable for ¢ < 0.119849.

4. Convex Combinations

In this section, we consider o-stability of a polynomial segment with stable end points. Stability problem
of a given segment is important due to Edge theorem [5], which states that a polynomial polytope with o-stable
edges is robust o-stable.

The following example shows that stability of the end points does not imply the stability of the whole
segment.

Example 4.1 Let 6 = 1. Consider the polynomial segment joining the two ¢-stable polynomials

a(s) = 17.57+ 385+ 315> + 10s> and ¢(s) = 21.57 + 425 + 325> + 10s°>.

Roots of a(s) : —1.095, —1.002+0.774i,
rootsof ¢(s) : —1.196, —1.00140.894i.
For A = 0.5, the polynomial
Sals) + 5e(s)
Sals)+5cls
has roots: —1.152, —0.998+0.836i and is not o-stable.
Let
a(s) =ar+axs+-+an1s", c(s)=ci+eas+-+eps”
be two o-stable polynomials, a = (ay,az,...,a,11)", c = (c1,¢2,..,cnr1)”.

In the below, we give sufficient conditions for segment stability.
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Theorem 4.2 Let m',m?,....m"*! be (n+ 1)-dimensional row vectors of the matrix M. Assume that

(m'a—c)=ma—c)=--=m T a—c)=0 (ifniseven),
(m'a—c)=(ma—c)=-=(m ,a—c)=0 (if nis odd).

Then the segment [a(s),c(s)] = {(1—A)a(s) +Ac(s) : A €[0,1]} is o-stable.
Proof. We set b = Ma, d = Mc. Then b(s) and d(s) are Hurwitz stable. Given any A € (0,1),
(1-Va+ic = (1-A)M 'b+AM'd
M '[(1-2)b+Ad].
By conditions of the Theorem 2,
(m',a) = (m',c), (m’,a) = (m*,c), ...

which imply that even parts of b(s) and d(s) are the same.
Therefore by the known theorem (1 — A)b(s) + Ad(s) is Hurwitz stable [6]. By the above construction
(I=2A)a(s)+ Ac(s) is o-stable. O

Similarly, from the analogous result for odd parts follows

Theorem 4.3 Assume that

(m?,a—c)=(m*a—c)=--=(ma—c)=0  (ifniseven),
(m*,a—c)=(m*a—c)=--=m* a—c)=0 (ifnisodd).

Then the segment [a(s),c(s)] = {(1—A)a(s) +Ac(s) : A €[0,1]} is o-stable.
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1. Introduction and Background

Throughout the paper N denotes the set of natural numbers.

Many authors have studied on the concepts of invariant mean and invariant convergence (see, [10, 11, 13, 14,
19, 20, 25]).

Let o be a mapping of the positive integers into themselves. A continuous linear functional ¢ on /.., the space
of real bounded sequences, is said to be an invariant mean or a 6-mean if it satisfies following conditions:

1. ¢(x) >0, when the sequence x = (x;) has x,, > 0 for all n,
2. ¢(e) =1, wheree=(1,1,1,...) and
3. 9(xg(n) = O(xn) forall x € les.

The mappings ¢ are assumed to be one-to-one and such that 6™ (n) # n for all positive integers n and m, where
0™ (n) denotes the m th iterate of the mapping o at n. Thus, ¢ extends the limit functional on c, the space of
convergent sequences, in the sense that ¢ (x) = limx for all x € c.

In the case o is translation mappings o (n) = n+ 1, the c-mean is often called a Banach limit.

The concept of lacunary strong o-convergence was introduced by Savas [21] and then Pancaroglu and Nuray
[15] defined the concept of lacunary invariant summability.

The idea of .#-convergence was introduced by Kostyrko et al. [6] which is based on the structure of the ideal
# of subset of the set N. For more detail, see [7].

A family of sets .# C 2V is called an ideal if and only if (i) @ € .#, (ii) For each A,B € . we have AUB € .#,
(iii) For each A € .# and each B C A we have B € .#.

An ideal is called non-trivial if N ¢ .# and non-trivial ideal is called admissible if {n} € .# for each n € N.
Recently, the concept of o 6-uniform density of any subset A of the set N and corresponding the concept of
Jse-convergence for real sequences were introduced by Ulusu and Nuray [28].

Several convergence concepts for double sequences and some properties of these concepts which are noted
following can be seen in [1, 2, 8, 12, 16, 18, 23].

A double sequence x = (xi;) is said to be bounded if there exists an M > 0 such that |x; ;| < M for all k and j,
i.e., if supy ; |xp;| < oo

The set of all bounded double sequences will be denoted by ¢Z.

*ulusu@aku.edu.tr
Tedundar@aku.edu.tr
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A non-trivial ideal .#, of N x N is called strongly admissible ideal if {i} x N and N x {i} belong to .#, for each
i€EN.

It is evident that a strongly admissible ideal is admissible also.

Let (X, p) be a metric space and .#, be a strongly admissible ideal in N x N. A double sequence x = (x;,;,) in X
is said to be .#-convergent to L € X if for every € > 0,

A(e) = {(m,n) eNXN: p(xn,L) > €} € 5.

