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Bour’s theorem with lightlike axis in R3

HEE EABRZEER)
Erhan GULER (Etimesgut Anatolian Commercial Vacational
High-School, TURKEY)

It is well known that the right helicoid (resp. catenoid) is the only
ruled (resp. rotation) surface which is minimal in Euclidean space.
And, these surfaces have interesting properties. That is, they are both
members of a one—parameter family of isometric surfaces. Moreover,
by this isometric transformation, the minimality is preserved.

We can generalize this one—parameter family of isometric surfaces
to a minimal surface and its conjugate one on the Weierstrass-Enneper
representation for minimal surfaces. This generalization is focused on
the minimality.

On the other hand, if we focuse on the ruled and rotational charac-
ters, we have the following generalization.

Bour’s Theorem. A generalized helicoid is isometric to a rotation
surface so that helices on the helicoid correspond to parallel circles on
the rotation surface

In this generalization, original property that they are minimal is not
generally kept.

So, in [2], we determined pairs of surfaces of Bour’s theorem with an
additional condition that they have same Gauss map.

Moreover, we considered Bour’s theorem in Minkowski 3—space.

We can classify generalized helicoid and rotation surface in R? by
types of axis and profile curve, and write as (axis’s type, profile curve’s
type)—type; for example, (S,T)—type means that the surface has a
spacelike axis and a timelike profile curve.

In (3], we studeied Bour’s theorem of (S, S), (S, T), (T, S) and (T, T)—
type surfaces. Moreover, (L, S) and (L, T)-type are studied in [1].

Continuing from these old results, we study a (L,L)—type (ie.,
(lightlike, lightlike)-type) generalized helicoid and rotation surface, and
we have following results.

Theorem 1. A timelike generalized helicoid

H(u,v) = (—2uv,c+u—uv2+av,c—u—uv2+av)



is isometric to a timelike rotation surface
2 o

R(u,v) = (—4uv + 2a,c - 2 9w+ 2w + 2, ¢ — P 2uv? + 2av — 2u)
u

s0 that helices on the generalized helicoid correspond to parallel circles
on the rotation surface.

Theorem 2. The mean curvatures of the helicoidal and rotation
surfaces in Theorem 1 are different definitely.

Corollary 1. The relation of Gauss maps between two surfaces in
Theorem 1 is given by

en+ V2en = V20 (u) (1)

where ®(u) = (—a, g_:n g—Z)

Corollary 2. The relation of non-zero constant mean curvatures
between two surfaces of Theorem 1 is given by

Hy =V2Hp. (2)

Theorem 8. The second mean curvature and the Gaussian cur-
vature of a helicoidal surface of (L,L) — type are related by following
equation

H 121 =K (3)
in Minkowski 3—space, where p(u) =c, c € R, a € R\ {0}.

Theorem 4. The second Gaussian curvature of the helicoidal sur-

faces of (L, L) — type is
K;;=0 (4)
in Minkowski 3—space, where (u) =c, c € R, a € R\ {0}.
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