It is denoted by % — lim x,, = L.
m,n—yoo

The double sequence Gé = {(ky, ju)} is called double lacunary sequence if there exist two increasing sequence
of integers such that

k()ZO, h, =k, —k,_1 — o and j()ZO7 ljluzju—jufl —»©0 a8 I,U — oo,
We use the following notations in the sequel:
ki = krjus hru = el Iy = {(k, j) :hroy <k <k, and ju_1 < j < ju}.

Recently, the definitions of some invariant convergence for double sequences were presented in a study by
Ulusu et al. [27] as below:
Let 6, = {(k,, ju)} be a double lacunary sequence. A double sequence x = (x;) is said to be lacunary invariant

convergent to L if
: 1

lim
ru—>0

Xok(m),0i(n) = Ly

fu k,jGIm

uniformly in m,n = 1,2,... and it is denoted by x;; — L(er).

A double sequence x = (x;) is said to be strongly lacunary invariant convergent to L if
1

lim
ru—oo

Z |xck(m),c>'-/(n) —L[=0,

"k, jE€ly

uniformly in m,n and it is denoted by x;; — L([VL?]).
Let 6, = {(kr, ju)} be a double lacunary sequence, A C N x N and

Sy = I"Inllrlll An{(c*(m),07(n)) : (k,j) € L }|,
Sru = max AN{(c*(m),07(n)) : (k,j) € L }|.

If the following limits exist

— S
VE(A) = lim =™ and VP(A)= lim ™

ru—eo Ji,, ru—eo fiy,

)

then they are called a lower lacunary o-uniform density and an upper lacunary o-uniform density of the set A,
respectively. If VY (A) =V, (A), then VY (A) = VP (A) =V, (A) is called the lacunary o-uniform density of A.
Denoted by .#9 the class of all A € N x N with Vf (A) = 0.
A double sequence x = (xz;) is said to be lacunary .%>-invariant convergent or fzae-convergent to L if for every
>0

Ae = {(k,j) € L |xxj — L| > €} € F°,

i.e., VY (Ag) = 0. Itis denoted by .#% —limxy; = L or x; — L(#7?).
Marouf [9] presented definitions for asymptotically equivalent sequences and asymptotic regular matrices. Then,
the concept of asymptotically equivalence has been developed by many researchers (see, [3, 5, 17, 22, 24]).
Two nonnegative sequences x = (x;) and y = () are said to be asymptotically equivalent if

Xk

Iim— =1.
k Yk

It is denoted by x ~ y.
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Hazarika and Kumar [4] presented some asymptotically equivalence definitions for double sequences as follows:
Two nonnegative double sequences x = (x;) and x = (yy) are said to be P-asymptotically equivalent if

denoted by x ~* y.
Two nonnegative double sequences x = (xy;) and x = (yy) are said to be asymptotically .#-equivalent of
multiple L if for every € > 0

{(kJ) eNxN: xkl—L‘ 28} € P,
Ykl
denoted by x ~7 - y and simply asymptotically .%;-equivalent if L = 1.

Recently, Ulusu [26] by defining the concept of lacunary .#;-asymptotically equivalence and the concepts of
lacunary o-asymptotically equivalence for real sequences, studied some relationships among these concepts.

2. Main Results

In this study, we give definitions of asymptotically lacunary invariant equivalence, strongly asymptotically
lacunary invariant equivalence and asymptotically lacunary ideal invariant equivalence for double sequences.
We also examine the existence of some relations among these new equivalence definitions.

Definition 2.1 Two nonnegative double sequence x = (x;;) and y = (yx;) are said to be asymptotically lacunary
o»-equivalent of multiple L if

lim ok (m).0i(n)

ru—o

=3 L’
1k j€ly, Yok (m),67(n)

o0

uniformly in m and n. In this case, we write x e y and simply asymptotically lacunary o»-equivalent if L = 1.

Definition 2.2 Two nonnegative double sequences x = (x;;) and y = (yy) are said to be asymptotically lacunary
SH-invariant equivalent of multiple L if for every € > 0

A7 = {(k,j) €ly:

.
'v_L‘ 23} € 790
Ykj

JUO
ie., V29 (A7) = 0. In this case, we write x el y and simply asymptotically lacunary .#-invariant equivalent if
L=1.
The set of all asymptotically lacunary .#;-invariant equivalent of multiple L sequences will be denoted by jg((’L)_
Theorem 2.3 Suppose that x = (xi;),y = (yj) € (2. If x and y are asymptotically lacunary %>-invariant

equivalent of multiple L, then these sequences are asymptotically lacunary ©,-equivalent of multiple L.

Proof. Let m,n € N be arbitrary and € > 0. Now, we calculate

1 X sk i
t(6r,m,n) := M—L ]
"k, j€lu yo-k(m)76j(n)
We have
1(62,m,n) <t1(62,m,n) +12(6,m,n),
where
1 X~k j
t1(927m7n) ::r Z MfL
i k.j€lu Yok (m),oi(n)
okl sl
Yok(m).oi(m) |
and
X <k i
12(02,m,n) := Y Tokm.oim) 41
ru k,j€ly, ka(m),cj(n)
Sokm.olm) ;| g
Yok (m), o) (n)
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We get 1,(6,,m,n) < g, for every m,n = 1,2,... . The boundedness of x and y implies that there exists a M > 0
such that

Yok (m),07(n)
Yok(m),ci(n)
for all k, j € I, and for every m,n. Then, this implies that

—L| <M,

M X _k j
(6. mn) < — k.j)el, - |-cmelt) 1|~ ¢
1( 2,1, ) =l {( a]) ru Yok (m). 03 () =
. > k m j n
max |4 (K, j) € I 1 |20 L > ¢
< m,n yak(m)ya./(,,) _ MS”"
- hr” hru’
579
L
hence x N()y_ .

The converse of Theorem 2.3 does not hold. For example, x = (x;) and y = (yy;) are the sequences defined by
following;

kr1 <k<k,._ Vhy], I ’
2, if ,rl o 1+ _r] and k+j isan even integer.
Jr—1 < J < Jjr—1+Vhi,
Xkj =
kr—1 <k<k,_ Vhy], . .
o, if 7 _rH_[ _r] and k+j isan odd integer.
Jr—1 <] < Jr=1 +[\/ hu]v
Ykj =1.

When o(m) =m+ 1 and o(n) = n+ 1, this sequences are asymptotically lacunary o»-equivalent but they are
not asymptotically lacunary .#,-invariant equivalent.

Definition 2.4 Two nonnegative double sequence x = (x;;) and y = (yx;) are said to be strongly asymptotically
lacunary o»-equivalent of multiple L if

(1]
uniformly in m and n. In this case, we write x [NE\(JL)] y and simply strongly asymptotically lacunary o,-equivalent
ifL=1.
The set of all strongly asymptotically lacunary invariant equivalent of multiple L sequences will be denoted by
R
Theorem 2.5 If double sequences x = (xy;) and y = (yx;) are strongly asymptotically lacunary o,-equivalent
of multiple L, then these sequences are asymptotically lacunary %-invariant equivalent of multiple L.

NS
Proof. Letx 3 y and given € > 0. Then, for every m,n € N we have
xo‘k(m),o’/:(n) _L‘ > Xo—k(m).()'l:(n) _L‘
k,j€lyy | Pk m).0i (n) k.jelu Yok (m).cd (n)
“okm.olm) s,
Yok (m),0d (n) -
. X5k (m),0J
> e. k cl., Zot(m).6/(n) —Ll>e¢e
> o) e s s | >
N ki) el | etmalm _rls
2 €-max (,])E ru.H%_ = €
m,n ok (m), 07 (n)
and so
. X l\ U j n
{ i , max {(k7])61m: W—L'>e}’
BN ok (m),6J (n) —L‘ > ¢ mn o (m),a/(n)
Ry k,j€lry Yok (m).0d (n) - I/
_ oS
hru



a6

S
This implies that lim - =0 andsox ~ y. O

HU=r%0 flyy

Theorem 2.6 Suppose that x = (xij),y = (ykj) € (2. If double sequences x and y are asymptotically lacunary
SH-invariant equivalent of multiple L, then these sequences strongly asymptotically lacunary 6,-equivalent of
multiple L.

cf

.
Proof. Suppose that x,y € /2 and x A y. Let € > 0. By assumption, we have V29 (A7) = 0. The boundedness
of x and y implies that there exists an M > 0 such that

Xok(m),0i (n)

—L <M

Yok (m),0i(n)

for all k, j € I, and for every m,n. Observe that, for every m,n € N we have

1 Sokmolm) | — L Sokm).oi(m) _ L‘
Mru k,jl | Yok )00 () i k,j€lny Yok (m),01 (n)
k.ol |y,
Yok(m), 04 (n) -
+L okmyoim) _ L‘
By k,j€l Yok (m).cd (n)
Sokm.olm) ;| o
Yok (m),cd (n)
. Kok (m),cd (n)
max |4 (k,j) €Ly |- — Ll > ¢
mn Yok (m).0d (n)
< + €
hru
S
< M™+te
hru
Hence, we obtain
. 1 Xk j
lim — 0% (m).0” (n) —L| =0,
1= R g e, | Yok m).oi (n)
uniformly in m and n. O
Theorem 2.7
~0c0 7. % B o6 2
J2(L) ﬂéw = [mz(L)] ﬂfoo
Proof. This is an immediate consequence of Theorem 2.5 and Theorem 2.6. O
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1. Introduction and Background

The concept of statistical convergence was first introduced by Fast [2] and since then it has been studied by
Salat [15], Fridy [3] and many others, too.
A sequence x = (x;) is said to be statistically convergent to L if for every € > 0

lim f‘{k<n | —L| > 8}’
n—o n

where the vertical bars indicate the number of elements in the enclosed set.

Let o be a mapping of the positive integers into themselves. A continuous linear functional ¢ on /.., the space

of real bounded sequences, is said to be an invariant mean or a o-mean if it satisfies following conditions:

1. ¢(x) > 0, when the sequence x = (x,) has x, > 0 for all n,
2. ¢(e)=1,wheree=(1,1,1,...) and

3. 0(xg(n) = 9(x) for all x € leo.

The mappings ¢ are assumed to be one-to-one and such that 6™ (n) # n for all positive integers n and m, where
0™ (n) denotes the m th iterate of the mapping & at n. Thus, ¢ extends the limit functional on c, the space of
convergent sequences, in the sense that ¢ (x) = limx for all x € c.

In the case o is translation mappings o (n) = n+ 1, the o-mean is often called a Banach limit.

Many authors have studied on the concepts of invariant mean and invariant convergence (see, [5, 6, 8, 10, 14,
16, 20]).

By a lacunary sequence we mean an increasing integer sequence 0 = {k,} such that kyp = 0 and
hy =k, —ky—1 — o0 as r — oo, The intervals determined by 6 is denoted by I, = (k,—1,k,| (see, [9]).

The space of lacunary strong o-convergent sequences Ly was defined by Savas [17] as below:

Ly = {x = hm Z X gk (m) =0, uniformly in m}

r—oo i
I kel,

*ulusu@aku.edu.tr
Tegulle@aku.edu.tr

183



Savas and Nuray [18] introduced the concept of lacunary o-statistically convergent sequence as follows:

Let 8 = {k,} be a lacunary sequence. A sequence x = (xy) is said to be Sz¢-convergent to L if for every € > 0

.1
rl:rgh—r‘{k €1 [xgk(y — L[ = 8}‘ =0,
uniformly in m. It is denoted by x; — L(Ss0).

The concept of lacunary invariant summability and the space [Vy], were defined by Pancaroglu and Nuray
[11] as below:

Let 0 = {k,} be a lacunary sequence. A sequence x = (x;) is said to be lacunary invariant summable to L if

1
lim — ) x =1L,
r—oo h,. kEZI’r ot (m)
uniformly in m.
Let 0 < g < 0. A sequence x = (xz) is said to be strongly lacunary g-invariant convergent to L if

1
lim — Xk —L|T=0,
H""hrkgrlo() |

uniformly in m. It is denoted by x; — L([Voslq)
The concepts of convergence for double sequences have been studied by many authors (see, [1, 4, 12, 13, 21]).

A double sequence x = (xi;) is said to be convergent to L in Pringsheim’s sense if for every € > 0, there exists
Ne € N such that |x;; — L| < €, whenever k, j > N.

A double sequence x = (xx;) is said to be bounded if there exists an M > 0 such that |x;;| < M for all k and j,
i.e., if supy ; |xy;| < oo

The set of all bounded double sequences will be denoted by /2.

Mursaleen and Edely [7] introduced the concept of statistically convergence for double sequences as follows:
A double sequence x = (x;) is said to be statistically convergent to L if for every &€ >0

1
lim *‘{(k,j), k<mand j<n: |x;—L| 28}‘ =4

m,n—seo Mn

The double sequence 6, = {k;, j, } is called double lacunary sequence if there exist two increasing sequence of
integers such that

ko=0, hy =k, —k_; — o0 and jo=0, hy = ju— ju_1 — o as r,u — oo
We use the following notations in the sequel:
kru = kpjus By = hyehu, Ty = {(k, j) tkeey <k <kp and ju— < j< ju}-

Using the double lacunary sequence concept, the concept of lacunary o-statistically convergence for double
sequences and similar concepts were defined by Savas and Patterson [19] as below:

Let 6, = {k,, j,} be a double lacunary sequence. A double sequence x = (x;) is said to be lacunary invariant
statistically convergent to L if for every € > 0

1 .
lim — ‘{(k;]) € Iru : |xc7k(m)70j(n) —L| > 8}‘ = 07

ru—es J,,

uniformly in m and n. It is denoted by x; — L(S3?).
A double sequence x = (x;) is said to be strongly lacunary invariant convergent to L if

o
iyt T

Y. okmyoitm) —LI =0,

"k j€ly

uniformly in m and n. It is denoted by x;; — L([V9]).
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2. Statistical Lacunary Invariant Summability of Double Sequences

In this study, we give definitions of lacunary ¢-summability, strongly p-lacunary o-summability and statistical
lacunary o-convergence for double sequences. We also examine the existence of some relations among
the definitions of statistical lacunary c-convergence, lacunary invariant statistical convergence and strongly
p-lacunary o-summability.
Definition 2.1 Let 6, = {k,, j,} be a double lacunary sequence. A double sequence x = (xi;) is said to be
statistical lacunary o-convergent to L if for every € > 0

> 8} ‘ =0,

In other words, a double sequence x = (xi;) is statistical lacunary o-convergent to L if and only if the sequence

1
(h > xak(m)cf(n))

ik j€ly

. 1
Iim —
V,Ww—rc0 YW

Xok(m),i(n) ~ L

{(k7j),k<vandj<w:

ru k. jely

uniformly in m and n . In this case, we write x;; — L(S59).

is statistical convergent to L.

Theorem 2.2 Assume that x = (xij) € 02, If x is lacunary invariant statistical convergent to L, then this
sequence is statistical lacunary o-convergent to L.

Proof. Let x = (xi;) be a bounded double sequence and lacunary invariant statistical convergent to L. Let take
a set A(€) as follows:

A(S) = {kr—l <k<kr Ju-1<J< ju: |xo'k(m),0'j(n) _L| = 8}’

for eachm > 1 and n > 1. Then we have

‘

- Z (xa"' (m),0i(n) — L)

" (k) €Elu

1
. Y (Geokpmyoigy — L)
" (k,j)eA(e)

1
< <SUP X 5k (m), 7 () L|> . A(e)| =0
k.j

ru

1
= L otmoim ~L
" (k\j)El

=

IN

~

as r,u — oo, which implies

— 0,
hru

W5 Yot (m).o/(n) ~ L
2J)Elru

for all m and n. That is, x = (x;) is statistical lacunary o-convergent to L. O

Definition 2.3 Let 6, = {k,, j,} be a double lacunary sequence. A double sequence x = (xi;) is said to be

lacunary o-summable to L if
) 1
r-}}glw h

Xok(m), 01 (m) = L
TW k,jE€lny

uniformly in m and n. In this case, we write x;; — L(er).

Definition 2.4 Let 6, = {k,, j,} be a double lacunary sequence and 0 < p < co. A double sequence x = (xi;)
is said to be strongly p-lacunary o-summable to L if

lim
r,u—sco

Y. ok(m).itn —LI" =0,

u k7j€IFM

uniformly in 7 and n. In this case, we write x; — L([VL?],).

Theorem 2.5 If a double sequence x = (xy;) is strongly p-lacunary c-summable to L, then this sequence is
lacunary invariant statistical convergent to L.
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Proof. Letx = (x; j) is strongly p-lacunary o-summable to L. Then, for eachm > 1 and n > 1

1 1
i L otmeim L= X Rotmoiw — LI
u (k:j)elr‘u ru (ksj)elru
W ok () 0 () ~EIZE
1
e (k ;1 ok ) i m) — LI
2J)Elru
Wk (), () ~LI<E
therefore we have
1 1
e Y ok(m).oitm — LIP = e % gk () () — LIP
" (k,j)Elu i (k,j)Elu

Wk ), m) ~LI2E

1
>__¢eP.|A )
>—e” |Ae)

ru

So if limit is taken as r,u — oo, we have

1 1
P ; . o Ll>ell < 1 )3 P 0.
€ r}lli)n‘x' ru {(kh]) i Iru |x6k(m)’oj(”) L[ - 8}’ - r}tlinwo hru (k,j)Elu |xck(m)76/ o L| ’
That is, x = (x;) is lacunary invariant statistical convergent to L. O

Theorem 2.6 Assume that x = (xij) € (2. If x is lacunary invariant statistical convergent to L, then this
sequence is strongly p-lacunary o-summable to L.

Proof. Suppose that x = (x;) is a bounded double sequence and lacunary invariant statistical convergent to L.
Since x is bounded, there exists M > 0 such that

|x \—Ll<M

ok(m),0i(n

uniformly in m and n. Now that x = (x;) is lacunary invariant statistical convergent to L, for every € > 0 we
have

{(kaj) €l |x0k(m),6j(n) _L| > 8}‘ =0
I ru
uniformly in m and n. Also, we can write
1

1
i Lo Botmorn =L =5 Y ot oin — LI
" (k,j)Ely " (k,j) €l

(k,j)¢A(€)
=W (r,u) +1P (r,u)
where
(O () = 1 | L)
ru) =4 Y ok(m)oitn) =
ru (kA,j')EIru
(k.j)€A(e)
and

1
Druy=— Y 1% 5k ), 5 m) = LIP-
U (k)€
(k.J)ZA(€)

Now if (k, j) € A(€), then 1) (r,u) < €. If (k, j) € A(g), then

Ale Ale
1) < (S“F."xak(m),oi(n)—Ll) | h( ) §M| h( LY
k. ru ru
Thus
1
hf Z |x6k(m)7o‘!'(n) _L‘p — 0,
" (k,j)Elu
uniformly in m and n. .
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1. Introduction

In this paper, we derive a new boundedness and compactness result for the Hardy operator in variable expo-
nent Lebesgue spaces (VELS) L () (0,1). A maximally weak condition is assumed on the exponent function.
The last time, such a study was carry out in [1,2,3,4,5,6,7,8,9]. For a study the Dirichlet problem of some
class nonlinear eigenvalue problem with nonstandard growth condition the obtained results is applied. Such
equations arise in the studies of the so called Winslow effect physical phenomena [11] in the smart materials.
In this connection, we mention recent studies for the multidimensional cases with application of Ambrosetti-
Rabinoviches Mountain pass theorem approaches (see, e.g. in [1,10, 12]).

Theorem 1.1 Ler q,p(0,1) — (1,00) be measurable functions with g(x) > p(x) on (0,1) . Assume p be
monotony increasing and the function x~ VP )8 s almost decreasing on (0,1). Then operator H boundedly
acts the space LP(0,1) into L1017 =1/40)(0,1). Moreover, the norm of mapping depends on p~,p*,8,B.
Theorem 1.2 Let ¢, p(0,1) — (1,0) be measurable functions such that « > g* > g(x) > p(x) > p~ > 1
forall x € (0,1). Assume that p be monotony increasing and x~ VP s almost decreasing. Then the identity
operator maps boundedly the space Wpl(')(O,l) into L10):—1/p ’l/‘i(')(O,l). Moreover, the norm of mapping is
estimated by a constant depending on p~,p*,q,€,.

Notice, Theorem 1.2 states the inequality

—1/p ~1/q(.

||yx )HLq(-)(oJ) < Hy ”Lp(-)(oJ) (.1

for any absolutely continues function y : (0,1) — R with y(0) = 0.
In the given assertions, LP*(0,1) denotes the space of measurable functions with finite norm ||yx%|| 2200,

while Wpl(')u (0,1) stands the space of absolutely continuous functions y with y(0) = 0 and finite norm

i
HYHWI =y HLP(-)'
p()

We say, the function o : (0,1) — (0,00) is almost increasing (decreasing) if there exists a constant C>0 such
that for any 0 <t < tp < L it holds a(t;) < Ca(tz) ( ot;) > Cau(ty) ) We need the following assertion

“yzeren@yildiz.edu.tr
TPresented by Yusuf ZEREN, yzeren@yildiz.edu.tr
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Lemma 1.3 Let p(x) be increasing for x € (0,1). Lett € A,(x) = (27"~ 'x,27"x]. Then it holds

U0 0) < o1 (1.2)

where pyn = infica,xP(t)
Proof. Lety € A, (x) be a point with =/ ) < 2t71/Pen)  Lety < 1 and both lie in A, (x). Then using almost
decreasing of x~ /P +€ it follows that

!

1P W)+ < o1/ 0)+e
Using t,y € A, (x), (p;n)' > 1 it follows
10 0) < 28y /(0 0) < g2Hecy1/ (i)

Now let y > ¢, then using increasing of p, l/pl also will be increasing. Since 1/(pl (1) < 1/(p/ (), it follows
that

(1/0)7 D < (1 /0)/# O <20V en)

where C = 11/(7) 1 1/
The Lemma 1.3 has been proved.

Proof of Theorem 1.1. Let f : (0,/) — (0,0) be a positive measurable function. It holds the identity

27 "x

Hf (x) = i |, (1.3)

—n—1ly

Assume || f||, = 1. Using the triangle property of p(.)- norms

sl < Xl [ @il (14)
n=1 v Ap (X

with a(x) = —1/p (x) — 1 /q(x) (recall A, (x) = (2~ 'x,27"x] ) Derive estimation for every summand in (4).
In this purpose get estimation for the proper modular

i 1
Iy (%) /A 00 = /0 (x0) /A s F(0)di)* ) dx

Applying the assumption on p ( decreasing of x~!/ P+ and using the expression for g(x) = 1/(—a—1/(p (x)))
we have

/ ol ’ .
Iq(xfl/P 71/11/ )f(t)dt) — / (xfl/p +e/ f(l)dt)q(x)dx\xl+£q(x)
An(x JO JAp(x
+ 1ol ,
< a2 / dx \ x( F(0)e= VP ) gpya) (1.5)
0 Ap(x)

Notice, we have used that x~ /7 ¥)+& < ¢r=1/P (0+¢ for any 0 < x < [ and that 27"~ x < r < 2~"x by using

the almost decreasing of x~1/7 W)+,

Therefore, from (4) using Holders inequality, it follows

I (x%0) 1)dt
o (x An(x)f() )

!

< i yneq” /ldx/x(/ (f(t))p;ndt)q(x)/(p;nJ(/ ¢+~ (Pxn) /(p/(t))dt)q(x)/(zﬂ;n) (1.6)
o 0 An(x) An(x)
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Applying this Lemma 1.3 and estimate (2) it follows from (6) that

l - - - -
Iq(xo‘(')/ )f(t)dt) S/ dx/x(/ ( (f(t))px,ndt)q<x)/(px.n)(Clnz)q+\p 2—neq” 4
An(x 0 Ay x)

Since
/n( )(f(t))”;"dts/n(x)(f(t))”(”dw g N2 < 1427 < 1L
it follows
e 7(0d)
+ _— - - +
< (CIn2)7 27"€4 /dx/x(l/(l+1)/ (f(t))px‘ndt)(q(x)>/(px‘n)(l+1)‘]
0 An(x
< @+ 0) [0+ [ (0P + 1) oa
An(x)
<274 4 (Cln2)4 (1+1)7 ! / dx/x( / F()PD 1 1)]dr).

Hence,

() /A 9 (1)dr) < G224 1" /0 ' / ol F(0)P0 4 1))dr)dx/x

ontly

<c [ 1wy s [

<CTC327E [n2(1 427 1)Cy2 e
Therefore, it has been proved that

"t

Iq(x_l/p,_l/q / f(t)dr) < C27"€
Ap(x)

which implies

||x—1/p —l/q/ f(t dt|| <C1/‘I —nEq Jat
Inserting (7) in (4), we get

7 VS £l 0y < T zz-m /" = s
=1

The Theorem 1.1 has been proved.
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Keywords: Abstract: In this study, we use finite element method to obtain the numerical
Finite e]em?“t method, solution of the plane deformation problem for multilayered materials. The math-
Lame equation, ematical model of the problem is expressed by the system of Lame equations.
Lamma,ted, medlun?’, Some differences of the mechanical properties of the materials composed the
Transmission conditions. .. . d . o
MSC: 65N30, 65N55. layers make it impossible to solve such problems with classical finite difference
35Q74, 74B15 methods. In this work, to ensure continuity at the common boundary between
the layers, we obtain the numerical expressions of the transmission conditions by
using the finite element method. The relation between the numerical expressions
obtained by using finite element method and finite differences method is shown.

1. Introduction

The contact problem related to the deformation of a rigid punch was considered by many authors [1]-[3].
The paper [1] is devoted to the analysis of the infinitesimal deformations of a linear elastic anisotropic layer by
using Stroh formalism method. The work [4] deals with the contact problem of a stiff spherical indenter with
a composite plate by dint of the commercial software and the problem are simulated by a 2-D axisymmetric
model. The results numerically obtained in [5] show independence of the indentation response of an orthotropic
laminate from the material, the author demonstrate dependence of the thickness of the multilayered material. In
the paper [6] plane and axisymmetric contact problems for a three-layered elastic half-space are considered.
In the present paper, we give an analysis and numerical solution of the boundary value problem for the Lame
system, modeling the contact problem for a multilayered material. By using the biquadratic basic functions,
the transmission conditions are obtained on the boundaries of interlayer by the Finite Element Method and the
interlayer stresses are analyzed.

2. Problem Formulation

The mathematical model of the contact problem related to the deformation of a rigid punch with a frictional
pressure of a finite dimensional elastic material is expressed by the boundary value problem for the Lame
equation as follow [7]:

(A + w)grad(divu(x)) + pV?u(x) = F(x), xeQ (H

“Presented by Zahir MURADOGLU, zahir@kocael.edu.tr
"maths.vildan @ gmail.com
*urbanovichtm @ gmail.com
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up(x1,0) < —a+@(x1), oxn(ulx;,x)) <0,

Gzz(u(xl ,xz)) [uz(xl ,0) +o— (p(X])} =0, (xl ,Xz) el;
Gll(u(xla)@)) =0, (xl,xz) €l
M]()C],)Cz) = 07 uZ(xlaXZ) =0, ()C], 2) el'y;
MI(OaXZ) = Oa (0 )Cz) el'y;
o12(u(x1,x2)) =0, (x1,X2) € 9Q.

@

Here Q := {(x1,x) €ER*:0<x; < Ly, —l, <x2 <0,l;, >0,l, >0} is the region occupied by the cross-
section of the material under the influence of the punch and I'y, s, T, I} C dQ are the relevant parts of the
boundary of the region Q (Fig. 1). Namely, I'c = {(ly,,x2) : =Ly, <x2 <0}, Ty = {(x1, —L,) : 0 < x1 <1y, },
Io={(x1,0):0<x; <l },T1 =(0,x2) : =L, <x» < 0}. Since the condition on the upper boundary Iy is
given by inequality, the contact region of the punch I'; = {(x1,x2) € I'p : up = —ot + @(x1)} is not certain and

the problem is nonlinear.

2

P
D
[ —P(x) r, A
I
al == Q, E,.v, o
r, Q, E.v, .
(e}
Q, E,.v,
Q, E,.v,
-1,
2 r

Fig. 1. Geometry of the spherical indentation

The solution of the problem (1)-(2) minimizes by the following functional
J(u) = (Au,u) —0.5b(v), ueVv,

on the set
V={ucH(Q):u1(0,x2) =0, (0,x2) € Ty 1y (x1,~Ly,) = ua(x1,~Ly,) =0,

(x1,—1y,) € T uz(x1,0) < —a+@(x1), (x1,0) € Lo}

in the Sobolov space H!(Q) := W, (Q) x W, (Q).
Here the bilinear and the linear parts of above functional have the following form

- 8 8112 31)1
(Au,v)—;//gk{ [W”“k)a . —Htkaxz} ot
8141 auz 8v1 QVQ aul 8u2 8V2
w (G 50) (5a e )+ WG+ aeram 2] a}“
v) = Z/ [F1vi + Favo)dxidxs,
k Q

respectively.

3. Finite-Element Formulation

3

“

Let us use here the biquadratic basic functions &;;(x,x>) to analyze the problem (1)-(2). Here &;;(x1,pq,X2,pq) =

{1 (i,J) = (p,q),
0 (i,j) # (p.q)

numerical solution («”,v"*) has the following form:

u' (x1,%2) Zu,]é] (x1,x2), W (x1,x2) Zvuéu X1,X2).
(i)
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The local stiffness matrix (LSM) of the finite element ¢;; is constructed as follows

gl(i'j ) gl(éj )

D%': i T
|

Elements of the LSM are calculated by the formulas

()] _ d&ij &y d&ij Iy
[fn } n [/ZU {()L+2“) 8x1 8x1 L # 8x2 8x2 dXIdxz ’
N _ d&;; IEy 9&ij I&y
{312 } B |://e,,{A 8x2 8x1 +u (9)61 19x2 dXIdxz ’
i _ d&ij 0y | I&; Iy
|:Dg2l } - |://€ij {)U 8x1 8x2 +'u (9X2 axl dXIdxz ’

@] _ d&ij 06 | 9&ij Iy L
2] = [//em{(mzm o 95y 52 S d |, kI =T.9,

So, using well-known finite-element technology we calculate the LSM .Z;; = {(l,4)}, p.q = 1,18 for the
elements ¢;;. We can define unknown vectors corresponding to e;_1;_1,€;_1},€;j—1,e;; neighboring with point
(i,7) (Figure 2) as follows:

Ot = (Uit 1y Uiy L Wiy Uy 3y My L 15Uy s i1 Uy 15 Ui
Vifljflavifljféavifljavi,%jfl’Vi,%j,%7Vi,%javljflavij,1 )vl]),

Wi—1j = <ui—1j7ui,1j+% 7ui—1j+laui,%j7ui,%j+% 3 ui,%jJrlauija uiﬂ,%vuij-ﬂ—la
Vie1jsVioyjp Lo Vielj+ 1 Vi L "i—%j+%7Vi—%j+1v"ijv"ij+%’Vij+1)»
Wij—1 = (Mijfl ’ uijf% s Uij, ui+%j71 ; MH,%J‘,% ) ui+%ja Ui+1j-1, Mi+lj7% yUit1j,
Vij—lyvij_% 7Vijavi+%j_17vi+%j_%avi+%j7vi+1j—17Vi+1j_%avi+1j)7

w;; = (ul‘jaui]ur% ) uij+17“,’+%j7“i+%j+%aui+%j+l yUit1j, ”i+1j+%aui+lj+lv

VijyVijp 1o Vij+l >Vi+%j>vi+%j+%7Vi+%j+17vi+1jv"i+1j+%7Vi+lj+1)-

The nodal points of all finite elements are numerated from down to up and from left to right. The finite-element
e;; has its index (ij) corresponding to the lower-left vertice.
In this context, to derive the discrete analogue of equilibrium equation, as well as contact and interlaminar
stresses, the following technique is suggested.
In order to obtain the equation for the central point of the finite element we have to multiply the displacement
vector corresponding to this finite element with ninth (tenth) line of the LSM.
In order to obtain the discrete form for the Lame system (1) on the nodal points of mesh (x ; s X2, j) € Q; we
use four finite elements neighbouring with this point (Figure 2). So, using the components of the local stiffness

matrix and above four vectors we can write their contribution to the discrete form of first (second) equilibrium
equation in the form

( seventeenth (eighteenth) line of Z_1;_1) x @], 1t
( thirteenth (fourteenth) line of % 1) x @l it
( fifth (sixth) line of Zj1) x @) +

(first (second) line of %) x a;. )

After non difficult transformations, we can write the discrete form for the system (1) on k-th layer Q; by using
finite differences notations:

{ —hifj[()tk + Z.uk)uﬁxl + :ukuﬁxz + W(Vﬁqxz + vﬁﬁ)] = Flh,ija (6)

—hiTj[evere + (A + 200 vy, + W(MXIIQ +ux)] = intijv

where F'; ; and Fy, ; are values of components of internal forces F on the nodal point (x1,;j,x2,;). by using the
notations of finite differences
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Let us denote interlayer stress on the common border by GII\‘,J ; (G%i j), Gjl\‘,f]l (Gﬁjl). In order to obtain the
approximating expression of G]{,}i ; (Gfl- ;) we have to multiply Z,_1j by w;_1; and .Z;; by w;;, respectively.
Then we have to sum up the results of that multiplying. Now let us approximate Gll\‘,fjl (Gﬁj') on the upper
boundary of lower layer. In order to do that we have to multiply line eighteenth (seventeenth) of % _;_
by w;_1;—1 and line sixth (fifth) of .%;_; by @j;j—1, respectively. Then we have to sum up the results of that
multiplying.

(i-14+1) (i-12+1) (ig+h) (i+172+1) (L)
ok
N 1 (i-1/2,+1/2) (i+1/2§+1/2)
G Kk (i-1,j+1/2) * (ij+1/2) * (it1,j+1/2)
T e(i—l.j) e(iJ)
(i-14) (i-1/24) (i) (i+1/2) (i+1j)
L
K
(i-1) (i-172]) (i) (i+1/2) (i+1))
k+1
N (i-1/2,-112) (i+1/2§-1/2)
Kt (i-1,-1/2) * (ij-172) i (i+1-172)
T e(i-],j-]) e(i,j-l)
(i1 1) (i+1j-1)
(i-1/24-1) (ij-1) (i+1/2-1)

Fig. 2. The interlayer finite elements

The discrete analogues of normal (O']}\',’ (k)) and tangential (G?’(k)) components of stresses on k-th layer € have
the following form:

h, Usr+ U T
oy = —A= T — (et 20 vy — 5 Ml + Vi) )
h(k VeV T
o7 =~ (g, + — o) = S [+ 21t + Ay ). ®)
Analogously, we can obtain Gf\’,' 41 and o#’(kﬂ) as follows
h,(k Uy, + Uz T
61\/( = Mg 1 % + (Mgt + 211 vy — E.le+1(uﬁﬁ + vEin ) )
h(k Vi, + Ve T
o = e (s + %) = 5 [t + 2hies 1ty + A1 verss]- (10)

Using (7)-(10), it is not difficult to show that the following transmission conditions

nk) _h(k+1)

Rk) _ gl g : Nl Laiiliiil— o (11)

oy —Or
are satisfied. In order to determinate contact domain a. we have to calculate oy on the upper side of the body.
We calculate this value the same way as for the upper boundary of lower layer.
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